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On Electro-Crystalline Properties as Conditioned hy Atomic 

Lattices, 

By Sir Joseph Labmok, F.R.S,, Cambridge. 

(Received January 6, 1921.) 

The method of analysis of crystal lattices by ultra-optical spectra, intro¬ 
duced and applied by W. L. and W. H. Bragg, has led to the view that the 
ultimate crystalline element is (or may l)e) the atom* and not the chemical 
molecule: so that each atom, presumably with its ionic electric chaige, often 
stands in identically the same relation to a number of surrounding atoms of 
the other kind with opposite charge, and therefore cannot be associated 
physically with any one of them. The alternative view, previously perhaps 
the more natural on the physical as distinct from the tactical side, was to 
regard the chemical molecule as the crystalline unit: its associated positive 
and negative atomic ions might then form an electric diad with definite 
polar moment orientated in definite direction,—and with this the new 
schemes come into contrast, The following general remarks may be useful 
towards comparison of these two fundamentally different conceptions. Other 
reasons will incidentally emerge, besides the results of analysis by X-rays, 
favouring the view that facts of nature point rather towards the atomic mode 
of crystal structure. 

These considerations deal with fundamental ideas that must be reckoned 
with, on an ionic view, apart from the detail essential to the science of 
crystallography. It will however be convenient to fix attention by simple 
oases; for example, the typical spaoe-lattioe for an alkaline halide such as 
looksalt NaCl, in which the crystalline unit has been ascertained to be 

* Bather the ion, which may be an atom or a group of atome. The problem as to bow 
etabOity.pf the crystalline etruotures is assured by interaction of the electric forces with 
the foroea concerned in the packing of the molecules is outside the scope of thie note, 
which ie concerned with analysing the results of various types of structure. 
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for each ion a face-centi'ed cube, the corners for one component being 
the centres of the edges for the otlier. In the two structural plane diagrams, 
which represent the atoms projected peipendioular to a diagonal, the 
letters a may tepresent the negative atomic ions 01, and the letters h the 
positive ones Na. In the second diagram a diagonal boundary face con¬ 
stituted of Cl atoms is succeeded by parallel planes, alternately of Na and 
01, and finally one of Na, these planes of like atoms being obliquely placed : 
this diagram invites description at sight as that of a very strongly polarised 
aggregate, each bipolar element being made up of a Cl combined with an 
adjacent Na below it. On the other hand in the first diagram the boundaiy 
face is composed of l)oth kinds of ion in equal numbers: and if the aggregate 
is regarded as sorted into bipolar elements, each consisting of an atom in one 
face and the adjacent atom in the next parallel plane, the polarities of the 
consecutive elements in all directions are equal and opposite, so that the 
mass appears as unpolarised when the elective element of volume is large 
enough to include a considerable number of such bipolar elements. 

a h a h a 

h a h a ha 

a b a h aha 

h a h a h a h a 

bah 
h a 
b 

These two modes of description of the same lattice can of course be only 
apparently in contradiction. In the Poisson-Kelvin conception of a polarised 
medium, the polarity can be replaced, except for locally constitutive purposes * 
by equivalent distributions of simple density throughout the volume and 
over the surface. In a crystal, in which the structure is strictly uniform, 
the volume density is zevo on botli these modes of polar specification of 
NaCI: and to reconcile them it is the surface density that must claim 
attention. 

lliese regular polarities are special, as being fat more precise distributions 
than the fortuitous aggregates of i>olar moleoules that are the foundation of 
the usual theory of a polarised medium, as constructed by the process of 
averaging over an element of volume. 

By a mathematical device familiar in the elementary analysis of optical 
diffraction, it is possible to reduce the polarity overtly associated with the 
second NaCl diagram. We have only to regard each ionic charge as divided 

♦ Compare for example, * *®ther and Matter/ XCOO, p. 26 S. 
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into two halves, of which one is associated with half of the next ion in front 
and the other with half o! the next ion in rear aloxxg a row, thus forming 
two adjacent bipolar elemants, of opposite signs, and therefore practically can¬ 
celling each other except as regards local physical qudity of the substance. 
In this way the electric system is reduced to two surface densities of opposite 
signs, represented by half the distributions of ions on the opposite boundary 
planes. The factor one-half at first glance may seem to be a discrepancy 
between this regular discrete distribution of poles and the Poisson-Kelvin 
averaged theory of continuous polarisation: the difference may be traced 
to the circumstance that the polar pairs in the second diagram occupy 
only half the intervals along a row of atoms, the I'est of the length being 
vacant. 

The equivalent surface density of ions, here contemplated over limited areas, 
would involve enormous electric fields in the substance between these 
intensely electrified boundary planes, such as could not possibly subsist. It 
must be compensated locally on each element of surface. If conducting 
quality of metallic type is absent so that free electrons are excluded, this can 
only be by a distribtttion of ions of the opposite kind added on outside the 
surface layer, but only of Italf the number that would make up a complete 
stratum of the crystal We conclude that a boundary plane, in a crystal, 
such as contains only one kind of ion, must be a ragged surface instead of a 
smooth one; for it involves the presence of an additional half stratum of the 
other kind.* When a crystal face grows, the ions must be laid down alternately, 
and also so that successive pairs constitute opposed polar elements: thus the 
modes of growth of the two types of face would be different: and the same 
would apply to modes of dissolution. 

The crystalline structure of various metals has been found by W. L. Bragg 
and other investigators to agree with this specially simple face-centred cubical 
space-lattice of Na, which in the scheme of NaOl is electrically compensated 
by the similar but displaced lattice for Cl In case of the pure metal also, 
electric compensation must be provided, most naturally perhapaf by locating 
nsgative electrons more or less permanently in the positions occupied in the 
salt by the Cl ions. 

Hitherto there is on this view no provision for the liberation of latent 
surface electric charge by change of temperature or by stress, as is conspicuous 
in crystals such as tourmaline. For the number of ions or electrons required 

^ An oblique artificial lace should exhibit similar features as regards electric 
excitatloa, unless it were made up of minute facets with boundary planes in the principal 
directlcNui of the crystal 

t and land^; also Boreiius^ * Fhil. Mag./ 1020. 

B 2 
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for a neutralising surfaoo dietvibutioa depends only on the number of ions in 
the crystal, and is not affected by change of its form or dimensions. 

This additional feature will be introduced if tlve positive and negative ions 
are not eqtudistant along their lattice rows. Thus for the line of ions repre¬ 
sented in the diagram, we havt^ to pair into bipoles by resolving each charge, 
say the one at B, into unequal fractions, so that the moments formed by their 
association with fractions of the adjacent charges at A and C may balance. 
The uncompensated charge at the terminal ion A is now e.AB/AC instead 
of Jc; and similarly at the other end of the chain. 

A B CD E F 
h a ha ha 

These residual charges on the surfaces of the crystal must, as before, be 
masked by local distribution of additional ions or by electrons. But the 
masking charge no longer stands in the same simple relation to the number 
of surface atoms: and whenever, by thermal expansion or by stress, the ratio 
AB/AC becomes altered in the crystal, the compensation at the surface will 
become deranged, indications of free surface electrification will appear, and 
persist until they are wiped out by further accretion of compensating charge. 
An extremely small change in the ratio AB/AC would suffice to cover the 
facts of pyro- and piezo-electrification. 

When each crystalline element is itself polarised with regard to a definite 
axis, the Poisson-Kelvin theory of a medium polarised in hulk can be 
formulated. But in tlie configuration here under review it seems to require 
modification; the positive and negative elements are independent ions, in 
regulated positions, and it has been seen that we can regard then^ as asso¬ 
ciated in pairs in various ways; so that there is no definite unique specifica¬ 
tion in terms of polarity per unit volume of the medium. But the analytical 
theory of the charges set free in crystals by stress or change of temperature 
seems to have hitherto been developed with regard to an assumed specific 
electric polarity in the crystal, having reference to some definite axis; with 
the result that cases were outstanding which would not come under the rules,* 

^ It appears that an intrinsic polai ity, or I’egular static collocation of electrons within 
each molecule, would suffice by interacting with crystalline deformation, to include 
within the theory the octopolar pyr(>-electri<? quality detected long ago in cubic crystals 
by Hauy : c/ Lord Kelvin's * Baltimore liccturea,' p, 561, or “ .^^piuus Atomized,*' ‘ Phil 
Mag.,* 1891. 

The formal theory of Voigt (‘ Krystalloptik,* §§ 128-9) seems to regard only induced 
polarity^ which is expressed as a function of deformation o^ons, whether due to stress oi 
to uniform change of temperature, by means of a sufficient number of moduli It 
appears from recent experiments by Koentgen, Hayaahi, Ackermann, and Lindman, in 
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and had to be referred to internal strain set up by cooling. On the present 
view such cases perhaps cease to be abnormal; for a direction of polarity 
cannot be ascribed to the compound lattice. The theory thus opens out into 
a now form of problem in crystalline tactic; the opposing ions withiu the 
crystal have to be paired, either as wholes or in fractions, so that the 
moments of the adjacent pairs shall everywhere cancel out. Then uncom¬ 
pensated ions on the surface remain over unimpaired, except so far as they 
are masked by additional electrons or ions brought there from without; they 
would give rise to the emergence of fi'ee surface charge when the physical 
state of the crystal is changed. 

Such release of latent electricity should not appear on surfaces constituted 
by equal numbers of the two ions. The specification of its distribution, 
peculiar as being locally conditioned, should of course 1)6 definite and unique, 
by whatever process of pairing it is reached. The electric abnormalities 
caused by cracks and clefts on a crystal surface would now arise naturally, 
without requiring local stress due to unequal heating, as had to be suggested. 

Dielectric excitation in a uniform electric fiehl would now be represented 
by the positive and negative component lattices being drawn towards opposite 
directions by the field, with resulting electric moment depending on their 
relative displacement. For NaCl in a uniform field of electric force the two 
similar lattices of the Na atoms and the Cl atoms are thus displaced relative 
to each other without deformation of either though with very slight change 
of structure; and this applies generally, for ail component lattices are similar. 
Here also the electric displacement could be fixed and compensated, by locaP 
surface charge masking the polarisation—for example by sweeping a flame 
over the surfaces while the inducing electric field is in action. In the 
alternating electric fields of radiation it is, on final analysis, this oscillatory 
motion relative to each other* of the component ionic lattices that influences 
the speed and mod© of propagation of the wave?. 

If the crystal has not sufficient symmetry (in fact, in the lattices that have 
spiral features) this relative displacement of the two ionic groups in the 
element of volume, by an applied electric field, may be one of twisting type, 
involving a rotational part to which is to be ascribed the chiral structural 

which special precautions were taken as to uniformity of temperature, that these moduli 
are not much, if at all, afiected by temperature (c/ Voigt, * Ann. der Physik,^ 1016); as 
would be natural on the present order of ideas. It was in fact held by J. and P. Curie, 

^ the discoverers of piezo-electricity, that pyro-electricity is to be regarded as a result of 
deformation alone and not as essentially thermal. 

♦ Only partially regular and elastic in the case of metals: the super-conductance of 
K. Onnes has been ascribed (Lindemann) to complete regularity owing to thermal 
agitations being suppressed. 
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rotation of plane of polarisation of light transmitted through the crTstal. 
There are thus the two modes of origin of this chiral optical rotation. One 
depends on crystalline structure alone, and disappears on fusion of the crystal. 
In the other the molecule itself, usually a complex aggregate of atoms, under¬ 
goes in an electric field this spiral relative deformation of its ionic constituent 
groups, involving screw quality; and to this exent the optical chirality will 
remain on fusion or solution, but in altered amount, usually much smaller, 
as was observed in the case of sucrose by Pooklington. Fram achiral 
molecules a crystalline structure of chii'al quality can thxis be formed. As 
chiral molecular quality is not of vector type, it could nob \ye annulled by 
fortuitous orientations as in a fluid, when molecules of opposed chimlities are 
nob present. If the chirality of the molecules is isotropic (ef. Lord Kelvin's 
isotropic helicoid) there would not be much alteration by fusion of that small 
intrinsic part of the chirality in bulk; if uniaxial, the maximum would 
be reduced to about one-third. 

Double refraction, limited in form* in accord with the dynamical equations 
of MacCulli^h and of Maxwell, will arise from any kind of deviation from 
cubic symmetry in the natural crystalline ionic lattice, supposed of structure 
very fine compared with the lengths of the waves. But such defect of 
symmetry can also be produced by mechanical deformation of a regular 
crystal: and the double refraction, necessarily slight, thereby introduced (in 
fact by bending of the lattice) even for regular crystals, must hold a clue to 
the intimate electric characters of the strain. An atomic lattice must be far 
more amenable to mechanical stress than a sot of molecules could lie. In 
amorphous aggregates, such as glass and gelatine, and even in viscous liquids 
under forced shearing flow, the deformation by stress of some less regular 
electric structure is indicated in fluid colloids electric ionic phenomena are 
of course in other ways conspicuous.^ 

The magnetic achiral optical rotation of Faraday, common to all matter 
however regular in its crystalline form, must arise in quite different way. 
Here the pidmary phenomenon is change of fi^ee vibrational periods of the 

* The Principle of Minimal Action excludes anything more general, except chirality 
of the types here reviewed, provuied the waves of radiation are long in comparison with 
the lattice structure, 

t The t*eoent optical study of fused quartx by Lord Bayleigh seems to open out a path 
in this direction. 

I For example, the particles in a metallic suspension or (so-called) colloidal solution 
ai*e now known by X-ray analysis to be crystalline; and a layer of electrons attached 
and locally compensating the intrinsic polarity would aecrount for tlie electric charges ^ 
which are the dominating feature of such suspensions. Over the whole surface this 
charge would be as much positive as negative, but negative electrons would be attached 
(in appropriate regions) by prefeience. 
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iuclividual moleottles, or perhapH atoms if tbe molecule ia so loose a structure 
as is here indicated, by the extraneous magnetic field, which is the Zeeman 
effect: and the optical rotation is an afiair of resonance due to the change of 
these free interacting periods,^ after the manner in which ordinary dispersion 
is produced,t 

In both types of optical rotation these natural explanations concur with 
tbe forms for the equations to which the phenomena are restricted by the 
principle of Conservation of Energy or rather, more generally, the principle of 
Minimal Action.^ Thus if we consider the case of chirally isotropic 
substances, tlie alternating electric field (P, Q, ll) of tbe travelling radiation 
would introduce, through the twisting displaceinet^ of the ions, in the 
molecule or the lattice or both, a concomitant effective magnetisation 
kdfdt(¥^ Q, R); so that its magnetic induction (a, ?>, c) would be given 
by equations of form a = a + 47rA where A kdVIdt. 

Of the field equations of optical transmission, of type 

& dV 0// & dt 

the second could thus he written, on substitution for a, /8, 7, 

M= z >*• 

agreeing in form with the equations derived from the Principle of Extremal 
Action.§ When K is uniform, these equations preserve both the electric 
and the magnetic inductions free from divergence, iis they ouglit to l)e. 

The general outcome is that a set of component similar lattices of electric 
ions prescribes in a natural manner the existence and character of the 
electric properties recognised in crystals: double refraction, pyro- and 
piezo-electricity, chiral polarisation, artificial double refraction excited by 
mechanical stress. It would seem even possible to infer, solely from 
absence of pyro-electric effect in the more symmetrical forms, that in them 
the crystalline lattice must be formed of ions equably spaced and not 
combined into molecular groups. For if the molecule were the unit, expan¬ 
sion by heat would alter the distance between adjacent molecules but not, 
or at any rate not in the same way, the distance between the two electric 
poles in each molecule: and it would follow by the argument indicated 
above, that it must alter the amount of the uncompensated surface charge, 

* V/. ‘.Dther and Matter,’ p, 353. 

f The static niagnetiaation of crystals must be an afiair of tho orientated individual 
atoms, influenced only slightly by the proximity of the adjacent ono«. 

{ '* JSther and Matter,' pp. 197,206, 

§ Loc. ct<,, §133. The expression there given for the velocity of propagation is 
mkprinted ; cf. infra at the end of tfiis paper. 
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thus involving pyro-eleotric phenomena. The otily way to avoid thifl con¬ 
clusion would be to im«^me that the positive and negative ions are so 
intimately blended in the molecule that it has no resultant moment, after 
the manner of the first crystal diagram above, until the positive and 
negative interlacing groups in it are displaced relatively to each other 
by an imposed electric field. 

Hysteresis in dielectrics, producing the residual charge of condeusers, was 
referred by Maxwell to heterogeneity operating along with transfer of 
masking charges by conductance. Prompted by this ascription, Howland 
found that in crystal dielectrics there was no residual charge. One can 
imagine dielectric fragments A, B, ... separated by a medium of difl'erent 
dielectric and also slight conducting quality. In a field of force, A, B, ... 
are polarised, but the local field is gradually diminished by conductance 
between A and B conveying masking charges to their surfaces. When the 
coatings of the condenser are discharged, the whole field throughout the 
dielectric is suddenly reduced, producing a sudden fall iu the polarisation of 
A, B, ..., but not in the surface charges that masked it. The latter, now 
micompenaated, gradually make their way back in the reverse direction, 
involving accumulation of residual charge on the coatings. The actual 
residual charge would thus come from a small depth, but is permitted to 
flow back by local compensation in deeper layers. In an alternating field 
such as that of radiation, conductance would operate by a sort of approxima¬ 
tion to a Grotthiis chain. But in a very dilute electrolytic solution, the ionic ' 
atoms must api>arently be wholly isolated from one another, whether the 
dielectric quality of the solvent be due to incipient atomic lattices or to 
orientation of polar molecules. 

The internal charges in the dielectric being locally maaked, the capacity of 
a condenser as regaixis sensible charge on its coatings should not be variable, 
as R. Kohlrausch in fact verified long ago. 

The ferromagnetic hysteresis elucidated by Sir A. Ewing, and so vividly 
illustrated by his working models, is necessarily of different type, for there are 
no magnetic ions to compensate the polarisation. It requires the molecule, 
with its . own polar magnetic moment, as unit of the structures which 
acquire instability under increasing extraneous force and finally fall over; 
yet repeated reversals do not seem to wear down completely such tendency 
to instabilities, which must be somehow reconstituted* 

Apart from hysteresis, it has been shown long ago* that the law of Curie, 
paramagnetism inversely as absolute temperature, is the expression of general 
thermodynamic principles without involving any special theory. 

* * Phil. Trans.,* 1897, A, p. 287. 
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On the eame lines it has been argued* that, if eleotrio polarisation were 
an affair of orientation of existing polar moments, K —1 should tend to vary 
inversely as temperature, which it seems to show no sign of doing. 

The specific optical rotations of the usual active substances are of the same 
order of magnitude: and ideas advanced to represent their origin must be 
expected to throw light on that fact. 

The equations expressed above lead, on elimination so that the electric 
force remains, to the type 


Thus for radiation travelling along 2, in which therefore both the circuital 
vectors are on tlie wavefront 


02* 

5 !Q 

‘ ■ 


KM‘ 

a<«' 

Kr>Q 


•47r/- 


a*Q 
, 7 3 “!* 


80 that if U represents P + tQ, i s= vZ—l, 


a»u 

02^ 



indicating waves of tlie two circular types. If 
trains involving the exponential factor 


U, 

they 


are harmonic wave- 


then 


M = 2irf\ = p/r'. 

j (K 4vkc’‘m), 

6 


giving for the velocities of propagation p/vi of the two circular radiations of 
the same period 'Zv/p the approximate values 

c'= cK-»(l±27r/:K-*qt>). 

The optical rotation for unit depth of the medium is the difference in ir/X 
or in ip/fl' for these two radiations, and this is vp^L 
Now approximating very coarsely, if there are N molecules or chiral 
elements per unit volume, in each of which po.sitive and negative ions (say 
single charges e) are drawn asunder a distance Bk by the electric field and 
screwed through an angle 0 ,, then omitting the common factor 

A ^ V = Nr 8 /,, 

whei’e r represents a mean radius of transverse section of the molecule (or of 
a spiral filament of the lattice) so that the magnetic moment ia say \ei^d 6 jdt 
for each chiral unit. 

♦ Zoo. Off.* p. 283. 
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On division N disappears and 

K-1 _ 

AiTC>k 


so that tlie optical rotation {ter 




liK 




SL 


or 


2X» 


(K-1) 


• 

ilo 


If r is of the order of the diameter of a molecule, say lO"*, this reduces to 
the order of lOrffa/Sk for visible light. 

Actually the optical rotation is of the order of two right angles j>er 
centimetre for quartz, and seems to range to several times less for pure active 
liquida This indicates that the angle of pitch of the relative screw displace¬ 
ment of the positive and negative components of the structures should range 
around so that the chiral element may twist under an electric field about 
one-tenth as much as it elongates. This indication is extremely rough ; but 
bearing in mind that powers of the velocity of radiation are involved in the 
estimate, one may claim that it does not detract from, but rather substantially 
supports, the type of picture of the phenomena which has been under review. 


'The Colour of the Light from the Night Sky. 

By Lokd Eaylkigh, F.R.S. 

(Received February 7, 1921.) 

The general light of the sky at night is very faint, and beyond the observa¬ 
tions of Campbell* and Slipher,t who could always detect the aurora spectrum 
line in temperate latitudes, nothing appears to be known of its spectroscopic 
or chromatic character. Slipher, indeed, suggested tlmt the variability in its 
brightness recorded by Yntema might be accounted for by attributing the' 
light mainly to a variable aurora. But this vi^w lias been controverted, 
rightly as I think, by Fabry.J My own observations, now to be recorded, 
indicate that at the time and place where I was working little, if any, of the 
light could be attributed to the green aurora line. 

The great difficulty of spectroscopic observations is, of course, the want of 
light; though if the light were monochromatic, as, for instance, if it were all 

* ‘ Soc. Pacific.,* vol. 29, p. 218 (1917). 

t Jour.; vol. 49, p. 266 (1919). 

; ' Astr. Jour.; vol. 60, p, 300 (1919> 
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conoentrated in the aurora line, this difficulty would be much mitigated. I 
thonght it worth while, however, to try if anything could be learnt by a 
cruder method, which possesses some advantage} even if the light is not very 
feeble. 

A series of small coloured filters were arranged so as each to transmit a 
limited portion of the spectrum. These were placed in a suitable frame, 
which held in addition a neutral-tinted photometric wedge of carbon in 
gelatine, made by Mr. Sanger-Shepherd. This wedge was graduated in equal 
parts, according to Hunter and Driffield’s method. (Scale-reading 10, light 
transmitted ss 1/10 ; scale reading 20, light transmitted = 1/100.) A photo¬ 
graphic plate was placed in the frame, so that part of it was under the 
various colour filters and another part under the wedge. This could bo 
exposed to the night sky or other source of light. 

After development, the photographic intensity under each coloured screen 
will match the intensity under some point on the wedge. The plate, there¬ 
fore, gives a record of what fraction of the total photographic effect due to 
the source is transmitted by each screen. For comparable results with 
different sources of light, it is of course necessary to keep to the same kind 
of photographic plate. 

The great advantage of the method is that it allows light to ho used from 
a cone of very large angular aperture. With a spectroscope we cannot, under 
the most favourable circumstance, use an aperture ratio of more than 1; 2. 
But a plate under the coloured filters may be exposed to the entire hemi¬ 
sphere if desired. Moreover, when faint impressions are concerned, a large 
patch of defined shape and uniform, even if small, intensity practically gives 
much more confidence to the experimenter than a small and faint spectrum. 
The information given is of course of a rather different kind. 

Coming now to details. The coloured screens were:— 

TranBinittHion. 


X, Ultra-violet glass, supplied by Mesin'e. Chance . 3300-3800 

Cobalt blue glaas. Several tbickneAiiea . 4000-4*^00 

3. Bluish-green glass . 4300-5300 

4. Green glass . 5100-5900 

5. Flavarine . 6500-7000 

r55(XM630 

6. Flavazine, with didymium glass ......4 and 

15930-7000 

7. Wratten’s red filter, No. S13 a ... 6800-7000 


These were chosen, so far as possible, to give nearly the same photographic 
density with sunlight. This is desirable, because the range of intensities 
which the plate can deal with is not unlimited. The green and red filters, 
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which transmit portions of the spectrum to which the plate is comparatively 
insensitive, were chosen to give as large transmission as was consistent with 
isolating a fairly narrow range of the spectrum. 

Filter No. 6 was designed to isolate as nearly as possible the green aurora 
line, if present. No filter could be found to cut out the red without at the 
same time involving serious loss of green. 

Ilford special rapid panchromatic plates were used. These were far more 
effective in the red, yellow, and green regions than any other plates I have 
trieil. All the results recorded were obtained with a consignment of plates 
bearing the same number, and therefore, presumably, as nearly alike as 
may be. 

An ink mark on the under face of the wedge gave a fiducial mark on the 
negative, and starting from this, the wedge scale was copied by hand on to 
the developed film, marking it on with a fine pen. 

The photometric work on the developed plates was done witli the photo¬ 
electric apparatus described in connection with the scatter! of light by 
gases.^ Briefly, it depends on a photo-electric cell with battery and galvano¬ 
meter. The plate rests on a table, in which is a slit. Above i i a bright 
light focussed on the slit with a lens. The rays diverging beyond the focus 
fall on the photo-electric cell. The deflection of the galvanometer de^mds 
on the opacity of the photographic film. The impression through a colour 
filter was placed on the slit, film downwards, and the deflection noted. The 
impression of the wedge was then substituted, with the length of the slit at 
right angles to the length of the wedge. The plate was then slid along 
nniil the previous deflection was recovered, and the position of the slit on 
the wedge scale noted. 

On a given negative, the i^esult was usually recovered to within about 
0'2 of a scale division, but, with another negative, discrepancies as large as 
1 scale division (representing a factor of 1*26), or even more, were observed. 
These are due either to inequalities in the photographic filmf or to changes 
in the quality of light leceived from the source, due to varying atmospheric 
conditions. 

The photo-elehtric measurement of a given negative was very satisfactory, 
and far preferable to visual photometry.^ 

The first series of experiments was made with the plate exposed to the 
entire sky, so far as it was not blocked out by trees and buildings. This 

♦ ‘ Eoy. Soc. Proc.,* vol. 97, p. 440 (1920). 

t See the remarks in my paper, lac, cit.^ p. 442. The plates used the present work 
were coated on common glass, not plate glass. 

X The latter can, no doubt, be applied to smaller areas on the negative, which is 
important in some investigations. 
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method is open to the objection that some of the rays pass very obliquely 
through the coloured screens, with the result that the effective thickness of 
the latter becomes somewhat indefinite. This, however, does not seem to 
vitiate the result appreciably, as subsequent experience showed; while an 
important advantage is gained in shortening the exposure. 

Comparison of the night sky with the clear twilight sky (Table I) shows 
clearly how much poorer the latter is in yellow and red light. The wedge 
readings for the two yellow and the red filter differ by about 4 scale 
divisions, showing that, for the night sky, the yellow and red oompononts 
account for 2'5 times as large a percentage of the whole phot(^raphic effect 
as in the twilight’sky. 


T.ahle I.—The Figures given are the Wedge Headings, obtained as described. 



Starlight sky. 

Twilight, oleiir 


■ - - 


sky. 


August 9. 

Sepfceinbep 6-7. 

August 17, 

UltTft-violefc glass . ... 

10 6 

10'0 

9-9 

Cobalt glass . 

13 1 

13 '8 

12'4 

Bluish ogrosti.1 

ia-5 

12 2 

11 -8 

Gpeeii. 

14-7 ; 

18-7 ! 

16 •! 

Flavazine . 

8*6 1 

8 0 j 

18 1 

FlaTaeiue with dicWmiuiu . 

12*1 1 

10*9 1 

18 T 

Bod. 


10*0 j 

15-0 


The next series of experiments were designed to include in the com¬ 
parison the direct light of the sun and moon. These give approximately 
parallel rays, which traverse the absorbing screens normally. For com¬ 
parison with them, it is desirable to restrict the cone of rays from the 
night (or day) sky as far as other conditions will allow. An aperture, 
15 inches in diameter, was placed 15 inches from the plate. This aperture 
was the smallest that could well be used. The work was carried out in 
August and September and early October, when the hours of complete 
darkness are very limited. Summer time imposes a further obstacle. The 
moon must be below the horizon and the night should be clear. With the 
aperture ratio 1:1, as described, about nine hours' exposure were needed to 
give satisfactory intensity. 

Two plates with this exposure were all I could get before my enforced 
return to London in October. The exposures were made at Beaufront Castle, 
S miles from Hei^ham, Northuml)erland, and also at Terling Place, Essex. 
There was no qppreciable interference from town light, diffused by the sky. 

tn making exposures to direct sunlight, the difficulty was to reduce the 
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photographic effect sufficiently. The ideal method would he to use a 
pinhole camera, giving an image of the sun which would cover the quarter 
plate used, hut this involves an impraotically long camera. To work at a 
reasonable distance, more divergence of the rays is essential. It was got by 
means of a quartz lens, of 7 mm. diameter and 9 mm. focus. The plate was 
placed on the axis of the lens, at about 60 cm. distance, when the divetgent 
cone of rays from the image covered an area more than large enough. The 
lens was mounted in the end of a blackened box, with a kodak photographic 
shutter over it. The plate holder, carrying the coloured screens and photo* 
metric wedge, was introduced at the other end of the box. A simple shadow 
arrangement was provided for pointing the axis of the Jens at the sun. 

A quartz lens was used, so as to avoid any absorption of ultra-violet light, 
or auy risk of introducing colour which might disturb the comparison of 
sunlight with other sources. 

Exposures were also made ou direct moonlight. For these no special 
arrangements were needed, as an exposure of several seconds proved suitable. 

The results are given in Table II. 


Table II. 


; 


fcarlight sky 

* 

Blue sky at iuiieet. 

Blue »ky, 


Sept. 

16-16. 

Oct. 

8, 9, 10. 

a 

Mean. 

Sept. 27. 

Sept. 28. 

Sept. 24, 

1 p.m. 

; tTltra>violet glass . 

18*2 

n-9 

12 6 

12 *8 

16*4 

10 *4 

1 OohfiXi glaus. 

U’9 

U’S 

14 *6 

18*6 

12 *8 

14*0 

1 inaieh-graen . 

M *8 1 

13^3 

12*0 

11*9 

18*8 

12*8 

! Green . 

18-6 1 

! 147 

14 1* 

16 *8 

17 IB 

17*6 

i FlayaEtne . 

S‘6 

8*6 

8*6 

12*9 

18 1 

18*9 

J FJftroxme with didy- 
mium 

11-6 

11 ’6 

11*0 

16*6 

i 1 

17*0 

18*0 

: Bed . 

1 

9*0 

i 

11*9 

10*9 

14*3 1 

16-2 

16 *8 


- 


un, 88’’ up 

* 

Moon. Sent. 26. 

Baealt, 

Basalt, 


Sept. 22. 

Sept. 28. 

Sept. 28. 

88“ 

«p. 

fresh. 

weathere 

, Ultra-riolet glass ... 

14 *9 

16 '8 

14-9 

14*9 

16*0 

14*9 

16 *2 

1 Cabslt glaeis. 

14 *8 

16*2 

14*6 

16*2 

16 *0 

14 *4 

15 ^6 

I Bluish*greeii . 

! 11 *7 

! 12*9 

18*2 

a ‘4 

12-0 

11*8 

11*6 

f Green .i 

[ 18 *2 

1 14*1 

16*6 

14*0 

14*2 

18*1 

12*8 

: Blavacine.‘ 

i 7*0 

8*0 

8*8 

7*6 

7 *4 

7-8 

6*6 

{ Flaraxine with didy- 
rnima 

I 10 7 

no 

12*2 

11 *8 

10 7 

10*6 

8*8 

■Bed . 

9*0 

10 -8 

U*6 

9*6 

87 

9*8 

7 *4 
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The Colour of the Light from the Night Sky. 

In considering these results, it will be noticed in the first place that the • 
wedge readings for cobalt glass and bluish-green glass respectively are nearly 
the same whatever the source of light This merely expresses the fact that 
by far the greater part of the photographic effect of the speotrom is due to 
the kind of light which these glasses can transmit. In any case the ultra¬ 
violet or red ends of the spectrum produce a comparatively small fraction of 
the whole effect, consequently the absence or presence of these constituents 
hardly affects the wedge reading for the blue. , 

It is in the case of the ultra-violet at one end of the spectrum and the 
yellow and red at the other that enough variability is to be expected to give 
information as to the constitution of the source. 

The ultra-violet constituent tends to be variable for plates obtained on 
different occasions. This is hot surprising when we consider that this 
constituent is largely affected by atmospheric absorption, and is therefore 
sensitive to atmospheric conditions, even when the sky is apparently clear. 
For the same rea.son this constituent will be largely affected by the altitude 
of the source. Thus the sun and moon, both expo.sed to at 33° altitude, are at 
a disadvantage compared with the zenith sky. 

For these reasons not much can be inferred from the ultra-violet data. It 
is noteworthy, however, that the zenith sky seems much richer in this 
oonstitaent when the sun is high, than at simset. This may be accounted 
for by atmospheric absorption of the rays from the low sun before they 
reach the observer's zenith, and are scattered towards him by the air. 

The great superiority of the night sky over the day sky in yellow and red 
light is again apparent, amounting as before to about 4 scale divisions (a 
‘ factor of 2‘5). 

The night sky also differs very little in quality from direct sunlight It is 
only in the ultra-violet that any definite distinction is apparent, and as 
already remarked, the zenith sky would have an advanti^ in this region on 
account of less atmospheric absorption. 

No definite distinction oan be made from these experiments between the 
ohromatic constitution of sunlight and that of moonlight. The numbers found 
are the same within the limits of experimental error. 

We may say therefore that the night sky is found to be of the same oolour 
as direct sunlight or moonlight, but much yellower than the clear day sky. 

Ooloiit of Moonliyht. 

What we oan see of tlie moon’s surface suggests that it consists of volcanic 
rock, and the li|^t is, of course, difihsely reflected sunlight It occurred to 
me, in connection with the present experiments, to include in the comparison 



16 


Lord Bayleigh. 

Buulight diffused from specimens of terrestrial volcanic rook. These exposures 
were made when the sun was 83° up, so that atmospheric absorption should be as 
nearly as possible the same as when the moonlight exposures were-made. The 
photogi^aphic plate was placed in the box used for exposures to direct 
sunlight, but the quartz leas was removed. The iris diaphragm attached to 
the shutter was adjusted so as to subtend half a degree at the photographic 
plate—the same angular diameter as the moon—and it was backed with the 
specimen of rock in full sunliglit placed near the aperture. The same 
exposure was given as was given to direct moonlight. Only two exposui-es 
were made, one to a specimen of fresh basalt, and another to a weathered 
oohreous surface of the same. The light from the fresh basalt cannot be 
distinguished definitely in quality from moonlight or sunlight, but the light 
torn the weathered basalt appears to be distinctly yellower than moonlight. 
The experiments are too few for a final conclusion, but they suggest that the 
surface of the moon is more like the fresh than the weathered specimen. 
This is in accordance with the absence of a lunar atmosphere.* 

Vistial ObservatioiiB on the Night Skg. 

The conclusions reached, photographically, on the niglit sky are entirely 
confirmed by visual observation. 

The photometric comparison of lights of different colours is, under ordinary 
circumstances, difficult and embarrassing, and little definite significance 
attaches to the results. But with lights below a certain intensity this 
difiBoulty disappears, since there is no longer the power of colour discrimina¬ 
tion, and vision is monochromatic, A confident decision can then be given as 
to which of two lights appears brighter, whether they are of the same* 
spectral quality or not. This is, of course, well known, and is fully 
elaborated in works on colour vision. 

Two gelatine films on glass were prepared, one dyed yellow with flavazine, 
and the other with methylene blue, the intensity of the latter being adjusted 
by washing out some of the colour until right for getting the effects which 
will now be described. The two films were mounted edge to edge at the end 
of a pasteboard tube, so that, when the tube was directed to the sky, the 
circular field was seen divided into two along a diameter. 

Luring the daytime the yellow film was considered by all observers to be 
the brighter. As twilight advanced, the Purkinje phenomonon came into 
evidence, and the blue film became brighter. This remained the case when 

♦ Thene experimente on rock were hampered by the fact that the photometric 
appaiatus was not at hand when the exposures were made. They are merely of a 
preliminary character. 
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the light had waned so far that the colour sensation had disappeared. As 
the stars came out, the predorninanoe became less marked, and, before the 
Milky ^(Way was distinguished, there was equality. Finally, when the Milky 
Way was conspicuous, the yellow film was notably brighter, whether the 
tube was pointed to the Milky Way or to other parts of the sky. 

Another pair of films was prepai’ed, giving equal intensities when the 
night sky was viewed. In this case, still more than in the previous one, the 
blue half appeared brighter while any twilight remained.^ 

It was desired to confinn visually the conclusion reached by photography 
that the colour of the night sky was nearly the same as that of direct 
sunlight or moonlight. Moonlight was chosen, as being of more convenient 
intensity. It was found that the yellow and blue films, which appeared 
e(j[ua]ly bright against the night sky, also appeared equally bright when 
viewed against a white cloth exposed to direct moonlight. This background 
was, however, somewhat too bright, and, in order> to get rid of colour per¬ 
ception, it was found advisable to reduce it twelve-fold by means of Fox 
Talbot's revolving sector. It was then impossible to distinguish between the 
two coloured films, which apj>eared of exactly equal intensity. 

The night sky was examined on many occasions through the pair of films, 
which gave equal brightness. I never observed any marked deviation from 
equality, at considerable altitudes, though low down the yellow often had an 
advantage. This is probably attributable to selective atmospheric absorption. 
The experiments gave no evidence of a variable colour such as might be 
produced by an aurora of variable intensity. 

I may add that my own attempts to see or photograph the aurora line on 
ordinary nights have had no sticcess. All that I couM see was a continuoTis 
spectrum. 

[Note added, March 4.—I have since succeeded in regularly photographing 
the aurora line.] 

Bmamary ai\d Gonclmion, 

To get information as to the chromatic character of the light from the sky 
at night, photographic exposures were made under coloured media selected 
for isolating various parte of the spectrum. By comparing the photographic 
densities obtained, it was concluded that the night sky was much yellower 
or less blue than the (clear) day sky. Comparison with direct sunlight or 
moonlight showed that the night sky was of the same quality as these. 

Visual oomparisoixa through coloured films showed that a blue film, which 

^ A preliminary notice of thie result waa published in a letter to ‘Nature,* dated 
August 20,1920. 

VOt.XOIX.~A. 


C 
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was equally bright with a yellow one against the night sky, was brighter 
against the twilight sky. These comparisons were not embarrassed by colour 
differences, l>eoause the light was so faint as to give purely inonochj;omatic 
vision. The two films matched one another equally well, whether they were 
seen against the Milky Way or against other parts of the sky. In the 
photographic work no special attention was paid to this point, the exposures 
being made to a considerable area of sky around the zenitlu The diurnal 
motion, of course, brought successive areas of the sky into action during the 
long exposures. 

One theory of the light of the night sky attributes it to sunlight scattered 
by a very rare gaseous atmosphere, situated so high up as to be outside the 
earth's shadow. The present observations are contradictory of this theory, 
which would require the night sky to have the same colour as the day sky. 

The comparative absence of polarisation* leads to the same conclusion. 

The requirements, as regards colour and polarisation of the light, would be 
satisfied if we regarded it as coming from an unresolved background of stars. 
They would equally be satisfied if we regarded it as due to sunlight scattered 
by meteoric matter. The conclusions of van Ehynf favour the latter 
alternative. He regards the general light of the sky as an extension of the 
zodiacal light. 

* See Rayleigh, * A str. Jour.,* vol. 50, p. 2S57 (1919); also Babcock, ibid., p. 228. 

+ ‘Astro. Phys. Joor.,' vol. 50, p. 356 (1919). 
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Linear Transformations and Functions of Positive Type. 

By J. Merger, M.A,, D.Sa, Fellow and Lecturer of Christ's 
College, Cambridge. 

(Communicated by Prof. E. W. Hobson, F.R.S. Received December 10, 1920.) 


In a cornraunication received by the Society on April 12 last* I gave in 
outline a proof that a symmetrisable function k (s, t), which belongs to one of 
certain classes, admits an expansion in terms of its bi-orthogonal fundamental 
functions. Two classes were explicitly mentioned, viz., (i) the functions 
defined by tc («, 0 = «(«) 7 (^i 0» (^0 those defi^ned by 

fc{s^t) => [ « 7 (^» t) dx. 


It was assumed in each case that y (s, t) was of positive type in the square 
astsh\ in the first case, that a (s) was a function defined in the 
interval (a,&) ; and, in the second case, that a{8,t) was a symmetric function 
defined in the square a^8:<b, a^tsb. When k(s, t) belongs to either of the 
classes mentioned and certain conditions of oontinuityf are satisfied it was 
shown that 


where (i) 


^(5,0= s 

« ~ I 


d>n(s)^n(t) ^ Vn(t) 

n * i 




( 1 ) 


.... irn(s\ ... 

is a bi-orthogonol system of fundamental functions for the interval (a, 6), and 
<t>n(s), '^«(0 satisfy the homogeneous equations 


rb ^ 

<fh,{s) = Xn fc{8, t) <f>n(t)dt, 

•^«(0 === t)d8 ; J 


(2) 


(ii) the functions r}n («) — 1, 2, ...) constitute an orthogonal system of 

functions for the interval (a,J); and (iii) each of the pairs of functions 

^»(«)} is orthogonal for the interval 
(a, 5), whatever be the values of m and n. The symbols i;„(w s» 1, 2, ...) 
denote certain positive constants which, by suitable modification of the 
functions («), may all be taken equal to unity. 


* See ‘ProceedingB/ A, vol. 97, pp 401-413. 

t For y (<, t) the condition was that the function should be continuous with respect 
to * for each fixed value of i in (or, 6). 
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It will be evident that a function which belongs to either of the above- 
mentioned classes is obtained from 7 ( 5 , t) by a particular kind of linear 
transformation, the traTisforviation ^mng with re&peet to the variable s. Again, 
a symmetrisable function such as a (^j) 7 (s, t) ^ (t) is obtained by subjecting 
y(8, t) to two linear transformations, namely, one with respect to each variable. 
We are thus led to consider a general class of functions, each of which is 
obtained by subjecting a function of positive type to linear transformations; 
and to enquire under what circumstances a function of this class admits 
expansion in the form ( 1 ). The present communication has its origin in an 
attempt to answer the enquiry just stated. 

In the first section a summary of the theory of linear transformations due 
to F. Kiesz* is given, and further developments I’equired -for the purpose in 
view are given. At the eouimenoenient of the second section functions of 
positive type are defined, which are more geneml than those hitherto con¬ 
sidered. The theory of quadratic forms with an infinite number of variables 
is then appUed to show that, when is obtained by subjecting one of 

the functions of positive typo to a symmetric couple of linear transforma¬ 
tions, ( 1 ) is valid almost everywhere,t provided further series involving null 
functions are added on the right. In general, the equations (2) are not 
satisfied at all points of (a, b\ but they are always satisfied almost everywhere. 
It is further shown that, when the function of positive type has the continuity 
property assumed in the previous communication, and the transformations 
are of a restricted character, the expansion of k (5, t) is valid everywhere in 
the square Finally, it appears that, when the transforma¬ 

tion with I'esjHJCt to ^ is still further restricted, the expansion of k (s, t) is of 
the form ( 1 ). 

Limar Fumtional Tramformatims, 

§ 1 . Previous to giving the proof of the expansion theorems, it will te 
convenient to summarise briefly certain definitions and results which belong 
to the theory of linear functional transformations. 

Let F denote the class of real functions which have their squares summable 
in the interval (a, &), It is to be observed that this hypothesis does not imply 
that a function of F has necessarily a single finite value at each point of 
(fl^, &), A function of F may be undefined, or multiple valued, at points of 
the interval which form a set of zero measure ; further, the function may be 
regarded as having the values -f 00 or — oo at points of a similar set.^ In 

^ ‘ Untersuchungeu uber Systerae integrierbarer Funktionea Math. Atmalsa/ vol* 68^ 
pp. 449-497. See particularly § 12. The casop 2 only in conaideied herfe. 

+ This stateiaeut is correct, but it will be found that the result obtained is of a 
slightly more general character. 

J €/, Biesz, loc, ett, p. 454. 
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what follows a function will be said to be weli-deji7ied in (a, b) if it has a 
single finite value at each point of the interval. 

Let fi be a transformation which converts each member of F into a member 
of the same class, this member being unique save possibly for an additive 
null function. If we denote the independent variable by and a member 
of F by f(s), a function which results when the transformation fl is applied 
to/(s) is denoted by H [/(«)], or by when it is necessary to indicate 

the variable with respect to which the transformation is carried out. 

A transformation fl is said to be distributive if, for any two functions 
A fu (s)t which belong to F, and for any two constants, ci, ca, we have 

== CiO[/i(«)] + C3a[/3(s)], (3) 

ahnost everywhere in (a, b). The transformation is said to be bouiuled if, for 
any function,/(s), which belongs to F, 

whem M is independent of /(s). The lower bound of the values of M, for 
which the inequality just written is true, may be called the hound of the 
transformation. A transformation which is both distributive and bounded is 
said to be linear,^ 

As examples of linear transformations we have 

(i) fl[/(s)] = «(«)/(«), 
where a (s) is bounded and summable in (a, &), and 

(ii) n [/(«)] = I « (s, x)f(3:) ch:, 

where a(s, t) is a function which has its square summable iu the region 
a =E s 25 6, a ^ It will be observed that, in each of the examples cited, the 
function [/(«)] may not be defined at points of a set of zero measure. 
The function, however, belongs to F, as was explained above. 

§ 2. A transformation, 12, which is related to 12 in such a way that 

[/, («)]. /* (s) d4 = Jy, («). ft [ f, («)] de. 

for any two functions, /, (<),/*(«), which belong to F, is said to be ad-joint 
to n. It oau be shown that any linear transformation has an adjoint, and 
that the latter is uQique, save for an arbitrary null fuaction.f A transforma¬ 
tion, ft, which is adjoint to itself, is said to be ae^-adjoiaU or aymmartcX 

* BiME) he, eit., p. 477. 

V mens, lee. eit,, p. 478. 

I lUeass, he. eit,, p. 464. In toe eumplee cited above (i) ia alwaya aymmetric, (ii) ia 
ajrmmatric when a(«, t) ii a lymmetric function. 
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In what follows, we shall be concerned with pairs, 11,11', of transforma¬ 
tions, which are such that 

. f 11 [/i is)] n' [/, (.)] ds = fn [f, («)]. n' [/, («)] ds. 

Jo 

for every pair of functions,/i ( 5 ),/»(«), which belong to F. Two transforma¬ 
tions related in this manner will be referred to as a Hymrrietric-couple, 

It will be observed that, if E is the unit transformation* and il is symmetric, 
then E and fl constitute a symmetric couple. More generally, any two 
symmetric transformations which are permutable form a symmetric couple: 
an important instance of this is the couple defined by n[/(s)] = «(/?)/(«); 
n'[/(s)] = I3{s)f(s).f Other examples ai'e easily constructed. 

§3. Let fn{s) (n = 1, 2, ...) be a sequence of functions of class F. If a 
function f(s) of class F can be found such that 

Lim [ == 0, 

n -♦ 00 J a 

the sequence is said to converge strongly to /(«)4 The function,/(5), wlien it 
exists, is unique, save for an additive null function. 

It is easy to prove that, if /n(s) (« = 1^2, ...), gn{s) (/i = 1, 2, ...) are 
sequences which converge strongly io f{^,g{8) respectively, then 



From the bounded property, it follows that, if 11 is any linear transforma¬ 
tion, the strong convergence of a Rcquence,/„(<?) (?i = 1, 2. ...) to/(s), implies 
the strong convergence of 11 [/„(«)] (71 = 1, 2, ...) to II[/(«)]*§ The two 
reaults stated allow it to be proved that, wlien 11 and H' are any two linear 
transformations aud/„(s)(w = 1, 2,converges strongly to/(«), 

Lim f n [/, is)] . fl' [/, (8 )]ds = f n [/(«)] . il’ [/(«)] ih. 

n -♦ (c J a J tt 

§ 4. Let/H( 5 ) {71 == 1, 2, ...) be a countable set of functions of class F such 
that the series 

^ This transfomiation is defined by £[/■(<)] « f{s). 

t For conditions of suminalnlity, see § I, 

I Biesz, loo. cU.y p. 464; also named * convergence en nioyenn6 ’ by E. Fischer. 

§ Riesz, loc, cit.y p. 464. 
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is convergent. It follows from a known theorem* that the series 

{ /i (*) }*+{/» («) }*+... + {/» («) }*+, (6) 

converges almost everywhere in (a, h ); that F (a), the sum-function of (6), 

rb 

is snmmable in (a, h ); and that F (s) (fs is the sum of the series (4). 

Ja 

Let (ail, ajj, ..... ...) or brietly {x\ be the co-orduiates of a real point in 

Hilbertian apace, and consider 

f[{x\s] + ( 6 ) 

For any value of s in (a, b) such that F( 5 ),/j (s),/ 2 («), ... have all 

finite values, the right-hand member of ( 6 ) is a linear form in Hilbert's 
sense, (x) being regarded as variable. It follows from what has been said 
that the member is a linear form for almost all values of ^ in (a, ft). Again, 
we have 

n « 1 

almost everywhere in (a, ft); hence it is clear that, if (ai) is fixed,/((x),«) 
belongs to the class F. In view of the two properties stated, we shall 
refer to 

Xlfl (s) -f Xu/fi ( 5 ) •+ ,.. -f Xnfn {«)+..., (7) 

as a linear function (mociated urith tlie elms F, whenever the series (4) is 
convergent. 

We shall say that the linear function (7) associated with the class F is well- 
defined if (i) the functions /»(«) are all well-defined and (ii) the series ( 6 ) 
converges at all points of (a, ft). A well-defined linear function is clearly a 
linear form in Hilbert's sense for eaoli value of s in (a, ft). 

§ 5. In virtue of the bounded property of a linear transformation we see 
tihat, for any transformation 12 , 

('{«[/! W] V fVn/a W] («)]}^ ds - F (s) A 

Ja Ja ja Ja 

where M is the bound of the transformation. From this follows the important 
result that, if (7) any linear function associated mth F, and 12 is any linear 
tran^onnaiim, then 

is a linear f unction associated with F. 

♦ A aimpie proof has been given by Hobaon, * Proc. liond. Math. Soc.,* Series 2, vol. S, 
pp. 27-29. It is easily seen to be unessential to the proof that the functions 8„(vr) 
should be bounded ; further, the validity of the theorem is not affected by the li.ypo* 
thesis that each function SM(a^) is either undefined, multiple valuml, or infinite at points 
of a set of measure aero. 
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Let U8 denote the aum of the first »terms on the right of (6) /■((»)» •)• 

Since 

f {/ ( 0 ^)'«) -/»((®)> «)}**= S a:r* . f F («.) (is, 

Ja r*asu+l Ja 

it ia clear that, when (x) is fixed and n tends to oo, /n((x)s) converges 
strongly to/((x),s). Hence, as n tends to oo, fl[/»• ^)] converges 

strongly to «)]. But, since (8) is a linear function associated with 

F, fl r/n ((x), s)] converges strongly to 2 a?* ft [/ii(^)]- sse that 

«[/((*).«)]= s.r,n [/,(«)] 

It«» I 

almost everywhere in (a, i) at each point (;x0 of Hilbertian spacer Further it 
will be seen that 

( ft[/i(«)]&-fa.-3 f n[M8)]ds^.,.^Xn f ft[/„(«)]ffe+..., 

J fl J ri J a 

is a linear form equal to | II [/((»). «)] ds. 

In passing, we observe that, since /»((»), s) converges strongly to/((»), s) 
it follows from the remark at the end of § 3 that 

Lim fll[/„((.«), s)] . n'[/«((^), s)]ds = s)] . !!'[/((«). 

®Ja Jo 

where O and fl' are any two linear transformations. 

§ 6. We shall say that a linear transformation is teell d^ned if, for each 
well-defined function/(«) of F, the function fl [/(«)] is well defined. 

let us suppose that fl is well-defined, and that the equation (3) holds 
exactly at ail points of (a, b). Then, if /i (*),/»(«), .../,(«) are well-defined 
functions in (a, 6) and j;,, a:,, ... x„ are the co-ordinates of a variable point in 
n dimensional space, we have 

fl [®i/i(8)+a:s/a(«)-l-...+a:o/o(«)] 

— a;ifl[^i(8)]+a^fl[^2(s)]4....q-a^Xl[^ (g)], 

for ail values of t in the interval (a, 6). This property may be described in 
the statement that fl is ^ecisely distriimtive in n dimensumai space. 

We shall say that a well-defined transformation 11 is precisely distrUnUive 
in ffilbertian space if, corresponding to any well-defined linear function 
2 »»/»(s), the linear function 2 <B»fl[/,{8)] is well defined and equal to 

®)]»poiats (x) of Hilbertian space and for aW valued of $ in 
(a, J). It will be seen that, jf 0,%$ predsely distrihdive in Hilbertian epaee, 
W (w = 1, 2, *,,) are wU^d^ned functions mch thcd 2 {yJiX*)}* ^ 
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emvergent at all pomta of (a, b), then tlte aeriea S («)]}* m convergent at 

n«l 

all poinlH of (a, h). 

Let {a\ &') be an interval which is part of, or coincident with, (a, h) : and 
let each end point of (a\ b') be regarded as belonging to the interval or not, 
as may be convenient. Let 12 a linear transformation which is precisely 
distributive in Hilbertian space. We shall say that 11 is perfect in (a', V) if, 
corresponding to each function /(s) which is continuous in {a\ the function 
!![/(«)] is continuous in {a\ ?/). 

As an example of the transformationB defined, let us consider 

It is easily seen that, if u{s) is well-defined, bounded, and summable in 
(rt, H is precisely distributive in Hilbertian space. Further, if a (s) is 
continuous in an interval {a\ H is perfect in this interval As a second 
example we may take 

«[/«] = £“(*. 0/(0 

This transformation is precisely distributive in Hilbertian space, if 

{« (s, is summable in a^t^b and I (a (/?, i)Ydt exists as a finite 

number for each value of a iii (a, h),* If we further suppose that «(«, 0 “ a 
continuous function in the rectangle a'sssl/, astsb, the transformation is 
perfect in the closed interval (a', b'). A wider condition than that just stated 
may, of course, be given. 

The Expansion Theorem. 

§ 7. The definition of a function of positive type which was given in the 
previous communication had reference only to bounded function 8 .f This 
definition must here be extended. 

Let 7 («, 0 be a symmetric function such that {yC*. 0}* ^ summable in 
the square a sash, astsb. Then, if /(«) is any function wiiich belongs to 
F, the integral 

r f 'l(s,t)f(3)f{t)d«dt . 

J a 

always exists. We shall say that 7 {s, t) is of poniPim type in the square if the 
value of the integral is positive or zero for each function /(s) of the class F. 

^ It my ba remarked that this transformation has the proi)erfcy that, coireaponding 

to any (well defined or not) linear function S aaaociated with the class F, the 

A » 1 

linear function % ^*0[/»(<r)] U ei^ual to 0[/((.t?), a)]. 

» * 1 

f Zoo. p. 406. 
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When the integral is positive for each function /(«) which is not a null 
function, we say that 7 («, t) is definite. 

Let 61 (s), 6 a{s), .... 0n(.s), ••• be a countable set of functions which belong 
to F; and let the series 

i a ] a J a 

be convergent. In view of what was said in § 4 and of the inequality 

L *t -i. I J ' H ae 1 L. J » » 1 L J 

it will be clear that the series S^n(«)^n(0 is absolutely convergent iu the 

square a:£ 8 i£.h, a^t save possibly at such points as belong to a plane set 
which has for its projection on either axis a set of measure zero. We may 
express this niortj briefly in the statement that the series is absolutely 
convergent ahnmt everywhere unih respect tos^ and almost every^oher^ with resjmt 
to t. This abbreviated form of statement will be employed under similar 
circumstances throughout the pages which follow. 

From tlie same inequality and the fact that (9) is convergent, it follows 
easily that 

fy (8, t) = (.s) 0a(O +... + (0“^“ •••» 

has its square summable in a f? .s st 6, a - ^ ss &. Further, if /{s) is any function 
of F, it would be found that 

t {\ 0/W/(0 dsdt^ X I Ce„ ( 8 )f{s) ds I', 

JaJ« LJ« J 

'and hence that y («, t) is of positive type in the square. 

We observe tliat, from the hypotheses stated 

/((^)»«)- t XnOnis) 

is a linear function associated with the class F, (x) being any real point of 
Hilbertian space. 

§ 8. Now let n, II' be two linear transformations which form a symmetric 
couple. It follows from the property of /{(x), 8 ) stated at the end of the 
preceding paragraph that the integral 

[/(('«).«)] • n.' [/((a:). («)] ds, (10) 

exists at each point (x). Further, if ((ic), 5) is employed to denote 

r 

S we have 

II ssr 1 

[ «)] • fl'[/r((®),s)]<f«ss 2 2 ami.aw»». 


( 11 ) 
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where a«» = £« [0« (s) ]. [5, («) ] efe and a,. = 

because Cl and fl' form a symmetric couple. Thus, recalling that the left- 
hand member of (11) tends to (10) as t tends to infinity,* we see that 
i® ft limited (quadratic form,"!" which at each point (a;) is represented 

by (10). 

The form may be shown to be both limited and completely 

continuous. For we have 

= {£ n («) ]. h' (s) ] 


= I'' {fi [d„ (#)])» ,h . £ I ir [$„ («)]}* ds, 

whence, using the bounded property of a linear transformation, we have 

jV«(s)}*rfs . jV»(s))*rf«. 

where the numbers M, M' are indejiendont of m and n. Since the series 


met 1 j a 

is convergent by hypothesis, the double series is convergent. The 

»i, n 

convergence of the latter series is known to ensure that the quadratic form 
S 18 limited and completely continuous. 

Trt, H 

§ 9. The form 2 being limited and completely continuous, it follows ‘ 

m, n 

that there exists an orthogonal substitution, 


^ -b ^ = I, 2, 

such that 

S (12) 

m, H 


where Ai, ka, , kn are constants, some of wliich may be zero. It will be 
recalled that the ooeftloients I of the substitution satisfy the relations 


~ ImrKr — ^ Irm^m 

rwl fwl 


£■1 for 7n =3 n, 
LO for 7)1 ^ n, 


(13) 


and that the co-ordinates of the point (x) are expressible in terms of those of 
tlie point (^') by the equations 


= hm^l + = 1, 2, ...), 

* Vuk § 5. 

t €/, Hellinger and Toeplitz, * Math. Annalan/ voi. 69, pp. 326-7. 
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Employing the equations just written, and reoalling that iE OOQ* 

*■1 

verges almost everywhere in («, h), it will be found that, for almost all values 
of s in (a, b), 

f({x),e)ra t ( 1 *) 

n^l 

where (s) = S Inm^m («). It is easily seen that (5) is a function which 

in«l 

belongs to F, and that the series 

f {xi («)}**+[ *+••• + [ . 

Ja Ja Jo 

is convergent.* We conclude that 

9 i )«) = Xi («) 4- a’a' %3 (s) 4-... -f a;/ %» (s) + ..., 

ie a linear function associated with the class F, (x') being a variable point of 
Hilbertian space. 

Recalling that the left-hand member of (12) is (10), we see from (14) that, 
at each point (x/), 

ffl ((aO. «)]. fi' [j?((a:'). »)]'*'= 2 (15) 

Jrt nmX 

The left-hand moml)er of this equation can be shown, by an argument similar 
to that employed in § 8, to represent the quadratic form 2 where 

f * / 

bmn ^ J^^^[xm(s)]. n' [x».(s)] ds, and we have fc,„» « Km in virtue of the 

hypothesis that II and H' form a symmetric couple. Comparing the 
coefhcients of like terms on the two sides of (15) we find that 

( 16 ) 

L 0 for n m. 

§ 10. We have seen that the convergence of (9) ensures that 2 {^h(s)}* is 

»=! 

convergent almost everywhere. Let us now suppose that (a, t) is a point in 
the square aass6, as^aj such that the series 2 {tf«(«)}*, t both 

converge.! Then the series 2^ 6^ (s) On (t) is absolutely convergent and, making 
* The sum i« equal to that of the aeriea S 

t One, or more, of the funetioua «,(,), (<), (»„ i, 2, ..,) may be multiple valued 

at the point under coneideration. When thie ie the caae, it must be understood .that 
a funrtlon dehned in term* of the d’e y(t,t) or one of the funotione «i,(A Mi) 
talow) li euppoeed to have the value correeponding to a particular set of detorniination# 
p«(*)» «b(0i (« -St •••) at the point. In the pages which follow, when any statement 
involving several such functions is made, it is understood that eai’h function has the 
value corresponding to the torn set of deUrminations. 
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use of (13), it will be found that * 

7 (s, 0 = s (s) . (0 = s Xn{s ). (17) 

« « 1 A « 1 

where finite values for all values of n. 

The functions ;;^(«) may be divided into two classes according as the 
corresponding number k is not, or is, zero. Lot wa(*s), ?/.„(«), ... be 

the functions x(«)/i^|* for which the corresponding k is not zero; and let 
UiUrt(^) ... be the functions which the corresponding 

k is zero, further, let fin be the reciprocal of the modulus of that k which 
corresponds to ; and let S« be 4-1 or —1 according as the k referred to 
is positive or negative. Then from (16) and (17) it will be seen that we Iiave 
the following theorem :— 

Let Oi (s), 6*j (s), .,., On ('S‘),... tie a comdahle $ct of fitnciions, edich of which hvw 
its square suniniahle hi (n, h); let the series 

fVi ('*) 1 =** + f*{ 0, (8 )}»(h + ... + f ((•■••)}*+..., (8) 

be wnvergeM; and let y{s, t) be the f^metion of positive type which is dejimd 
in the square a^ssh, a':st^h by 

y{s,t)^ ^en{s).0n{t\ 

»«r] 


Further^ let fl, fl' he a symmetric conp>lc of limar tram/ormations for the 
interval (a, ft). Then, at any point {s, t) of ilu square such that y {s, s) and y {t, t) 
are finite,^ we have 


7(8. <) = S 2 U„(8). U.(/). 

« w 1 H - i 


where the functions ti„(s), lJn(*') (^ = 1» 2, ham sicmmable squares in (a, ft), 
the numbers /4„ (n = 1, 2, ...) are positive, and exwh of the series on the right is 
absolutely convergent. Further, ihefunctmis u{s), U (i?) are such that (i) 


( [Wm (s) ] . fl — 

Ja 


{ Snt for 71 = m, 
0 for n ?a, 


7vhere hm w either 4- 1 or — 1, a7id {ii) each of the pairs of f unctions (fl («)], 
«'[U«(»)]}, {ft[U«.(^»)], n'[w„(s)]}, {n[U„(5)], a'[Vn{s)]} is orthogonal 
for the ifitervcd (a, 6), whatever be the values of m and n. 

In the theorem, wo may suppose St' ^ SI. Then H [U» («)] is orthogonal 
to itself, and is therefore a null function for the interval (a, ft); further, it 
will be seen that is always 4-1, since (10) is, in this case, a positive 
quadratic iorm. We have thus the following corollary:— 


* Vide footnote^ § 10. 
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Let he any linear tra^isforThation^ and let 7 («, satiny the hypotheses of 
the above theorem. Thjen^ under the same miditions cu to {s^ s) and 7 (<, t\ 
we have (18) where H [Wn(«)](^*' = 1 , 2 , ...) ^* an orthogonal system of functions 
for the interval {a, />), and the functions fi[Un(s)](7t == 1 , 2 , ...) are null 
fuuciiom. 

By talcing II = E, where E is the unit transformation, and substituting 
Un (s) = ^j/'» (s), Un (tf) — ofn 0), fin = X«, We obtain the expansion 


7 (.1,0= - 

n n 




S ft)„ («) a>„ (if). 


(19) 


The functions (« = 1, 2, ...) form an orthogonal system of functions for 
the interval (a, b), and <»«(«)(« = 1, 2, ...) are null functions. It should bo 
recalled that y{s, t) is not necessarily bounded, and that (19) is valid when 
7 (s, s) and 7 (i, t) are finite. Tliere will be no difficulty in proving that 

(«) = IJ (*, t) -fn (i) lit, 

for any value of s such that 7 ( 8 , s') is finite. Finally, in view of what is said 
in §§ 14, 15 l)elow, it will be seen that Ihe Fredholm theory can be extended 
to the function 7 (s, t). 

§ 11. We may employ the corollary of the preceding paragraph to further 
analyse the eximnsion of y{s, t). For the function 2 U„( 8 ). U,(<) satisfies 

the requirements of the corollary.* It follows that we have 


S U„( 8 ) U.(<) 

♦issl 


^ - ^ 

n=l Vji 


^ V,( 8 ) V,(<), 

71 = 1 


( 20 ) 


where n'[n«(s)](?t = 1, 2, ...) form an orthogonal system of fuuctitins for 
(a. ^), >'n(» = 1, 2, ,..) are positive pumbers, and fl' [V,(8)] (» = 1, 2, ...) are 
null functions. As the functions r„{s), V,(8) are linear functions of 
llit(*)(H — 1, 2, ,,,), it will be clear that the orthogonal properties stated 
under (ii) in the theorem of the preceding paragraph will hold when the 
function symbol, U, is replaced by either o or V. There is, however, no need 
to state the orthogonal properties which involve functions ft'[V, (s)], since 
these are a consequence of the fact that ft'[V,(«)](« = 1, 2, ...) are null 
functions, 

Mext, we can apply the same corollary to 2 V,(8) V„ (<) and so obtain 


S V,(8)V,«, 


Pn 


W„( 8 )W,(f), 


( 21 ) 


where n [rtJ«(8)](n — 1, ...) fon,, an orthogonal system of functions for 

{a, b), pnin _ 1, 2,...) are positive numbers, and ft [W,(«)](« = 1 , 2 , .„)are 
* The hypothesii that y(,,») and y{t, 1 ) are finite is still undewtood. 
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mill functions. After what was said above, the reader will have no diflSculty 
in perceiving that the orthogonal properties are as stated in the theorem 
which foUowa 

Employing (20) and (21); it will be seen that we have the following 
theorem :— 

Under the hy][)otheM$ of th-e theorem of the lad paragrapK v)€ have 

t) ^ S (^0 Vn (0 I ^ Vn (j?) (Q 
n=*l Pn wot! 

+ t S W„(.-»). W,(0. (22) 

ns=l Pn nasi 

where the functions u («), v (s), w (s). W (i?) Imve summahh squares in (a, h), the 
mimhers /u-, v, p are positive, and each of the sericH on the Hght is absolutely 
convergent. Further, the functions u{s\ v(«), w{s), W (s) are such that (i) 

[ n [«„ (,)]. n' (s)] ds= f ^ 

Ja [^0 lor n 7n, 

where is either 4*1 or — 1 ; (ii) the functions fl' [r„ (.■?)] (n =: 1 , 2 , ,..) and 
the fvmctimis fl [^^h(s)] = 1, 2, ...) each constitute an orthogonal system of 

functions for the interval (a, b)\ (iii) ea^h of the pairs of functions {fl [ 74 ^ (s)], 

n'[f„(6)]}. {nK(8)]. {nK(«)]. fi'K(«)]}. {nK(«)]. 

XI'[w„(6-)]}, (XI («)]}» ^ crrthfujonai for {a, h), whatever he the 

values of m and n\ and (iv) X2'[«^tt(5)], Xl[W„(f)], X1'[W«(^)] are null 
functions. 

The function 7 ( 8 , s) has a single finite value almost everywhere in (a, 6 ). 
It follows that ( 22 ) is valid almost everywhere with respect to s, and almost 
everywhere with respect to t 

It is |)erhaps unnecessary to point out that there is a second expansion of 
7 ( 3 , t) of the form ( 22 ); for this expansion, the statements of the above 
theorem are applicable, provided that XI and XI' are everywhere inter¬ 
changed,* In either case, one or more of the series on the right of (22) may 
contain only a finite number of terms, and it is possible that one or more of 
the series may be non-existent. 

§ 12. Eeferring to the theorem of § 11, let us denote the'sum function of 
the series 2 Un{H)un{t)lpn by 71 ( 3 , 0- Since 7 ( 3 , s) is summable in {a, h), it 

will be clear that X {un{s)/pff yds is convergent; and hence that 

^ To derive this expansion O and O' must, of course, be interchanged in the argument 
fit the commencement of the paragraph. 
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2 «««H is a function associated with F. It follows from what 

was said in § 6 , that 

n, [ 2 X^ln (5)/Mn^] ~ ^ («)]/ 

1 n^\ 

almost everywhere in {a, 1). Observing that (« (/.)//i‘) is a point of Hilbertian 
spaoe for almost all values ol t in the interval {o,, V), we see that 

[yi (*. 0 ] = [«»(»)]( 0 //^> (23) 

U - 1 

almost overywheie with respect to *•, and almost everywhere with respect to t. 
we have 

nt'[ s x„vn it)I^^1]= s a-„n,'[«„(o]/M»‘ 

n-1 n-1 

almost everywhere iu {(tylf) and is a point of Hilbertian space for 

nlinost all values of .s in the interval ais.s'^h. It follows that we have 

n /[ s n [«„0)3, ««(0/m„] = S n[u^(s)]. a- 

n=l 

almost everywhere with respect to a, and almost everywliere with respect 
to /, We conclude from (23) that 

n/ [n. [ 7 , («. 0 ]] = fi [»/. W] n' [«„ (0]/f*n. m 

n*= 1 

almost everywhere with respect to s. and almost everywhere with respect to t. 
It will be clear that in a similar way we can prove the validity of 

a [0/ [7i 0% 01] - S n [n„ (.)]. O' 0)]/^, (25) 

n »* I 

under similar circumstances. Adopting a slightly abbreviated mode of 
expression for the left-hand members of (24) and (25), we see that 

OA' [71 (^^ 0] = n A [71 0] = SO [tin ( 5 )]. O' [Un (0]M« 

n 1 

almost everywhere with respect to s, and almost everywhere with respect to t. 

Similar results may be established in respect to the other series on the 
right of ( 22 ), and hence in respect to 7 (»,<). Further, it will be clear that 
each series such as that on the right of (25) is absolutely convergent almost 
everywhere with respect to s.and almost everywhere with respect to t. 

§ 13, I^st us define a function k (s, <) by the rule that it has the common 
value of fljfl'e [7 (^ f)] and fl'tflt [ 7 ( 8 , 0 ] O'!* points where these are equal. 
Further, let 

4>» («) = S„ . fl [m„ («)], (s) = ii' (s)], 

{«) = fl [«« («) ], 7 , ( 8 ) = XI' [Vn («)], 

{») =r il [w, («) 3, a>,d> (8) = n' [itV (8)], 

a)<“)(0 = fl[W,(s)3. ®.‘*>( 8 ) = n'[W,( 8 )], 
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and let Xn 

k{s, t) - 


BnPn- It will be seen that we have 

■ y (n(s)Vn(O 
K = 1 n* 


s 

II 1 


+ X X W*>(«)»«W(0.* (26) 

n ml Pm j 

almost everywhere with respect to «, and almost everywhere with respect 
to ^; also it can be established that term by term integration with respect to 
either variable of the series on the right is justified. From these facts and 
the properties of the functions irnOX •••! which follow from the state¬ 
ments (i)*“(iv) in the theorem of § 11, we find that, almost everywhere in (a, ?>), 
we have 

(27) 




4>n(x) = j «(S, t)lf>^(t)dt 

fn(t) = jV-(*)«(». 0^'- 


We can now state the following theorem:— 

Let y{s, t) be ajfv/nction of podtive type defined m in the theorem o/* § 10 ; let 
he a fiymmetric cmiple of linear tramforrmiionH ; anrf let k (s, t) be the 
comumn mine of [ 7 ( 5 , ^)] wnd 0 'tft#[ 7 (^, 0 ] ^ poinU where these are 
equal. Then the eijuation (26) is mlid, and the right-hand memhr i$ absolutely 
convergent^ almost everywhere wilh respect to s, and also everywhere rvith ree^pect 

t, The^ functions 

^l(s). <#>*('). ^n(»)> •••. 

■^ 1 ( 8 ), ...> ■^b(s), 

forvi a bi'Orthogonal system of fwictions for the interval {a, b), and each of the 
homogeneous equations (27) is satisfied almost everywhere in the interval. The 
symbols Vm, (^i s=: 1, 2, .,,) denote positive constants. The functions 
i;«(«)(w s= 1 , 2 , ,,.) and the fundions = li 2 , ..,) each constitute an 

ortJufgonal system of fumtimis for the interval {a, b). Hack of ths pairs of 
functions {«^m (a), 17 ii( 8 )}, {fm(8),^B(8)}, {fm(8), 1 ?,(«)}, {{»(«). V^b(8)} 

{{’„(«), i;b(8)}, m orthcyonal for the interval (a,b), whatever be the values of m 
and n. Zaatly, for all values of n the functions mjy>{s), tif^{s), Wn^'K*) ere 
null function^. 

In view of a remark at the end of § 11, it will be seen that there is a second 
expansion for k (s, t), similar to the above. 

* For the oaae under couiideration, the aeries X («), (() may be omitted, sinoe its 

nmX 

«um function is xero almost everywhere with respect to and almost everywhere with 
respect to t. The series is retained here in view of the expansion of y («, r), and because 
it cannot be ignored when the transformations are precisely distributive in Hilbertiau 
space {vide § 17 ). 

vot. XOIX.—A, 


n 
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114. It seems desirable to make some observations in regard to the 
theorem of the last paragraph. 

In the first place, it will be clear that the Fredholm theory, « 
developed, is not applicable to «(s,0. Bince this function may be unbounded 
in such a general manner. We may. however, obtain results similar to those 

of the theory referred to, as follows: . .. • u. * 

If we define K(X; s. 0function of the senes on the right of 

(26) after 5^ has been replaced by X,-X in the first component series, we tod 
that the square of K (\; s, 0 is summable in a s « a 5, a s f s i, provided that 

X has not one of the values Xj, Xj, ..., X«. 

It is easily verified that 

K (X ; 0- * (s. 0 = ^ (X; .s, u) K (u, () du = X ^ k (s, u) K (X ; 0 du. 


almost everywhere with respect to s. and almost everywhere with respect to 
<; and hence that, if /(«) belongs to the class F, the equation 

/(») = (#, (8)-X (s. t)ff (<) dt. (29) 

is satisfied almost everywhere in (a, 6) by 

g(s) =/(«)4-x£k(X; s, t)f{t)dd.. 

provided that X is not one of the numbers X,. It will be clear that a corres¬ 
ponding remark applies in regard to the solution of the equation adjoint 
to (29). 

The numbers Xi, Xj,.... Xn,... may be called singular values of /c(«, <)•* 

§ 16. Eeferring to §§ 8, 9, it will be found that 

i^*»l = I r«[x«(«)] • (»)]'«»! =mm' f {x-('')}*<^®- 

Jn Jfl 

Since 2(xii(s)}®>= S {d.(«)}* almost everywhere, we see that 

» *=£ I » a:: I 

i lfc„|sMM'f t {d,(8)}»d*. 

» ^ I J an = 1 


♦ The reader vill observe that by a known property of completely continuoua 
quadratic fomn, lim K ^ hence that X^, X^„ can be divicled hito aeta, 

each oontaiuing a finite number of equal aingular values, and auoh that membere of 
distinct sets kv% unequal. 
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It follows that the series 


\x \n 


is absolutely convergent^ and that %1 1/Xn\ is ^ MM' | 7 {s, s) 
The aeries (30) being absolutely convergent, it follows that 


i)(\)= n 

n^l\ An/ 

is an integral function of X. Also from the expansion of /c (ft, t), it will be 
found that, for all integral values of r, 

1 

S = j ICy (s, ^t) dfi, 

n iXil An }n 

where ki (s, t) = fc(», t) and srr+i (s, f) = J*#Cf (s, it) k (u, t) du. 

From these facts it can be shown that 

D(V)= „)*,+ (I|^) 

as in the usual Fredholm theory. Observing that D (\) K (A.; a, t) is an 
integral function of X, and making use of (28) it can be shown that, almost 
everywhere with respect to a and almost everywhere with respect to t, we 
have 

D(\)K(X,; s,0 = I>(>^; «. 0. 
where D (X ; a, t) is the integral function of X defined by 


The function K (X; a, t) is thus expressed as the quotient of two integral 
functions of X, for almost all values of a, and almost all values of t. 

Further developments in this direction may be left to the reader. 

§ 16. It can be proved that, if the equation • 

/(«) ss t)/it)(U 

^ This is a generalisation of a theorem given by Qarbe (* Math. Annalen/ vol. 76, 
pp. miM) for Hilbert’s function a{«) y{sf), where a(*)» +1 in 'certain sub-intervals 
«f ^)i and « - I in the complementary set. The absolute convergence may also be 

6 

inferred from ^e fact (vide below) that Sl/K ^ t s(s, and that the order of the 
aingular valUM is arbitrary. 

1 ) 2 
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is satisfied almost everywhere in (a, V) by a function/(«), which is not a null- 
function, then X must be one of the siugular values X„; -also /(«) must, 
almost everywhere in (a, h), be a linear combination of the functions ^(«) 
corresponding to the singular value. 

Again, if T (s, t) = Cl,' Clt [y (s, f)], it will be found that 

r r («, u) K (w,!!) dv. = 2 

n»l 


almost everywhere with respect to s, aad almost everywhere with respect 

to t ; moreover | F (s, 71) if)^ (u) du being almost everywhere equal to 

is never a null-function. Giving an extended meaning to the berm as previously 
used,^ we may, therefore, say that k (s, t) is completely syminetrisable on the 
left by r (s, t). In a similar sense, fc{B, t) is completely symmetrisable on the 
right by t) = flA [7 (». 01* 

Finally, if the equation (26) is multiplied througii by /(«) g (t), two functions 
which belong to F, we find after integration that 

*cis,t)/{8)g{t)dsdt^ S _ h _ 

J<* n ai; 1 


+ S 

»i = i 


jV («)/(») do. 17(0^ 


Vn 


(31) 


This result is, of course, analogous to Hilbert’s expanrion of 



(».0/(«)^(<)dorf<. 


for the case when k (s, t) is symmetric. 

§ 17. Let 7 {s, <) be a function which is bounded, summable, and of positive 
typein thesquareasisj.a-^aj; further, let the function be continuous 
with respect to «in the interval (a, ft) for each fixed value of t in this interval. 
The fact that 7(8, t) is symmetric permits the interchange of » and < in the 
last statement. Then it is knoTrn thatt 


7(8,0= 2 


nasi 




where w,(s) (a - 1, 2, ...) constitute a complete system of fundamental 
functions of 7(8, t), and «r, is the (positive) singular value corresponding to 

♦ Cf. Pfoc.,' A, vul. 07, p, 408. The continuity piopertieeMeumed in thi. 

paper deluded the of a nuU-funotion which i. not aero ev^whete. 

t Vide Boy. Soc. Broc.,’ A, vol. 07, p. 407. 
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«-«(«)• The functions '7rn(s) are continuouH in (a, h) and the aeries 
2 {itb («)}*/<*■» is convergent for each value of s which iasaandssi. It 

follows that, if we write 7r«(5)/<r«* = ^« (-!?), we have 

where the fuuctiouB 0n («) satisfy the requii‘emeats of the theorem of § 10« 
The expansion (22) is thus* seen to be applicable at any point of the square 
a s 2S 6, a :£ ^ =£ 6. 

Let US now suppose that the transformations II, H' are well defined and 
precisely distributive in Hilbertiau space, and that, taken together, they 
constitute a symmetric couple. Proceeding by an argument parallel to that 
of § 12, it will be found that we have 

n,n.'[7(s,0] = «t'«.[7(s,0] * 

at all points ; further, if the common value is denoted by k (s, t), the expan* 
sion (26) is valid at all points of the square 

There can be no difficulty in developing a theory of the integral equation 
with /r(ts, t) as kernel on the lines sketched in §§ 14, 16. The reader will 
observe the essential difference that statements, which in the paragraphs 
referred to are true almost everywhere, are now true at all points. 

The functions 6n{a) = being all continuous in (a, 6), it follows 

that the functions «(«), i^(s), «»(s), W (i<) are all continuous in the interval. 
Hence, if the transformation H' is perfect in an interval (a', 6'), where 
a^a' sV 6, the functions («), («), («), {a) are all continuous in 

{a\ by Since a continuous null-function is zero everywhere, we see that 
(«), («) are evanescent. 

§ 18, We may now state the following expansion theorem :— 

£et 7 {s, t) be a function which is hounded, summabk, and of positive type, in 
the squa/re a^ssh, a^t^h; further, let the function he continwm with 
respect to $ in the interval {a, h) for each fixed value qf t in the same interval. 
Finally, let H and ft' be two linear iransfaimtajlions which are precisely 
distributive in HUbertian space, and which together comtitule a tymm^ric 
eawjfie. Then, at all points of the square J,aa£^:s6, m have 

ft#ft*'[7(s, ^)] as ft('ft, [7(#, denoting the comrnon value of these 

funetions by k (a, t), we have the ei^ipansion (26), rvherein each of the mies on 
the right is absolutely convergent. The functions 

^ (^)» ^ (f)i • * • > ^ (^)i •••••• 

•••» . 
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which oc^i/V in the eaypo/rision fo'im a bi-tyethogowl system qf functioifis for the 
interval {a, V ); and <f>n (k), («) satisfy the equations 

4>n{s) = X»i| /c(«, t)ff>n(t)dt, 

‘^n (^ ) ^ hfi j* l|r|| fC t^ (Is, 

at all yoints of the interval (a, h). The remaining fujictions which occur in the 
expansion have the properties stated in the thsm*em o/^ § 13. 

Moreover, if ft' is perfect in an interval {a\ &') cmdaviud in (a, h\ the 
tjcpansion takes the farm 

K{s,t)= 1 t (32> 

n«1 'A Ki \ U» 

for a^ssh, a! ; and thefnnetiom (A Vn(s) are contimums in («' b'f 
The corresponding statement^ wh'ich apeplies when ft is perfect in a snh^vnterval 
ofia,hf. will he obviom. 

The reader will recall that, in any given case, there is always a second 
expansion for *(*, t) {vide §§ 11 , 13). 

§ 19. In conclusion, it should be observed that conditions may be stated 
under which the exi>ansion 8 given in §§ 13, 18 assume a special character. 
The conditions are generalisations of those stated at the end of § 9 of the 
communication of April 12 for the case of the function of «(«) 7 ( 8 , t). 

For example, let the hypotheses of the theorem of § 13 be adopted, and 
let r («, t) = 0,,'tit [7 (s, <)] be definite. Employing the equation (31) of 
§ 16, it is easily shown that f«(«) {n = 1 , 2 ,...) are null functions, and that 
£»(*) (** ~ 1> 2, ...) cannot exist. It follows that the expansion (26) takes 
the simpler form 

where the functions which occur have the properties stated in the theorem of 
§ 13. This expansion will hold at all points of asssh, astah, when 
7 («, t) satisfies the requirements of the theorem of the preceding paragraph 
and, as there, fl, n' are precisely distributive in Hilbertian space. If w® 
further suppose that n is perfect in an interval (o', V), «),W («), <*,<*) (*) are 

continuous null functions, and therefore vanish everywhere in the interval. 
We thus liave the expansion 

*(8.0» 2 inifbfeiiL), 

n«l X» ’ 

which is valid when « belongs to (a', b') and t to (a, J). 

It .Md to otaervrf ttot Ito kypothew ltot',(^ <) i. detau. doto itot 

miwUrnwnttot r(K) i, deenito. Thi., howtrer, will tottolnlv toth. 

case whet} ft' has an inverse. ^ 
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T%e Dissipation of Energy in Permanent Ocean OurrevUs, with 
some Relations between Salinities, Temperatures and Currents. 

By E. 0. Steebt, M.A., M.Sc., Fellow of St. John’s Coll^, Cambridge, 
Lecturer in Mathemutios and Mathematical Hydrography in the 
University of Liverpool. 

(Communicated by Sir Joseph Larmor, F.B.S. Received January 27, 1921.) 

In a previous paper* the author has discussed the effect of viscosity in 
dissipating the energy of non-turbulent tidal dow of a sea, and the present 
one contains a simple extension of the method to non-periodic motion. In 
practically all parts of the open ocean there exist currents whose directions 
are almost constant and whose velocities may therefore be suppbsed to 
contain a component which is independent of the time. The motion is 
usually slow, the current seldom exceeding one or two knots, and on the 
average inttch less, so that in all probability the effect of turbulence will not 
be large. The work is therefore carried out on the assumption of a smooth 
flow, and a first approximation only is made. The results are used to obtain 
an estimate of the mean rate at which energy is dissipated in all the oceans 
by these permanent current streams. 

The second portion of the paper is devoted to a simple method of deducing 
the magnitude of the surface current solely from a knowledge of the 
distribution of the salinity or of the temperature of the water. There are 
not sufficient data available to obtain exact figures, but rough estimates of 
the orders of magnitude lead to concordant results. 

The Dimpoiion of Energy in Permanent Ocean Currents. 

Consider a portion of the sea so small that in the state of relative 
equilibrium its surface may be regarded as flat, and let it rotate about the 
vertical with an angular velocity eo which is to be taken as the component of 
the earth’s diurnal rotation. Let the axis of rotation be taken os the axis 
of », the origin being at the bottom of the sea and the equation of the mean 
surface being svth. Take axes of v, y, rotating in their plane with the 
prescribed angular velocity a>, and let U, V, W be the components referred 
to these axes of the small relative velocity of the particle of water which at 
time t is at the point (x, y, z), 

* ' Roy. Son. Proo.,’ A, vol. 98, p. 84S (1917). 
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-2®V= -^g+i-AU 


+ 2«U = 


-,| + .AV 


( 1 ) 


For the horizontal motion the equations are* 
dv n ^ _ JZ 

St 

where the density is assumed uniform, v is the kinematic coefficient of 
viscosity, A is the Laplaoian operator, and Z—11/^ is the elevation of the 
surface above its position of relative equilibrium, 11 being the disturbing 
potential 

Let U = U-f cos «) ^ 

V = V*fS'r«.cos(o-^—J 


( 2 ) 


where U, V, ore independent of ty and the summation includes terms of 
diiTerent periods The parts of the solutions which are periodic functions 
have been discussed previouslyf on the assumption <r and a> are of the same 
order of magnitude and that <r—2« is positive. By a very slight modifica¬ 
tion the work can be extended to the cases in which a is less than 2 c», that * 
is, to the longer period motion. We proceed to consider the parts U, V of 
the solutions which are independent of the time, assuming that « is not ssero. 

By equations (1) and (2) these are given by 


-2a)V = 
2(oU = 


az. a«u 


0Z 


as* 

a»v 


(3) 


where Z is the part of Z independent of the time, and A (U, V) have been 
replaced by a»(U, V)/a*». 

Combining these equations wo obtain 



of which the solutions, subject to the oonditions U, V zero at the bottom 
* s= 0, and au/3s, 8 V/at zero at the surface * = A, are 


U±tV= + ^ 
2 

where 7 * = <o/i/. 



(4) 


In the open pea 7/1 is always very large, so that we can replace these 
solutions by 


XJ±iY = (Uo±»Vo)[l~c~»'<**‘>], ( 6 ) 

where Uo, Vg are the surface values of U, V. 

* See, for example, Lamb, ‘ Hydrodynamloe,’ §S 2(,6, 31B. 
t Roy. Soc. Proc.,’ A, lor, cit. 




Energy in Permanent Ocean Currents. 


41 


Now let us suppose that Q is the local magnitude of the non-periodic part 
of the surface current relative to the earth's rotation, and that the local axes 
are chosen so that Q is in the direction Oa\ Then Uo = Q, Vo = 0, an4 
equations (5) become 

U = Q{1—cos 
V r= Qc‘’r‘sin7r 


’}■ 


( 6 ) 


It is now easy to justify the neglect of the terms in obtaining equations (3). 
The non-periodic terms in the equation of continuity lead to the relation 

f^au. av 




which from equations (4) is equivalent to 

/a* 


ae* fy 


,)z= 


0 , 


Hence from the same equations 




0 , 


so that the neglected terms are, to this approximation, actually zero. 

The total rate of dissipation of energy per unit surface area of the sea may 
be taken* as 


-f: 




where n is the coefficient of viscosity. 

Substituting from equations (2) and taking the mean value over a long 
period of time we obtain a result which can be expressed in the form 

f'l . a*u. „ a*v\ 




where E, is the contribution from the terms of period 27r/o-. The mean rate 
of energy dissipation due to each term in the current velocity can thus be 
evaluated separately and the several results added. The contribution from 
the non-periodio terms given by equations (6) is found to be ^Q* to the 
order of approximation already used, thus depending only on the velocity and 
not involving its gradients. 

Writing <b s n sin X, where H is the earth’s diurnal rotation and X is the 
latitude of the place, we obtain for the mean rate, F, of dissipation of energy 
per unit surface area due to the permanent ocean currents 

(7) 

* B. 0. Street, Uo. at., p. 36t. 
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where p is the density of tlie water* and v is the kinematic ooeffioient of 
viscosity appropriate U) the oircurustaiices, 

For places on the equator a> is zero and equations (3) reduce to 

so that, with the same surface and bottom conditions as before, we have in 
place of (5) 

IJ.) Va k 

Hence we obtain in place of equation (7) 

r = tA ( 8 ) 

o h 

Now in deep water F' is very small compared with pQ* (vfl). Therefore 
in estimating the mean rate at which energy is dissipated by the permanent 
currents of all the oceans we may without appi'eciable error suppose that 
equation (7) is valid everywhere. 

In order to obtain a numerical estimate for the total actual rate of energy 
dissipation due to these non-periodic currents, the surface of the sea has been 
divided into 10-degree “ squares ” and for each a mean value of Q has h^n 
used. These valties have been deduced from the Admiralty current charts. 
At any point the speed of the current is usually variable; for the non-periodic 
part, the mean of the two extreme values has been taken. Thus when the 
current is recorded as 20-40 sea miles per day the value 30 has been used. 
The variations in current strengths are greatest in the neighbourhood of the 
equator; owing to the presence of the factor sin X in the formula for the rate 
of energy dissipation the effect of this variation is not important. In any 
10-degree square the mean latitude is taken as sufficiently accurate for 
our present purpose. 

The details of the arithmetic are omitted and only the final results for each 
of the three great oceans given. 

For the Atlantic, Pacific, and Indian Oceans the values 

(7, 11, 7) X 10^7 ergs per second, (9) 

have been obtained by substituting in the formula (7), and assuming that 
p ^ 0 018, the areas over which the summation has been carried out being 
respectively 

(7*3, 13‘5, 5^4) X10” sq.cm, 

* In this portion of the work no appreciable error is introduced hy regarding p as 
constant, although in all probability the variations of density actually constitute a 
piimaiy cause of the currents. 
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The areas of the surfaces of these oceans are 
* (8% 16'6, 7-3)xl0*^8q. cm. 

but there is little information available beyond the fiftieth parallel of latitude* 
or the sixtieth in the case of the North Atlantic. Hencje wo may say that, 
on the explicit assumption of nou-turbulent flow, the presence of viscosity 
causes the non-periodic parts of the ocean currents to produce a dissipation 
of energy at the mean rate 

3 X 10^* ergs per second. (10) 

It may be noted that this result is roughly 1 erg per second per square 
centimetre of surface. The estimate (10) is to be regarded correct to oUe 
figure only. 

It is interesting to cotiipare this result with the expression, 22 x 10^® ergs 
)>er second, recently obtained by H. Jeffreys* for the mean rate of energy dissi¬ 
pation in the semi-diurnal tidal motion of all the shallow seas of the world. 
The method there used is due to G. I. Taylor,t and is based on the assumption 
that the di.ssipation is caused by direct friction of moving water on the bed 
of the sea, the velocity of slip being taken equal to the surface current 
velocity. The rate of energy dissipation is assumed to be expressible in the 
formj kpv^ per unit area of bottom, p being tlie density, v the velocity of slip, 
and k a constant which is taken as equal to that found experimentally for the 
wind blowing over grass land.§ 

The RehUiom hetmen CurrentH^ SalinUm, ami Teviperaturea, 

An estimate of the magnitude of ocean currents can be obtained by simple 
methods from a knowledge of the distributions of the salinity or of the tem¬ 
perature of the sea water. 

Let H denote the salinity at any point at time f, that is, the mass of salt 
dissolved in unit mass of the water which at that instant surrounds the 
point considered. Making the usual assumption that each small portion of 
water retains its salinity, we have the equation 



♦ ‘Phil. Tran#.,* A, vol. 831, p. 389 (1920). 

t ‘Phil Trana/ A, vol. 230, p. 1 (1919). 

X Note that this is not of the same form as F or F in equations (7) and (8). 

§ There seems to be no assurance that the agreement between this somewhat arbitrary 
detmoiita^on of k and another estimate of its value obtained from an extrapolation of 
Basin’s formuia for the flow of water in a river may not be largely accidentaJ. The 
various hydraulic formulee for such motion seem to be empirical; and others, which 
agree equally well with the observations, when extrapolated give results of entirely 
different orders of magnitude. Cf. Lord Bayleigh, ^ Sci. Papers,* vol. 6, p. 602. 
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where the differentiation follows the path of the water particle. If this 
equation is applied to a particle at the surface of the sea, it can be wntten m 

the form » 

~ + Qs'C08X + W^ = 0. 

where Q is the horizontal and w the vertical velocity of the water, the axis 
of s being measured upwards, is the maximum surface gradient of s at 
time t, and % is the angle between the directions of Q and a. 

Similarly, if p is the density and T the temperature of the water at the 
point at time t, the assumption that the conduction of heat is negligible leads 
to the equatiou 

I)(^T)/D^ = 0, 

while the equation of conservation of mass is 

Dp/m = 0. 

From these we deduce 

DT/Dt = 0, 

which as before leads to a result of the form 

^'+Qroo8t+tP^ = 0, (12) 

whei’e T' is the maximum surface gradient of T at time t, and is the angle 
between the directions of Q and T'. 

The value of Q could be found from either of the equations (11), (12), if 
the necessary related sets of observations of the salinity or of the tem¬ 
perature were available. At present, it is possible only to indicate the 
orders of magnitude of the several terras in the equations. It is probable 
that each of the three variables (current, salinity, temperature), is the sum of 
a number of periodic functions of the time, together with a part independent 
of t. The equations should therefore be applied to each of these component 
parts; but, in view of the scanty nature of the data, this is quite 
impracticable. 

The equations have been applied numerically to the North Atlantic, 
taken as a whole, rather than to particular points in it, the aim, aa stated 
above, being to obtain orders of magnitude only, and not definite numerical 
results, A very large number of observations of salinity and of temperature, 
spread over a period of two years, have been collected by H. K Dickson^ ; 
and, from these, he has constructed charts showing the isohalines and the 
isotherms for each of the twenty-four months of the period covered. Their 
most striking feature is the difference between charts relating to the same 

♦ * Fhil. Trans.,’ A, vol 196, p. ©6 (1901). 
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month of two consecutive years. It is probable that this variation con be 
attributed to meteorological causes; for it is clear that such events as the 
breaking up of the polar ice will have a profound effect on the chemical and 
physical conditions in the Ocean. 

Adopting the usual practice of measuring the salinity of the water by the 
number of parts by weight of salts dissolved in a thousand parts of water, 
wo find as rough mean values*:— 

«'(:=:) 0*2 per 100 sea miles, 

T' (=) 2° C. per 100 sea miles, 

or using C.G.S. units, 

«'( = )3xl0-“s, T'(=)2xl0-». (13) 

In order to obtain the time-gradients of the sedinity from the charts, three 
representative points in latitude 60° N., with longitude 20°, 30°, 40° W., were 
taken, and for each the salinity-time curve was constructed by interpolation. 
The graphs naturally show some irregularities; but it is evident that the 
predominant parts have a period of six months, their amplitudes being about 
01 for the first two stations, and 0 4 for the third. Taking 0’2 as the mean 
amplitude, we find for this term 

a»/a<(=)2xl0-»a. (14) 

The effect of the very small daily variation in salinity is small compared 
with this, notwithstanding the more rapid rate of variation. 

In a similar manner, the time-gradients of the temperature can be 
obtained. As could have been foreseen, the predominating tern has a period 
of a year, its amplitude being about 3° C. in each case. This is approximately 
half the mean of the range of surface temperature of all the oceans. There 
is, in addition, a daily component, whose amplitude is about 0’3° C. This is, 
therefore, the more important part, and we may supfiose 

aT/0<(=)lO-». (16) 

The vertical gradients of the salinity and the temperature are less easy to 
obtain. Thouletf has calculated that the mean value of the salinity of the 
North Atlantic for depths less than 50 m. is 35*82, and for depths from 50 m. 
to 100 m. is S5‘d9. Using these figtrres, we find 3«/0«(sx) 3 x 10“®, Other 
observations confirm the accuracy of this estimate. Thus we may take 

3»/cl»(=s)10“*«, . (16) 

* The eymbol (■« ) is used to denote equality of orders of magnitude, 
f ‘ Bdeultate dee Oampagnes scienUf. du Prinoe de Monaco,’ vol. S8, p. 95. 
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while from a consideration of the vertical variation of temperature at many 
stations we infer 

aT/0j(=)lO-*. (17) 

The most iraporlaiit pai’t of the vertical velocity of the water particles at 
the surface of the ocean at points far removed from land may be supposed 
due to a semi-diurnal wave of amplitude of tlie order 30 cm. Hence 

iti(=)6x 10~®. (18) 

From equations (13), (14), (16), (18) we see that the terms of (11) are of 
orders 

2 X lO-’s, 3Q X 10->»s. 5 X 10-»«. 

which are in the ratio 

20, 3Q, 50. 

Thus Q is of the order 20 cm. per sec. or, say, half a knot. 

In a similar manner we see from (13), (16),(17). (18) that the terms of (12) 
are of orders 

10-^ 2QxlO-', .^xlO-’', 

which are in the ratio 

100, 2Q. 5. 

Thus Q is of the order 60 cm. per sec. or one knot. 

The mean current velocity of the surface of the Atlantic Ocean is rather 
less than a knot. The agreement of these two rough estimates with the 
observed result is satisfactory, and seems to couHrm the mutual consistency 
of the data employed. 
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l%e ConstituUon of the Alloys of Aluminium, Copper, and Zinc 
containing High Percentages of Zinc. 

By John L. Haughton, D.Sc., F.In8t.P., and Kathleen E. Bingham, M.Sc. 
(both of the National Phyaical Laboratory). 

(Communicated by Dr. W. Bosenhain, F.R.S. Received May 6, 1920.) 

[PLATIS 1 AND 2.3 

The following paper conatitntes one of a aeries of researches on alloys, 
particularly on those containing aluminium, which is being earned out at the 
National Physical Laboi’atory, under the supervision and guidance of Dr. W. 
Rosenhain, F.R.8. 

Iidrodwiion. 

The ternary system copper-alumininm-zinc is of considerable interest, alike 
from the practical as from the theoretical point of view. 

Portions of the ternary system have already been worked out. The copper- 
rich alloys have been investigated by Carpenter and Edwards.* The liquidus 
surface has been determined by these authors for the area CuBC (fig. 1), and 
the complete constitution for the area CuAC. As yet no constitutional 


Co 



Fro. 1 


diagram has been published for the aluminium-rich alloys of the series, but 
this forms the subject of one of the collateral researches being carried out in 
the National Physical Laboratory. The zinc comer (that part marked 
ZnDSF, fig, 1) is the subject of the present research. 

* &. 0. H. Carpenter and C. A. Edwards, ‘Intemat. Zeits. f. Metallograpbie,’ vol 2, 
Part 4, p. 809 (1912). 
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The Biimnj 

\.—C<ypeer-Alumi%in.m.--ThB system copper-aluminium has been investi¬ 
gated by Curry,* Gwyer.t Carpenter and Edwards^ and others. 

The equilibrium diagram may be said to be fairly well established in the 
main, although there are certain details which require to be further investi¬ 
gated. As far as the present research is concerned, however, this diagram is 
of little importance. 

2. Aluminium-Zinc.—’Ih.a alloys of aluminium and zinc have been investi¬ 
gated by Shepherd,§ liosenhain and Archbutt,|| and Bauer and Vogel.lT 

.3. Cffpper-Zinc.—T\\a.i. part of the copper-zinc diagram with which the 
present work is ooncomed has been investigated by Shepherd and Blough,** 
by Tafel,tt and others. Both diagrams are manifestly incomplete. It was 
considered advisable, therefore, as a preliminary to the main investigation, to 
redetermine that part of the equilibrium di^am of copper-zinc alloys 
containing from 90 per cent, to 100 per cent, of zinc. 

Before referring to the results obtained in the present research, it will be 
advisable to describe in some detail the methods and apparatus employed in 
the investigation. The methods were:— 

1. Thermal curves. 

2. Microscopic examination of annealed and quenched specimens. 

Electrical conductivity measurements. 

1. Thermal Curves .—The thermal curves were taken in a “gradient” 
furnace of the type described by Bosenhain in his paper on “ Some Appliances 
for Motallographic Besearch.’’^ As this particular furnace was not required 
for high temperature work, the tube carrying tbe winding was made of iron, 
in order to obtain a more gradual temperature gradient than was possible by 
the use of a fireclay tube. The specimens employed weighed about 60 grm. 
and were carried in a small clay pot, which was made with a tube of tbe 
same material passing in from one side. Tbe pot was carried in an iron 
cylinder, which was hung from the winding gear by three “ Nichrome ” wires, 

* H. E. Curry, ‘Jnl Phys. Chem.,’ vol. 11, p. 426 (1907). 

+ A. G. C. Gwyer,' ZeiU f. Anorg. Chem.,’ voL 67, p. 113 (1008). 

I H. C. H. Carpenter and C. A. Etlwarde,' Proc, Inet. Mech. Eng.,’ vol. 67 (1907). 

§ E. 8. Shepherd, ‘Jnl. Phys. Chem.,’ vol. 9, p. 604 (1906). 

II W, Rosenhain and 8. L. Archbutt, ‘ Phil. Trane.,’ A, vol. 211, p. 316 (1911). 

IT 0. Bauer and 0. Vogel, ‘ Internet. Zeits. f. Metallographie,’ vol. 8, p. 107 (1016). 

** E. 8. Shepherd and Blough, ‘Jnl. Phys, Chem.,’ 1904. 

+t V, K Tafel, ‘ Metallurgie,’ vol. 6, p. 376 (1008). 

it W. Rosenhain, “Borne Appliances for Metallographie Research,’’ ‘ Journ. Inst, of 
Metals,’ vol. 13, No. 1, p. 160 (1915). 
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paseing through holes in a ring, which kept them in place. The suspending 
wire and the two thermocouple wires passed through a silica tube, and the 
junction of the couple was inserted into the tube in the side of the crucible, 
the orifice of which was then packed with asbestos wool. This tube was made 
very thin at the end, so as to reduce the thermal lag to a minimum. The 
couple employed was an iron-constantan one, which was carefully calibrated 
before and after the curves were taken, the melting points of tin, lead, and 
zinc being used for the purpose. The two sets of calibrations show only 
negligible differences. 

The specimen was raised and lowered in the furnace by means of a weight,, 
the speed of the motion being controlled by the movement of a piston in a 
cylinder of oil. Readings were taken every 2® 0., and the rate of heating or 
cooling was of the order of 5° C. per minute. 

The curves were recorded on the Rosenhain plotting chronograph,^ the 
paper being reversed on the drum between heating and cooling, so that the 
temperature ordinates wei'e the same for the two curves. 

2, Microscopic Examination ,—The microscopic examination calls for no- 
special comment. The specimens were annealed and quenched before 
examination, except in special oases where very slowly cooled or chill cast 
alloys were examined. When it was necessary to anneal for very long 
periods, this was carried out in a Haughton-Hanson thermostat,! the speci¬ 
mens being tied together and to the thermo-couple with a thin " Nichrome 
wire. In order to avoid the risk of contamination, the specimens were 
insulated from the wire and from each other by a thin strip of asbestos paper* 
When the annealings were completed, the specimens were rapidly withdrawn 
from the furnace by means of the thermo-couple and plunged into a basin of 
cold water. In these cases where mpidity of quenching was of more 
importance than prolonged annealing, ejj,, in the case of the determination of 
the solidus, a Rosenhain quenching furnace was used. As, however, it has 
been shown by Thorneycroft and Turner,J that, in mmo, copper-zinc alloys 
containing about 10 per cent, of copper lose from 20 per cent, to 25 per cent, 
of their zinc at temperatures similar to those at which the annealings were 
carried out, it was not considered advisable to use a vacuum in order to 
obtain the desired inrush of quenching water. Instead of this, a rapid stream 
of water from a tap was injected into the furnace, and this washed the 

* W, RoserJiain, ioc. ciL 

J. L. Haughton and D. Hanson, Thermostat for Moderate and High Tem* 
|>enitures," * Journ, Inst of Metals/ vol. 14, p. 146 (1916). ** Further Notes on a High 
Temperature Thermostat," t6u/., vol. 18 (1917). 

i W. E. Thorneycroft and T, Turner, “Behaviour of Copper-2inc Alloys when Heated 
in a Vacuum " ihuL, vol. 19, p. 214 (1914). 

VOU XOliC.—-A. K 
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Bp6oim6n into a vessel of water plaoed at the end of the furnace. A very 
rapid quench was obtained by this means. 

In a few cases it was necessary to cool the alloys slowly» from a point 
ubove the liquidus, to a temperature intermediate between this line and the 
solidus. In order to do this, the specimens were placed in a small glass 
crucible, the thermo-couple being inserted into a narrow glass tube sealed 
into it. Fragments of the alloys were placed in this crucible, which was 
then hung, by means of very thin copper wire, inside a vertical tube fiurnace, 
mounted over a beaker of water. The furnace was run in parallel with a 
thermostat, fitted with the slow cooling device described in the paper 
referred to above, and the desired rate of cooling was obtained. Wlien 
the specimen had reached the temperature at which it was to be quenched, 
the supporting wire was fused electrically, and the pot and specimen fell 
into the water. 

It was found possible, in many oases, to etch the alloys by exposing them 
to the atmosphere, but this was not a suitable method for detecting the first 
appearance of the € constituent. Numerous reagents were tried, and a very 
satisfactory one was found to be that of TinoftJef.* This reagent was 
suitable for all the alloys investigated, and was almost invariably used. 
In a few cases, however, specimens were given a preliminary air etch, and 
then treated with Tinof^efs reagent, while in other cases electrolytic etching 
with 4 per cent, hydrochloric acid in water was used. 

Towards the end of the research, it was found that, to obtain good contrast 
between the three constituents, the most satisfactory method was to use an 
electrolytic etch in a solution consisting of twenty drops of concentrated 
hydrochloric acid in 50 o.c. of alcohol. 

8, Electfical CoTiductivity ,—The electrical conductivity of the alloys was 
determined by measuring the drop of potential along a measured length of 
the specimen, through which a constant current was maintained* The 
apparatus employed, and the method of carrying out the tests, have been 
described by one of the authors in a paper read before the Faraday Society .t 


The Equilibrium Prism, 

It IS well known that the equilibrium conditions of alloys of three metals 
•can be represented by a triangular prism. Sections through such a prism, 


* Tmoffiefg reagent is made by dissolving 6 grm. of chromium oxide in 94 <rrm. of 
uUnc aeid. A few drops of this solution are then added to 80 c.c. of water. 

. Mewurement of Electrical Conductivity in hletaU and Allova 

at High Temperatures,” ' Twns. Faraday Society,' vol. 16 (1920) ^ ^ 
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taken parallel to one of the aides, represent a aeries of alloys in which one of 
the metala is present in constant quantity, and the other two are varisble, 
while sections parallel to the base represent the entire series at a definite 
temperature. 

Figs. 2-9 represent a series of such sections parallel to the aluminium-zinc 
side of the prism, the copper contents being 0,1, 2, 3,4, 5, 7, and 9 per Cent, 
respectively. Fig. 2 is copied from Koaenhain and Archbutt’s diagram, 
refferred to above. Figs. 10-17 are sections parallel to the copper-zinc 
side of the prism, the aluminium contents being 0, 2, 4, 6, 8, 10, 12, and 
15 per cent. Fig. 18 is a contour plan of the liquidus sur&ce, while 
figs. 19, 20 and 21 are sections cut through the complete series at tem¬ 
peratures of 400° C., 300° C., and 200° C. 

From such a series of cross-sections, a temperature-ooncentration model 
can be constructed. 

At Dr. Bosenhain’s suggestion, the authors constructed a wire model,* and 
figs. 22, 23, and 24 have been drawn from this model, the various planes 
being cross-hatched, so as to represent progressive cooling of the alloys. 
These figures, together with the various sections, are explained below, under 
their proper headings. 

The liquidus curves of the various sections have been determined solely 
from the thermal curves, except in one case, where the results obtained from 
the temperature-conductivity curve were also used. In some oases, the 
indications on the heatii^ curves of the completion of fusion were so 
incomplete that it was considered advisable to neglect them and use the data 
from cooling curves only. 

The various solidus curves were obtained from the thermal analysis when 
the solidus happened to be an eutectic or a transformation, otherwise they 
were obtained from the examination of quenched specimens, and in one case 
confirmed by electrical conductivity measurements. Beactions occurring in 
the solid were detected by the thermal curves and confirmed by eleotrical 
conductivity methods, and by microscopic examination of annealed and 
quenched specimens. 

Limits of solubility were determined by microscopic examination of 
specimens which were quenched after long annealings in the thermostat 
furnace. 

Nomendature .—In order to avoid referring to the compositiou of the alloys 
in detail, a nomenclature has been adopted, in which numerals representing 
the approximate cupper and aluminium contents are separated by the 

* W. BoMuhaia, “Model representing Ternary Alloys,” *Journ. Inat of Metals,’ 
vol. 88, p. 847 (1880), 
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letter Z, which represents zinc. Thus, 5Z7 represents an alloy whose 

composition is approximately 

.. 5 

.. 

.. 7 

As the alloys were very carefully made up from previously made and 
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analysed ** basis alloys (60 per cent. Al, 60 per cent. Cu, and 90 per 
cent. Zn, 10 per cent. Cu respectively), the actual composition varies but 
slightly from that indicated by the nomenclature. 

The Oopper*Zim Series .—As has been indicated earlier in this paper, the 
first step to be taken was the redetermination of the constitution of the 
copi)er-zinc alloys containiug between 90 and 100 per cent, of zinc. The 
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result obtainefl by the authors is given in hg. 10, The liquidus agrees well 
with that of Tafel, while the temperature of the reaction 

€ 4-liquid = 

is found to bo 426® C. This, again, is in excellent agreement with Tafel, 
who gives a temperature of about 426® C, for the reaction os compared with 
419® C., which is the temperature indicated by Shepherd and Blough, 
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The determination of the solidus between the limits of 0 and 2 per cent, 
of copper was a matter of considerable difficulty, as the maximum range 
between the liquidus and solidus was found to be 5® C. By quenching the 
specimens at temperatures rising by about 1® C. at a time, and examining 
them under the microscope, it was possible to detect the first appearance of 



Fio. 16. 
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fusion spots, ic., places which were molten at the moment of quenching. 
The alloys which were examined in this way were ^ZO, IZO, IJZO, and 
2Z0.* By this means it was found possible to determine the solidns with an 

* Analj'di showed that the composition of these alloys woe 0’26 per cent., 0'80 per 
cent,, 1'80 per cent, and 1‘80 per cent, of copper respectiTely. 
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error probably not greater than +1° C. Confirmation of this was found from 
a temperature-electrical conductivity curve taken of aUoy IZO. which is 
reproduced in A, fig. 25. The more or less horizontal part of this curve 



represents the resistance of the material during the change from the liquid to 
the solid state, and will be seen to have a range of about 5° 0. For purposes 
of comparison, the curve for pure zinc is given as B in fig. 26. 
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The Ternary Diagram. 
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and 4). These diagrams, with the exception just referred to are, praotioally> 
repetitions of the aluminium-zinc diagram as far as they have been investi¬ 
gated (t.e., up to 16 per cent. Al). The eutectic of the series, however, being 
a binary complex in a ternary system, cannot solidify at a constant tem¬ 
perature, but the solidification must take place over a range which must lie 
lower than the temperature at which the pure eixtectio forms. The range 
appears, however, to be so small as to be beyond the limits which can be 
detected by the pyrometer, and one of the lines has therefore been shown 
dotted on the diagram. The evidence for the lowering of the temperature 
seems somewhat more marked, though it is still very slight, amounting to 
alwnt 2° C. between the temperature of solidification of the pure binary eutectic 
and that of the ternary eutectic which occurs in the alloys containing 3 per 
cent, of copper and over. 



Fio. 26. 


The diagrams of the series containing 4, 5, 7, and 9 per cent, of copper 
(figs. 10 to 13) are of the same kind, the only difference being the composition 
and temperature at which the various reactions occur. A consideration of 
any one of these sections will, therefore, be sufficient to enable the other 
three to be understood, and for this purpose the alloys containing 7 per cent, 
of copper have been selected, as in this series the various reactions are all 
well developed. 

On cooling an alloy containing 7 per cent, of copper and 0‘5 per cent of 
aluminium, the first substance to separate from the liquid is the copper-zinc 
solid solution e (containing a small amount of aluminium in solution, as is 
shown by the depression of its freezing point). This separation commences at 
a temperature of 523® 0. and continues until 417® C. is reached, when the 
solid reacts with the liquid according to the equation 

€-(-liquid = q. 

In the pure copper-zinc series tiiis reaction takes place at a constant 
* temperature, but in the ternary system, not only is the temperature depressed. 
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but the reaction continues over a range: in the case of the alloy under 
consideration, until 390° C. is reached, when the whole of the liquid is used 
up, and € and 77 are left. This is shown in fig. 26 (Plate 1). In this and 
in figs. 27, 28, and 29 are shown photomicrographs of alloys which have 
been cooled slowly from a temperature considerably above the liquidus down 
to 3.’>0° C. 

Considering next the alloy with the same copper-content, but with 2 per 
cent, of aluminium, we find as before, solidification commences by the 
separation of the e crystals from the liquid, the temperature in this case being 
495° C. At 398° C. the reaction giving rise to 17 commences, continuing with 
falling temperature until 378° C. is reached, when the remaining liquid 
solidifies at a constant temperature in the form of a ternary eutectic (fig. 27). 
The nature and manner of formation of this eutectic will be discussed later. 

An alloy containing 8 per cent, of aluminium (7Z8) behaves very differently. 
As in the case of 7ZJ and 7Z2 the first constituent to separate is e, the 
separation commencing at 415° C. This, however, never reacts with the 
liquid to form 77 , but when the temperature has fallen to 388° C. a binary 
complex of e with the ^ solution of the aluminium-zinc series (AlaZns) 
commences to separate from the liquid. This separation proceeds until the 
temperature of 378° 0. is reached, when the ternary eutectic solidifies. The 
alloy, when solid, will therefore show primary separation of e and sub-primary 
or secondary separation of the ^-complex in a matrix of the ternary eutectic 
(fig. 28). 

lieferring next to the alloy containing 10"5 percent, of aluminium(7Z10}). 
Here the first solid to separate is no longer e but the 78 —c complex referred to 
above. This 8 ej)aration commences at 392° C. and continues until the ternary 
eutectic solidifies. The solid alloy will therefore consist of primary 
spherulitic dendrites of the complex embedded in the ternary eutectic 
(fig. 29). 

The first separation from the alloy 7Z12 takes place at a temperature of 
402° C., and consists of 8 -crystuls. These continue to separate over a range 
of 8 ° C., when the complex begins to solidify, and at 378° C. as before, the 
remaming liquid freezes as the ternary eutectic. The just solid alloy will, 
therefore, consist of primary 8 and secondary 78 -e complex with a certain 
amount of ternary eutectic (see fig. 30). Finally, the alloy 7Z16 commences 
to solidify m a similar manner at 420° C.. and at 400° C. the fi-e complex 
begins to separate, this separation continuing until the temperature of 390° C 
IS reached, when the whole alloy is solid (fig. 31). It will be seen that in 
tiwB caae there will be no ternary eutectic preeeut. Figg. 30 and 31 are 
photographs of alloys which have been chill oast and annealed for long periods * 
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to remove the last traces of laetastable ternary eutectic. This accounts for the 
difference in the scale of the structure compared with that of figs. 27,28 and 29. 

The nature of the € complex is particularly interesting. It is the only 
Case with which the authors are acquainted where a binary complex is formed 
in a ternary system without any corresponding eutectic existing in any of the 
binary systems. In this case, one of the constituents of the complex belongs 
essentially to one of the binary systems, and the other to the other system. 
The constituents are which is the compound AljZng, probably containing a 
certain amount of copper in solution, and c, which is probably a solution of 
xinc in the compound CuZna. 

In order to show the method of formation of this eutoctoidal complex, the 
alloy 9Z12 was slowly cooled from above the liquid, and quenched at 381® C. 
It was desired to obtain an alloy in which the primary separation consisted 
solely of the complex, and which also contained little or no ternary eutectic. 
It will be seen that 9Z12 is the alloy which comes nearest to this specification. 
Fig, 32 shows the microstructure of this alloy when slowly cooled from above 
the liquid, and quenched at 381® C. It will he seen that, as was to be 
expected, there is only a primary separation of the complex, together 
with a small quantity of chilled liquid. 

In the alloys containing 3 per cent, of copper, no thermal evidence can be 
obtained for the existence of the binary complex, although the micro- 
structure shows that it is present. The reason of this doubtless is that in 
this section the separation of the aluminium-zinc eutectic only just precedes 
that of the ternary eutectic, and the two reactions occur at so nearly the 
same temperature that they are not separated by the thermo-couple. In 
sections of the model representing alloys containing 4 per cent, of copper and 
upwards it is easily detected. 

The ternary eutectic must now be discussed. The three phases composing 
it are obviously t}, and e, but the manner in which it is formed is not 
always the same. In the majority of cases it is formed as though it were a 
binary eutectic, one of whose constituents is the ^ 8 —€ complex, and the other 
is t;, which arises from the reaction between primary e and the liquid. This 
can be seen well in fig. 37. 

While the eutectic is generally formed as outlined above, this is not 
always the case. Over a small range of composition, between about 5 and 
16 per cent of aluminium, the copper-content varying between 2*5 and 
4 per cent, the eutectic resembles in its method of formation a binary 
eutectic composed of the jS—e complex, and the complex consisting of the 
depressed 17 —^ eutectic, of the aluminium-zinc series. In a third case, the 
ternary eoteotio is formed from this 97-/8 complex and e. 
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Ths exact composition of the ternary eutectic has been determined mainly 
from the oiicrostructiu'e. A very small change in the composition makes a 
very great increase in the amount of eutectic present. This will be seen by 
comparing fig. 33 (alloy 3 Z 6 ) with fig. 35 (alloy 4Z6). In the former, there 
is only a small trace of ternary eutectic in the boundaries of the crystals; in 
the latter, a very large part of the alloy consists of this eutectic, the change 
being brought about by tlie addition of only 1 per cent, of copper. Similarly, 
considering figs. 36, 36, and 37 (alloys 4Z6, 4Z7, and 4Z8), in fig, 85 there 
are large crystals of primary e and some evidence fot primary as well. 
Fig. 36 represents an alloy which must be very near the ternary eutectic 
composition, as there is no constituent present which can definitely be said 
to be a primary separation, while in fig. 37 it is fairly evident that the 
€ complex is the primary sepamtiou. It would appear from this that the 
ternary eutectic cannot be very far removed from the com][)OBitil>n-Cu 
4 per cent., A1 7 per cent., Zn 89 i)er cent. 

The occurrence of the ternary eutectic appears to be limited to a very 
small part of the system, and it is obvious that it is not the same eutectic as 
that referred to by Carpenter and Edwards, Indeed, the evidence suggests 
that, at the temperature at which it is formed, it does not exist over a much 
larger area than that with which the present investigation is concerned. 

Before passing on to the consideration of the alloys containing 2 and 
3 per cent, of copper, reference may be made to those sections of the 
model which are parallel to the base, f.e., those which represent the con¬ 
dition of the alloys at constant temperatures. These are shown in 
figs. Fig. 19 represents a horizontal section or plan cut through the 

model at 400° C. 

The next plan (fig. 20) represents the constitution of the alloys at 
300° C., while fig. 21 shows the constitution at 200° C. It is interesting to 
note that there is no difference between the phases present in the field 
below the ternary eutectic and in that below the area containing only. 
This is due to the fact that there is ^ in both regions, which decomposes into 
17 + 7 , and there is also € in both regions, which passes through the transforma¬ 
tion temf»erature unaltered. While there is no phase difference in the alloys 
below about 286° C. in that part of the diagram where three phases are 
present, there is a difference in the arrangement of these phases, for, below 
the ternary eutectic, there are two types of 7 ? present, one which has 
separated from the liquid, and one which has arisen as a result of the 
decomposition of while, in those alloys which contain no ternary eutectic, 
only the second kind of r) is present. 

Finally, fig. 18 is a contour map of the liquidus surface. The valleys of 
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the and the /9—€ complexea, meeting at the ternary eutectic, can be 
readily distinguished. 

The sections containing 2 per cent, of copper and 3 per cent of copper 
have not yet been considered in this paper. In this connection, reference 
must be made to figs. 22 and 23 or to the model In figs. 22 and 23, the 
line BC separates those alloys whose primary crystallisation is i? from those 
which commence by depositing e from the liquid. It will be seen that the 
lines representing alloys containing 2 and 3 per cent, of copper cut this line,, 
so that those alloys in these series lying to the right of BC have e as* 
a primary separation, while, in those to the left, if] is the first separation. In 
the former case, the separation of e is followed by the reaction €4-liquid = i;, 
but, if the composition of the alloy is represented by a point lying within 
the shaded area, BCJ, of Hg. 23, there is not enough 6 to complete this 
reaction, and the result is that there is only 7;-f liquid left over. To the 
right of CJ we have ?;4-6-f liquid. 

In the cose of the alloys with 2 per cent, of copper the reaction dies out 
very rapidly—probably on the addition of about 1 per cent, of aluminium, 
but in the alloys containing 3 per cent, of copper the reaction takes place 
over a much greater range of composition, ceasing at about 5 per cent, of 
aluminium. The evidence for the existence of this reaction is, perhaps, not 
very strong in the 2 per cent. coi)per series; all that can be said with 
certainty is that it exists in an alloy containing 98 per cent, of zinc and 2 per 
cent, of copper, but that the addition of quite a small amount of aluminium 
appears to eliminate it. In the case of the alloys containing 3 per cent, of 
copper, however, the evidence is much stronger. The reaction is indicated 
by the thermal curves of the alloys containing 2 per cent, of aluminium and 
probably also on those of 3Z4, and in alloys containing at least as much as 
1*5 per cent, of aluminium, the microscope shows evidence of primary 
separation of e. 

In the alloys containing both 2 per cent, and 3 per cent, of copper there 
must be a very narrow area in which the ^8—complex solidifies, but there is 
this difference: that in the 2 per cent, series the lower boundary of the area 
represents the final solidification of this complex, while in the 3 per cent, 
series it is the line of solidification of the ternary eutectic. This will be seen 
more clearly when the sections representing alloys of constant aluminium- 
content are considered. 

In the 3 per cent, copper series this area does not commence until about 
5 per cent, aluminium is reached, as there is no separation of either primary 
97 or y9 in the case of the alloys containing less tlian 5 per cent, of aluminium. 
The upper boundary of the area will meet the lower one at tliis composition, 
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and also at a point (outside the diagram) which marks the limit of the 
separation of y). The lower limit of the area in the case ot the 2 per cent, 
(jopptii' series is not well fixed, but it appears to he in the neighbourhood of 
1 per cent, aluminium. 

The linos separating tlie fields containing +liquid from the fields contain¬ 
ing -f-e +licpiid are shown dotted, as their exact position has not been 
determined. 

The sectional diagrams representing alloys of constant aluuiiniuxu-content 
are shown in figs. 10 to 17. Pig. 10 , which represents the equilibrium 
conditions of the alloys of copper and zinc, has already been considered. The 
remaining sections can be divided into two groups: those contaiiung up to 
5 per cent of aluminium, where the primary separation at the zinc-ricli end 
of the section consists of y), and those containing 7 per cent, of aluminium 
and over, where the primary separation consists of j8. To make matters 
clearer, it will be well to consider a series of typical alloys in the sections 
containing, say, 2 per cent, of alaminium and 10 per cent, of aluminium. In 
the first of these sections (lig. 11 ) the alloy containing 1 per cent, of copi>er 
(1Z2) commences to solidify at about 407® C. by the separation of y}, which 
continues until the temperature of abhut 380® C. is reached, when the binary 
complex of r) and commences to separate, this separation taking place over 
a range of about 2® C. 

In the case of the alloy 6Z2 the first material to solidify is e, the solidifica¬ 
tion commencing at 480® C. and continuing with falling temperature until 
the reaction e-hliquid = ij oommenees at 400® C. At 378® C. the ternary 
•eutectic separates. 

The depressed binary complex is shown on a larger scale in the inset 
-diagram of fig. 11. It is not possible to separate these lines pyrometrioally, 
but theoretically they must exist. The lowering of the ternary eutectic, 
compared with that of the binary, appears to be about 2® C and is just 
perceptible on most, if not all, the sections. 

Alloys 2Z10, 3Z 10 , and 5Z10 may be taken as typical of the second group 
{fig. 16). In the case of 2Z10 and 3Z10 the first constituent to separate on 
cooling is the crystallisation commencing at 415® C. and 400 C. respec¬ 
tively, but in the case of 5Z10 solidification commences at 400® C. by the 
separation of e. The /3 continues to separate in 2Z10 until the temperature 
of 379® C. is reached, when the complex is deposited over a very narrow 
range of temperature. When 5 per cent, of copper is present, ^ separates 
from 400® C. to 390® 0. and the complex comes out of solution during 
the next 12® C., after which the remaining liquid solidifies as ternary 
eutectic. The alloy containing 8 per cent, of copper behaves in the same way 
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« 

(at somewhat different temperatures) except that the primary separation is 
no longer 0 but e. 

There remains the small group of alloys lying between the two types of 
section where the primary zinc-rich separations are ^ and t ) respectively. 
These are represented by the diagram showing the section containing 6 per 
cent, of aluminium (tig. 13). Here it will be seen that, in alloys containing less 
than about 2*5 per cent, of copper the primary separation consists of crystals 
of ^; at about 2*5 per cent, of copper it consists of the pure -i? complex; 
and between about 2*5 of copper and 3*5 per cent, of copper it consists of 
Higher copper-contents give rise to a primary separation of e. The tempera¬ 
ture ranges over which these reactions occur are in general too small to be 
shown by the thermal curves, but an examination of the constitution of the 
alloys containing 6 per cent, of aluminium on the various constant copper 
sections shows that the diagram must be similar to that given in fig. 13. This 
can also be seen from fig. 18, on which the various binary complex valleys are 
plotted. It will be seen that the line representing the alloys containing 
6 per cent, of aluminium starts in the field where the primary separation is 
then crosses the t; complex valley, enters the primary field, and 
finally passes into the primary € area. This part of the diagram is plotted on 
a larger scale in the inset to fig. 13. 

Reference lias been made in several places to the reaction, 

This reaction, which was first observed by Eosenhain and Archbutt in the 
aluminium-zinc series, occurs in all the alloys containing more than about 
1 per cent, of aluminium, i.«., in all alloys in which /3 exists, either as a 
primary separation or as one constituent of an eutectic or a complex. It was 
found that, even with the slow rates of heating and cooling adopted, there 
was a lag of about 20° C, to 25° C, between the temperature, of the reaction 
as indicated by the heating curves and by the cooling curves. The points 
given by the heating curves are very much more regular than those given by 
cooling curves, and this, together with the fact that there is much less 
liability for. an arrest point to show superheating on a heating curve than to 
show undercooling on a cooling curve, has decided the authors to regard the 
temperature shown on the heating curves as the correct one, rather than to 
attempt to take a mean. 

Perspective drawings of the model are given in ftga 22, 23 and 24. In 
each of these, various planes are shaded so as to emphasise the different 
stages in the solidifloation of the alloys, and above each drawing is a plan of 
. the shaded areas. In fig. 22 the liquidus surfaces are shaded. In any alloy 
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whose composition is indicated bya'iwticfd line passing titPO^' 

ABGD, solidification commences by the ai^mtion of t/. 
area CDEFG, the primary separation is A wWle 6 commeapei to lt» 

the area OGHB. The point C represent the Oi^^itution of the ^arytag^^ 
while CD and CG ire the lai of, the separation of tb0 ^j$..a^ 
complexes, free from any other primary separation. -" S f ^■ 

Fig. 23 represents the next stage in the solidifioatk^ 

1 J —/3 complex commences to separate at a tempefatiu«. by the 

plane COPNM, the )8-« eutectic beginning; to ^ystall:^ the area 
OMLGK. The area OKIB marks the temperature il whkh|s^ eoittfiMOioea to 
solidify as a result of the reaction e+liquid = «j. rs^pwsfehts the 

solidus surface of the system, which is divided into ftve areai'WMch may be 
tabulated as below;— 


1 Desoripiidn. 

' End af solidifioaUos of if by ^ 

5, „ 1u piwwnoe of 

„ „ of cowjplok. 

[, The ternary euteetio pbme. j 
Bnd of eolidifloatton of 


The area VWXY in fig, 22 indicates the teinperatni^«<b which the decom> 
position of/9 takes place. 
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DESCRIPTION OF PLATES. 

Plate 1. 

Fig. 26.—Slowly cooled from above tlie liquid us to 345'’ 0. x 300. 

Fig. 27.—7Z2, Slowly cooled from above the liquidus to 345" C. x 300- 

Fig. 28.- 7558. Slowly cooled from above the liquidus to 346" 0. x 300. 

Fig. 29.—7Zl0j^, Slowly cooled from above the liquidns to 350" C. x 300. 
Fig. 30.—7Z12. Annealed at 345” C. x 300. 

Fig. 31.—7Z15. Annealed at 345" C. x300. 


Plate 2. 

Fig. 32.—9Z12. Slowly cooled from above the liquidua to 360" C, x 100. 
Fig. 33.—3Z6. Slowly cooled from above the liquidns to 370" C. x 300. 
Pig. 34.—4Z4. Annealed at 300" 0. x 300. 

Fig. 36.—4Z6. Annealed at 300” C. x 300. 

Fig. 36.—4Z7. Annealed at 300” C. x 300. 

Fig. 37.—4Z8. Annealed at 300” C. x300. 


The Vacuum Arc Spectra of Sodium and Potasaium, 

By Snmamoy Datta, M.Sc. (Calcufcta), D.I.C., Eesearcli Student, Imperial 

College of Science. 

(Communicated by Prof. A. Fowler, F.R.S.—Received February 15, 1921.) 

1 . hdrodttdory. 

In connection with the investigation of spectral series, the need for more 
accurate measurements of the spectra of the alkali metals has long been 
felt, especially in the cose of the diffuse series and the higher members 
of the sharp series. When it was found that the sodium vapour lamp/' 
recently described by Lord Rayleigh,* gave exti^mely narrow bright lines, 
such that the term diffuse as applied to one of the series becomes a mis¬ 
nomer, it seemed possible that the desired improvement in the measures 
of the wave-lengths might be attained by the use of this ideal vacuum arc 
as a source. Definite improvements in the measures for sodium, as proved 
by the constancy of the seiiarations of pairs of linos, suggested that a 
potassium vapour lamp might also be used with probable success. The 
potassium lamp was much more troublesome than the sodium one, and 
the lines of the diffuse series were less sharply defined. The new measures 

* R. J. Strutt, Bakerian Lecture, ‘ Roy. Soc. Proc.,' A, voL 96, p. 272 (1919). 



70 Mr. S. Datta. The Vacuum Arc 

of potassiiim lines, however, are probably more exact than before, and 
an interesting combination pair, indicating satellites to the diffose series 
has been observed. 


2 . ExpenmeiUs* 

The sodium vapour lamp was excited precisely in the manner described 
by Lord Eayleigh, being run on a 200-volt circuit, with a current of about 
2^5 amperes. When once started it would continue even when the process 
of evacuation by the Gaede pump was stopped, and heating the bottom bulb 
by the ring burner done away with, the vapour then being produced by 
the heat of the arc only; but it was noticed that an increase of vapour 
pressure caused the lines to become slightly diffuse, and the pump was 
therefore run continuously during the exposures of the plates. 

With potassium, however, continuous evacuation caused considerable 
difficulty. The vapours rising up by the upward suction of the pump 
condensed on the sides of the upper bulb and trickled down the stem, 
rendering it either partially opaque or making a short circuit along the 
side by the deposited metal. After various trials it was found best to 
raise the temperature of both the bulbs and stem in suoh a way tliat the 
deposition of metallic potassium was impossible. For this purpose the 
upper bulb was heated by a ring burner, having a tiny flame, whereas the 
bottom one was heated by a Bunsen burner intermittently. Even then 
it was found desirable to decrease the vapour pressure inside the bulb 
in such a way that the temperature equilibrium was not seriously disturbed 
by a sudden upnxsh of the vapour caused by the pump. A side reservoir 
was therefore connected to the ordinary pump circuit by means of a T-piece. 
After evacuating the bulb with the pump, the pump circuit was closed, 
and the side reservoir was kept immersed in liquid air; in this way the 
pressure could be kept down without making the lamp unstable. The 
potassium lamp thus required continual attention, but otherwise it was 
quite satisfactory and gave a sufficiently intense light. 

As the bulb was heated it emitted a white light, and the subordinate 
series lines, as well as the first pair of the principal series lines, appeared 
to become stronger at the expense of the rest of the members of the 
principal series, and exactly the opposite took place when it was cooling, 
the bulb then appearing distinctly bluish. The combination line ls~2(ifis 
fairly persistent all the time. 

Preliminary photographs were taken with a spectrograph of moderate 
dispersion, and final measurements were made on photographs taken in 
the first order, and in some cases in the second order spectrum of the 
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10-foot concave grating at the Imperial College, giving a dispersion of about 
5‘6 A.U. per millimetre in the first order. 

To get the higher members of the subordinate series it was necessary 
to give an exposure of about four hours, and in order to guard against 
possible shifts due to change of temi>erature or to mechanical displacements 
during the exposure, the iron comparison spectrum was taken both before 
and after exposure to the lamp. The appearance of the iron lines in the 
pliotograph showed tliafe there was no such shift. The standards of reference 
were iron lines selected from the table given by Bums. 

3. The Line S^*ec(rum of Sodium, 

The new observations of sodium are compared with those of Kayser* and 
Zickendrahtt in Table I, whicli includes the separation Av of the doublets 
(in wave numbers), and shows the series to which each of the pairs belongs. 

The lines of the sharp series are closely represented by a formula of the 
Hicks* type, viz.:— 

Si («?) 24476*181 109678‘3 

Su(7n) == 24493*35 J (m-f 0*650835-0*013290/m)*' 

the constants of which were calculated from the less refrangible components 
of the pairs 3, 4, and 6. The difference between the observed and calculated 
wave numbers are also included in the table. The variable parts or terms*' 
of the other series are then as indicated in the table, their limits being 
obtained from certain well-established laws of series spectra, aoconling to 
which the limits of the diffuse series may be taken to be identical with 
those of the sharp, and tho limit of the principal series may be obtained 
by adding the wave numbers of the first principal lines to the respective 
limits of the diffuse and sharp series. 

4. The Band Sjoecirum of Sodium, 

An interesting feature of the sodium vapour lamp was the production of a 
channelled space emission spectrum, which had its origin only in the bulb of 
the lamp. These bands always* made their appearance when the arc was 
first started and persisted so long as the bulb did not attain too high a 
temperature. On removing the ring burner so as to decrease the temperature 
of the bulb, some of the previous heads only appeared without the entire 
flutinga A photograph with an instrument of sufficient dispersion to be of 
value for measurement would have been difficult to obtain on account of 

> Kayser, * Hondbucb der Spectroseoyrfe/ Band VI, p. 116. 
f H. Ziokendmlit, ‘ Ann. d, Pbya,* vol. 61, p. 233 (1910). 
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Table I.—Series Lines of Sodium. 
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* UMd in oklcolation of con*tant«. 


the low intensity of the bands, and only rougli measurentento were tberofore 
made with a constant-deviation spectrometer. The heads of the bands 
appeared in pairs and the bands themselves faded off towards the vicdet. 
These bands show very littie agreement witii the previously recorded 
absorption or fluoresoent bands.* They can, however, be divided into sevMal 

* Bosooe and Sohuster, ‘Roy. Soc. Proc.,» voL 88, pp. 868-864 (1864); Wood and 
Moore, f Astro. Phy. J.,’ vol. 18, pp. 84-Ul (1908) j Wood and aiat, *A«tro. M»y. J.,’ 
vol.88, pp. 78-80(mi>. 
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groups having a neatly constant frequency difference between the heads, 
4huB.— 

Group I X6688—6246 7 equally spaced heads of bands. 

Group II X6182-6756 9 „ 

Group III X5554—5340 7 « „ 

Group IV X6281-6101 7 

5, The. Line ^etrum of Polamxm. 

As in the case of sodium, the new observations of potassium are compared 
with those of Kayser and Eiinge* in Table II, which includes the separation 
Av of the doublets (in wave numbers). 

The lines of the sharp series may be closely represented by a formula of 
the Hicks’ type, viz.: 

Si(m) = 21963-06109678-3 

Sa(OT) « 22020-84i“"(wi + 0-821947 -0064486/wi)*’ 

for which the less refrangible components of the pairs 5, 6, and 7 were used in 
the calculation of constants. The residuals are shown in Table 11. From 
the limits Ipi, Ipa, thus determined, the limit of the principal series was also 
derived in the usual way, and the variable parts or “ terms" mp, ins, and ind 
of all the lines were then calculated as shown in the table. 

6. The Second Principcd Pair of Lines. 

In connection with combination terms involving tho second principal pair 
•of potassium, Fasohen found it necessary to adopt wave-lengths some tenths 
of an Angstrbm higher than those measured by Kayser and Bunge, and it 
was therefore thought desirable to investigate this pair more completely. 

Several photographs were taken of this pair as given by the arc in air as 
well as in the vacuum bulb. The measures obtained from different photo¬ 
graphs of the bulb were in close agreement with each other. But those 
obtained from the arc in air differed according as the lines were reversed or 
unreversed. In ordinary circumstances the lines of the principal series 
•are strongly reversed, but by feeding the arc sparingly with potassium 
bicarbonate it was found possible to obtain plates with the lines unreversed. 
Measurements showed that when the reverul was broad the wave-length of 
the centre of reversal was about 0-1 A.U. higher than that of the unreversed 
line, indicating that reversal takes place unsymmetrioally. 

A further interesting point observed was that when the reversal is narrow 
^ sentve has a distinctly lower value than when it is broad, suggesting that 
, * S. Kayise, * Bandbwh der Spsetrosaopie,’Band V, p. MU. 
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Table II.—Series Lines of Potassimn. 


Prlnotp*! wrlei: j ^ ,gg 

Kajwr and p 

Bunge. 


A (Ro'w.), 

Ap. 

A; I.A. 

V (vac.). 

Ai^. 

m. 




7664 •04<^ 

13042 ‘82 

67 78 

(j) 

21968-06 



99 ‘01* 

12985 -04 

£2C^iQ*S4 

4044-29 

18*76 

4044'140 

24720 ‘18 

18 *69 

(2) 

10286 -70 

47 *36 

47*201 

24701 *49 

10304 -89 

3446 ‘49 

8*41 

3446 -722 

29004 -70 

8*16 

(8) 

6001*18 

47 -49 

47 ‘701 

28996 *66 

0009 -88 

3217-27 

4-73 

8217 *01 

81075 -88 

4*83 

W 

8930*00 

17‘76 

17*60 

71 -05 

8934-83 



4 0-50 
+ 0*11 
t 
t 
t 

+ 0*21^ 
-0 -55 
-^1-07 


6832 *23 
12'64 
5369 '88 
43 *86 
6112*68 
007 ‘76 
4065 -5 
62 -2 


l>i2rufte eeriea: 

Ip^^md 


68 -08 

6832 '81 

17141 -18 

12 '71 

98-91 

57 72 

6860 '621 

18063 -20 

42-974 

711-00 

67 -28 

6112 -204 

19666 -01 

097-144 

013-88 

64-09 

40S6 0.88 

20186-28 

60 -810 

98-06 


4889'70 

20629-40 


66-08 

87-23 


4805 -19 

20805-03 


701 -08 

00-88 


4769 '31 

21006 -58 


46'88 

06-88 


Ip, - 21968*06 
Ip, > 22020 -84 

md Imeftn). 

67-78 

(*) 

4821-88 

67-80 

(6) 

8809-86 

67 -77 

(6) 

2407-46 

67-86 

(7) 

1827-88 

67-77 

(8) 

1488-60 

61-80 

W 

1168-03 

60-80 

(10) 

967-48 


4642 172 
41*585 


21585 ‘62 
88-36* 


V (anl). 

21535-46 


Series. 

U^2d 

is-ad' 


Tames mve been taken froi 
T Used in calculation of oonttanis. 


tbe revered line also shrinks wnsymxnetaricaUy. The same thing k suggeBted 
y the sharp and diffuse series lines emitted hy vacttom bulb, for they 
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shrink into fine lines which have in some cases several tentlis of an Angstrom 
unit lower value than those given by Kayser for the arc in air. 

The following table shows the various measures of the pair;— 


Table III. 


Source. 

aI.A.j,,(2). 

AI.A.^;(2). 

Viictiuin arc (2nd order)... 

» ,.. (i»t ). 

Arc in air, unroverwd. 

„ flno raveraal . 

„ broad rererial ......... 

4044*140 

1 4044*146 

1 4044 -160 

4044 '168 
4044 ‘274 

*047-201 
40*7-206 
40*7 -280 
4047-280 
40*7 -8*2 


7. Tfie Comhination Pair \»-2d, ls-2rf'. 

The close pair of narrow bright lines at 4642-172, 4641-586 has been 
previously observed only as a single dine but has been recognised as the 
combination ls~2d. The occurrence of apairni lines at once suggests the 
combinations l8-2d and \s~2d '; or in other words that there is a satellite to 
the line di(2) of the diffuse series, with a separation of 2-74 in wave number. 
This d (2) pair is in the infra-red, at wave-lengths 11771'73,11689-76 according 
to Fasohen, and the satellite has not yet been observed. The fact that the 
less refrangible component of the combination pair is the stronger would seem 
to indicate that the satellite to di(2) is abnormally placed on the more 
refrangible side of the chief line. The probable existence of a satellite to 
di ( 2 ) further suggests that the associated fundamental series, which has its 
lines in the far red and infra-red, should also consist of pairs, with separa¬ 
tion 2'74, but these lines have not yet been recorded as doublets. 

It does not seem possible to trace any definite relation between the satellite 
separation of potassium and those of rubidium and omsium. The existence of 
satellites in the diffuse series of caesium is well established, and their 
separations in successive terras of the series apjiear to be quite normal. In 
the case of rubidium, however, though an apparent satellite with a separation 
of 2‘93 has been observed in the second member of the series d (3), there is 
ho record of a satellite to the infra-red member d (2). Prof. Hicks* doubts 
the reality of the satellite to d(3), and the absence of 9 . satellite to d (2) is 
rendered probable by the fact that the combination l»-2d of rubidium 
(X5165‘18) only appears as a single line. 


» Hlclu, ‘Phil. Trans.,’ A, rol 810, pp W-lll (1910). 
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8, Sodium and Fotassiuni Idnes in the Solar Spedrum. 

Sodium is represented in the Siin by several coincidences, among which 
the most important lines are the iijies Dj and Da which constitute the first 
pair of the principal series. A recent publication of the Allegheny 
Observatory* shows that the lines with wave-lengths 8183^30 A. and 
8194*82 A. which form the first pair of the diffuse series, are prominent in the 
infra-red solar spectrum. The new measures of sodium suggest additional 
identification of solar lines as shown in the following table:— 


Table IV (a).—Sodium Lines in the Sun. 


Series. 

Kowlaud (X), 

IntertBity. 

Dfttia(A.l.A.). 

*i (8) 


6160 966 

8 

6100 -725 

»i(») 


54*4S8 

2 

54‘214 


1 

6688 ‘436 

6 

6688 *222 

rf,(8 


82 ‘869 

6 

82-076 

*.(*: 


5168 ‘848 

000 

6168-646 

*i(4; 


49 -267 

! 000 

1 40-000 


' 

4982 ‘994 

2 

4988-864 

d,(4 


78'785 

8 

78-608 



4668*749 

1 

4668 -607 

d,h\ 

1 

— 

— 

64-868 

d, 65 

1 

4497 ‘842 

0 

4407-724 

d,(e) 

1 

94‘866 

i 

00 

04-266 


Correction 
to Inter¬ 
national 
scale. 

Kcniiarks. 

-i-O^S 1 

Preriously recorded, but 

V 

the new measures give 

+ 0*22 J 

much better agreement. 

+ 0*18 

Cf (Rowland). 

+ 0*18 

Masked by Fe. 

+ 0*17 

Masked by Or. 

+0*17 



The existence of potassium in the Sun waus considered uncertain until 
recently, because its presence was indicated by only one faint line, 
4044*140 A. [pi (2)]. The presence of the first pair of principal lines 
7664*94 A. and 7699*01 A. was established in the course of the present 
investigation, and confirmatory evidence has been published by Megger8,f 
The less refrangible member of the first pair, 7699*01 A., is unmistakably 
in the Sun and shows a shift at the Sun's limb of about 0*06 A. as compared 
with the centre, on a solar rotation plate kindly lent by Prof. Sampson, 
the calculated shift being about 0058 A. The second line of the pair, 
7664 94 A., is masked by a strong broad line in the A band of oxygen, and, 
although the rotation sliift did not separate it in the photograph, it was 
found to produce d distinct broadening' of the oxygen line by about 
0*04 A, Lester’s^ value of this oxygen line is 7665*14 A., and, as it has 
a breadth of about 0*26 A., the potassium line is to be expected at 

♦ Meggere, * Publications of the Allegheny Observatory,' voL 6, No. 3. 

t Meggers,/oc. nV. ' 

t Lester, ‘ Astro. Phy. J.,’ voL 20, p. 81. 
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7666*14-h0'13 — 7665*25 = 0*02 A., inward from the edge. Consequently, 
a shift of 0*06 A. will clearly broaden the line by 0 04 A. Meggers has 
obtained quite definite evidence on this point, by observing the notched 
appearance of the oxygen line in the juxtaposed spectra of the two limbs. 

Other lines of potassium possibly represented in the solar spectrum are 
shown in the following table :— 


Table IV (ft),—Potassium Lines in the Sun. 


i 




, Correction 

j Series. | 

L,_. ^ 

Howland (X). 

1 

’ ; 

Intensity. , 

Datta (X.I.A.). 

; to InUir* 
j national 
scale. 

i Ps(l) 

7099 ‘207 


’ 7699 01 

i + 0 *28 

; /'i(l) 

1 65 248 

— 

I 64 ‘94 

d, (fl) 

1 6966 *820 

000 

! 6966 *0 

; + 0 *26 


36 -290 i 

0000 

I 86*0 

d,U) 

5882 *490 

000 

i 5882 *31 

: +0*22 

i <<*(4) 

1 12 *942 

0000 

1 12*71 

rf,(6) ! 

5369 *714 

000 

5850 *521 

+ 0*19 

dd&) ! 

48*148 

00 a) 

1 42*974 

1 PJ (2) ! 

4047 ‘888 

00 

! 4047 -201 

: +0*16 

i i 

44*294 

0 

44*140 

i P.(3) 

46 *857 

000 

1 3446 *722 

i +0*14 


Heiuarks. 


Values taken from Meggers. 
Values taken from Saunders. 

PreviouHlv recorded. 


9. Summary, 

1. The wave-lengths of the sharp and diffuse series of lines of sodium and 
potassium have been carefully measured in a source giving well-defined lines. 

2. Channelled-space emission bands have been observed in the sodium 
vapour lamp, and their heads approximately measured. 

3. The combination line I 5 —2t^ in potassium has been resolved into a 
pair, and their wave-lengths measured. 

4. The presence of potassium in the Sun has been established, and some 
additional sodium lines have been identified with solar lines. 


In conclusion, I beg to thank Prof. A. Fowler, r,R.S., for his taking helpful 
interest in the work, Lord Rayleigh for the use of his lamp, and Prof. Sampson 
for kindly lending me a Solar rotation plate. 
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On SpectrophotornetTy in the Visible and UllTa-violet Spectvum, 

By T. K. Meuton, M.A., D.Sc., F.R.S., Professor of Spectroscopy iu the 
Universily of Oxford. 

(Received February 15, 1921.) 


In a previous communication* the use of the iioulral wedge for the deter¬ 
mination both of tlie photographic and absolute intensities of spectrum lines 
has been discussod, and the results of its application to the study of certain 
phenomena relating to the spectra of hydrogen and Imlium have been given.f 
The method has been found to be simple and convenient for the study of the 
relative intensities and of the structure of broadened lines in the visible 
spectrum. There are, however, certain features of the method which under 
some circumstances limit its application; in particular the density of the 
neutralwedge increases with the wave-number, and for the investigation 
of the ultra-violet down to A. = 2000 A, the method is at present inapplicable. 
Although it might be possible to construct wedges of crown glass with a very 
small angle for use in the ultra-violet, the fact that a number of such wedges 
would be required for different ranges would destroy the principal advantage 
of the method. Whilst no special precautions are required in the investiga¬ 
tion of extended sources of light, it is evident that when small sources of light 
are used it is of the utmost importance to ensure that that portion of the 
slit which is behind the wedge is uniformly illuminated before the wedge is 
put into position, and in the case of selected regions of a source of light, e,g,, 
the spectrum from a particular point in the electric arc, it is only possible to 
obtain correct results by means of devices which entail a very considerable 
loss of light. 

The present communication relates to a method which, whilst not superior 
to the wedge method in accuracy, has the advantage that it can be used in 
any part of the spectrum which can be photographed through quartz lenses 
and prisms, and its application to the extreme ultra-violet beyond X. « 2000A 
should present no serious difficulty. The method consists in crossing the 
dispersing system, e.g., tlie prism of the spectrograph, with a very coarse grating, 
and reducing the length of the slit to a very small value. The grating is 
inserted between the prism and the camera Ions of the spectrograph with the 
rulings perpendicular to the refracting edge of the prism, and a continuous 


♦ Merton and Nicholson, ‘Phil. Trans./ A, vol. 217, p. 237 (1917). 
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spectrum thus appears on a plate as a dark central strip with a succession of 
other strips of different intensities on either side, the intensities of these 
orders being determined by the ruling of the grating and the widtli of the 
stidps by the length of the slit. In the case of a discontinuous spectrum the 
“ lines" are found to consist of dots of different intensities on either side 
of the central dot. It is evident that if the last dots which are just 
visible in the case of two lines are noted, a previous knowledge of the 
relative intensities of the different orders corresponding to these dots at 
once enables the relative intensities of the lines to be determined. It will 
be noted that the fact that the slit is reduced to a point not only enables 
different regions of a light source to be investigated without difficulty, but 
suggests a further application, which will be considered later, in the study of 
stellar si)ectra. 

The experiments recorded in this communication have been made with a 
Hilger quartz spectrograph, with which the spectrum from the extreme red 
down to X = 2000 A. is recorded on a plate 10 inches in length, and also with 
a constant deviation spectroscope with a camera attachment. Lord Rayleigh* 
has shown that in the case of a grating consisting of transparent bars of 
i^idth, a, alternating with opaejue bars of width J, the brightness of the mth 
order is given by the expression 

Bm : B = [l/mV]sin^[am7r/a + i], 

where B would be the brightness of the central image if the whole of the 
grating were transparent; but it is probably impossible to produce gratings 
which conform absolutely to this ideal condition, and in ray experiments all 
the gratings which were tried, whilst exhibiting qualitatively the distribution 
of intensity to be expected according to theory, showed anomalies of various 
kinds, which were due no doubt to irregularies in the ruling. 

It is necessary, therefore, to calibrate the gratings, that is to say, to 
determine experimentally the distribution of intensity in the different 
orders. A number of gratings have been made and tested, and the most 
convenient ruling for use with the quartz spectrograph has been found to 
contain about twenty-five lines to the inch. Wire-wound gratings are 
useless for the present purpose, for a very small rotation of the grating 
about an axis parallel to the rulings completely alters the distribution of 
intensity in the different orders, by changing the ratio of the transparent to 
the opaque parts of the grating. It is also essential that the gratings should 
not be made by any method which would involve cutting a groove in a 
transparent surface, for in this case we should have, in addition to the 

* * Collected Papers,’ vol 1, p. 213. 
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atove-mentioiaed anomaliefl, which are due to irreg’uJaritiee in the rulings 
the stiJl more dieturbing effects, which are not independent of the wave- 
length, due to the form of the groove. 

The method adopted^ has been to coat a quartz plate with a very thin 
layer of lamp-black by holding it over a dish of burning toluene, and to flow 
over tlie surface when cold a small quantity of alcohol containing a very 
smdl trace of shellac, which floems to improve the sliarpnees of the edges 
when the grating is ruled. The ruling was performed with a bone tool on a 
shaping machine provided with an automatic feed, and the resulting grating 
was exj)erinientally calibrated. 

The calibration was carried out with the aid of a neutral wedge, for which 
the density step, as a function of the wave-length, had l)een determined 
according to the method described in the previous investigation;! an 
essentially similar method for determining the density of a medium in 
the form of a wedge has since been described by Slade and Toy.J For this 
purpose the constant deviation spectrograph was used, and the grating was 
set witli the rulings parallel to the refracting edge of the prism, with the 
wedge set in the usual manner in front of the slit, which for this puiqx>8e 
was of such a length as to cover the whole length of the wedge. As a 
source of light, a mercury arc lamp was used, and individual radiations^ 
e.f/., X = 4359 A., were isolated by inserting absorbing screens in front of the 
lamp and by an appropriate choice of photographic plates. 

The resulting pattern on the plate is shown in fig. 2a, in which the second 
groups of orders, beyond the points at which the values of [am-Tr/a + J], in the 
expression given above, become greater than tt, are clearly visible. The 
relative intensities of the difl'erent order’s were determined by measuring the 
heights of the orders on the plate, the relative intensities being proportional 
to log 10^* where (4 is the change of density per millimetre on 

the wedge, Aa the heiglit in millimetres of an order on the enlargement, and 
m the magnification of the slit on the enlargement. If the intensity of the 
central order be taken as unity, and if the intensity of the wth order be M, 
it is evident that, if a spectrum line, gives an image on which the central 
order is Just visible, and the image of another line, > 2 , is just visible in the 
mth order,, tlio ratio of their intensities, and Ia,, will be given by 
Ia,/Ia, = 1/M. A calibration curve is given in fig. 1, in which values of 
logl are plotted against the corresponding orders. The arrow denotes the 
central image, the intensity of which has been made equal to unity, and the 

^ €/ Wood, ‘Physical Optics/ p. 211. 

+ Loc, oit.f p. 241. 

I * Hoy. Soc. Proc./ A, vol. 97, p. 191 (1920). 
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ordiaateB thus give the logarithms of the intensities of lines which are just 
visible in corresponding orders on the abscissa scale. 

It is evident that the method is subject to the inconvenience that the 
scale of intensities is discontinuous, and in this respect it is inferior to the 
wedge method in its application to discontinuous spectra, though it is 
believed that estimates of the visibility of the last dot can attain a con- 
siiierable degree of precision, since all such estimates are carried out over the 
same range of photographic density, and the asymmetry in the intensities of 
the orders on opposite sides of the central image, which was found on all the 
gratings, and which is clearly shown in fig, 1, is, in fact, an advantage, 
owing to the increase in the number of points available. It is also evident 
that, by a succession of exposures of ditferent duration, the relative intensities 
of different Jines can be linked up, in cases in which a single exposure fails 
to give sufficiently complete information. In its application to discontinuous 
spectra, the advantage of the method lies in the fact that it can be used in 
the ultra-violet, and photographs have been obtained over the whole range of 
wave-lengths, which could be photographed with the quartz spectrograph. 





Fw. 1, 

In the previous investigation^ it has been shown that photographic inten¬ 
sities can be reduced to absolute values by adoptu^g the positive crater of the 
carbon arc as a standard source of radiation, having a known distribution of 

* Loc, cit^ p. 242. 
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intensity, the variation in the sensibility of the photographic plate for 
different wave-lengths and absorption of light by the sj)ectrograpl) being thus 
eliminated. In fig. 2 is shown the pattern given by the positive crater of the 
carbon arc on a panchromatic plate, using the glass spectrograph with (B) the 
neutral wedge, and with (C) the grating, the helium lines being superposed 
as reference lines. In the visible portion of the spectrum the relation 
lietween the sensibility of panchromatic plates and the wave-length is of so 
complicated a character that a considerable number of exprjsures by the 
grating metho<l might be required to elucidate it fully, and in this region it is 
more convenient to determine this relation (in which absorption by the 
spectrograph is included) by the use of the wedge; in the ultra-violet, where 
tlie relation of sensibility to wave-length is less complex, one or two 
exposures are sufficient to furnish all the information required. This relation 
must, of course, be determined for the particular plates which are used ; with 
regard to the correction for dispersion when continuous and discontinuous 
spectra are compared, the reduction of photographic to absolute intensities, 
and other relevant considerations, reference may be made to the previous 
communication (foe. ciiX 

The grating method appeal’s to be more particularly applicable to the study 
of the distribution of intensity in continuous spectra, the structure of 
broadened lines, and the quantitative investigation of absorption spectra, for 
in these measurements the discontinuity of the calibrated intensities is of no 
consequence. The measurement here consists in observing at what wave¬ 
lengths the strip due to each order is just visible, and there are thus a 
considerable number of points each of a specified intensity which can be 
plotted against the wave-length. This is shown in fig. 2, C ; the appearance 
of an absorption band (on one side of the minimum) is precisely similar to 
the pattern at either end of the spectrum in the figure, the violet end of the 
spectrum being in this particular case determined by the absorption of the 
glass prism, and the red end by the sensibility of the photographic plate. If 
a source of light of constant intensity, giving a continuous spectrum, is used, 
it is sufficient to take two exposures of the same length on adjacent portions 
of the same plate, interposing in the case of one of these exposures a layer 
of an absorbing substance under investigation in front of the slit; these two 
exposures yield the information required for determining the density of the 
medium as a function of the wave-length. 

In a recent investigation, H, H. Plaskett* has applied the wedge method to 
the study of the conUnuous spectrum and of the bright hydrogen lines in the 
star 7 Cassiopeue, using a single prism sjieotograph attached to the 72-inch 
* * Monthly Notices Roy. Astr. Soc.,’ vol. 80, No. 9, p, 771 (1920). 
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reflector of the Dominion Observatory, and has obtained interesting results 
relating to the black body temperature of the star. The wedge was placed 
in front of the slit, as in laboratory experiments, and uniform illumination 
was secured by allowing the image of the star to trail forward and backward 
over the slit. 



Fio. 2. 


It would appear that tlie wedge method can only be applied to the study 
of stellar spectra by a procedure essentially similar to that adopted by 
Plaskett, and that instruments of very great light-gathering power are 
necessary; in Plaskett’s experiments exposures up to two hours were given 
for y OassiopeuB which is a star of photographic magnitude 2*01. I would 
suggest that the grating method is particularly applicable to the investigation 
of stellar spectra and that valuable results relating to the black body tem¬ 
peratures of stars might be obtained with telescopes of very moderate 
dimensions with the aid of an objective prism. In this case the star itself 
provides the beam of parallel rays which are produdbd in the laboratory by 
means of the collimator with the slit reduced to a pin-hole, and the objective 
prism is therefore directly applicable. It is only necessary to interpose a 

Q 2 




g4 Prof. H. N. Russell A Superior 

aratingof suitable tuUng between the objecUve prism and the objective in 
order to obtain a spectrum photograph of a star essentially similw to timt 
shown in fig. 2, C. It would appear that the exposures required for thw 
purpose would not be unduly long. 

Tlie loss of light witli an objective prism is very much less than when a 
slit spectroscoj® is used, and the common procedure of allowing the star to 
trail slowly in a direction peri)endicular to the dispersion in order to widen 
the spectrum, is for the present purpose to he expressly avoided, with a 
consequent gain in brightness, the spectrum being in this case widened by 
the action of tlie grating. It is also clear that the exposure need only be of 
such a length as to register the faintest portions of the.spectrum on the 
central imago, the brighter iwrtions being thus visible in the higher orders. 
From the expression R,; B = [l/mV]ain»[«>air/a+i] it follows that the 
brightness of the central order Bo: B will -be equal to [aja-k-Vf, and in the 
case of a equal to b the exposure would only be four times as long as it would 
be witliout the grating and perhaps considerably shorter than it would be if 
the image of the star were allowed to trail to any oonsiderable extent; but a 
smaller value of ajh would probably be necessary for the study of a number 
of phenomena such as the structure of the nova bands and the time of 
exposure would accordingly be greater 


A Superior Limit to the Age of the EartKs GruM. 

By Henry Norris Russell, Professor of Astronomy in Princeton University, 

(Communicated by Mr. J. H. Jeans, Sec,R.S. Received February 26, 1921.) 

Considerations based upon radio-activity have often been employed to 
obtain estimates of the ages of minerals, and of the duration of geological 
time; but it does not appear to have been retharked that similar arguments 
can be used to assign a maximum age for the existing crust of the Earth. 

Uranium is continually disintegrating with a “ half period "of 6 x 10^ 
years, and no process is known by which the supply can be renewed. It is 
probable that the proportion of this element in the Earth's crust was greater 
formerly than at present—the computed amount necessary to account for the 
survival of that which now exists increasing exponentially with the time 
interval, a thousand fold in ten half periods and a million fold in twenty. 

The existing proportion of uranium may be derived from that of radium, 
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which, according to Joly • averages about 2*5 x 10"^® parts by weight The 
equilibrium ratio of uranium to radium is 31 x 10*, and the proportion of 
uranium in the Earth s crust may therefore be estimated as 7 x 10“*. If the 
whole crust had been originally composed of uranium, it would have decayed 
to the present proportion in seventeen half periods, or 8*5 x 10^* years. But 
this assumption would lead to the absurd conclusion that the crust must now 
be composed entirely of the products of radio active disintegration of the 
original ui-anium. 

The end-product of the uranium series is an isotope of lead, which appears 
to be stable. Now tlie proportion of lead in the Earth's crust is small,, 
amounting, according to Clarke,f to 22x10“* by weight. If this were 
all “ uranium lead,” it would result from the decay of 25 x 10“* parts of 
uranium, making the initial content of the latter 32 x 10“*, and leading to 
an age of 2*1 lialf periods, or 11 x 10* years. Since m\ich, if not most, of the 
existing lead consists of other isotoj^es, this estimate must be too great. 

This limit may be reduced by taking account of thorium, whicli, according 
to Joly4 occurs in igneous rooks in the average proportion or 2x10“*. 
Assuming the stability of thorium lead, and taking the half period of 
thorium as 1*3 x 10'* years, it is found that the amount of lead produced by 
the decay of thorium during the past 8 x 10* years, should be lOx 10“* of 
the whole mass of the crust. The decay of uranium during the same 
interval accounts for 12 x 10“*, and the sum of these two reproduces 
Clarke’s estimate of the total lead. It is of interest to note that the average 
atomic weight of such a mixture would be about 206*9—near that of ordinary 
lead, though a little low. 

If uranium lead should prove to be unstable, those calculations would 
require revision ; but the combined proportion of all the elements of atomic 
weight greater than 100 in the Earth’s crust amounts to hardly more than 
one part in a thousand, according to Clarke, and almost all this is barium. 
On the extravagant assumption that all these elements are disintegration 
products, the computed age comes out 3*6 x 10'* years. This must be far too 
great. These conclusions are invalid if uranium is being formed in the 
Earth’s crust* Building up of heavier out of lighter atoms appears to be 
exceedingly improbable under terrestrial conditions. The existence of a 
“ parent ” of uranium, of greater atomic weight and longer life, would meet 
the requirement; but such an element would have to be much nmre 

^ * Philosophical Magazine,’ Series 6, vol. 24, p. 700 (1912). 

t « Data of Oeochemistty/' p. 29, ‘ Bulletin, 096, United States Geological Surrey/ 
Washington (1920). 

I too, p. 701, 
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abundant than uranium, and it seems very unlikely that it would have 
escaped detection. 

There appears, therefore, to be little escape from the conclusion that the 
Earth's crust cannot have existed as such for so long as 3 x 10^® years, and 
that its age is probably much less. On the other hand, Barrell,* following 
Arthur Holmes in a discussion of the uranium-lead ratios in primary 
minerals, finds that minerals of Middle Pre-Cambrian Age, from localities as 
widely separated as Canada, Texas, Norway, and Africa, agree in indicating 
an age of about 11 x 10^ years. The age of the Earth's crust must be 
considerably greater. 

Taking the mean of this and the upper limit found above from the ratio of 
uranium to load, we obtain 4x 10*^ years as a rough approximation to the 
age of the Earth’s crust. Tiie mdio-active data alone indicate that this 

estimate is very unlikely to be in eiTor in either direction by a factor as 

great os three. Indeed, it might be safe h) say that the age of the crust is 
probably lietween two and eight thousand millions of years. 

Upon the tidal (or planetesimal) theory of the origin of the Solar system 
(which at present appears the most probable),f tins would be identified with 
the interval since the encounter which led to the ejection from the Sun of 
tlie material which formed the planets. It is then possible to postulate an 
origin for the terrestrial uranium, either in some heavier parent element, now 
confined to the denser interior portions of the Earth and Sun, or in the 
synthesis of heavy atoms under the extreme conditions which prevail in the 
Sun 8 interior provided that we wish to extend our speculations so far. 

It is of much interest that H. Jefflreys, from entirely different data, 

relating to the eccentricities of the present orbits of the planets, estimates 

the age of the solar system as 3 x 10^ years. The agreement with the 
present result is far within the uncertainty of the estimates, 

* Geological Society of America,* vol. 28, p. 880 (1917). 

pp. 424%« (mi87** * Aatronomical Society/ vol. 78, 
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Discussion on Isotopes. 

(March 3, 192L) 

Sir J. J. Thomson : I tliink I shall best open the discussion this afternoon 
if, instead of attempting a history of the subject of isotopes, I confine myself 
to a few special points. The conception of isotopes—that is, of two elements 
which have different atomic weights but chemical properties so closely 
resembling each other that they have not yet been separated by chemical 
methods—was, I believe, first reached by Prof. Soddy in connection with 
radio-active substances. In the few remarks which I have to make this 
afternoon, I shall not deal with these substances; I will leave them to 
others who are better acquainted with them than myself; I i)ropo8e to 
confine myself to the consideration of the iaotox>e8, or with some i>oints 
connected with the isotopes, of the lighter elements. 

Before doing so, I should like to say just a word about the conception of 
isotopes on the electron theory of an atom. On that theory the atoms of 
the isotopes contain an equal number of electrons. I'he difference in the 
atomic weight is supposed to be due to the simultaneouB entry into the core 
of the atom of one or more positive charges, and an equal number of 
electrons, so that the electric charge on the core is not affected. In 
reference to this, 1 would like to say that it by no means follows that m\ 
electron and a positive charge will neutralise each other at the distances 
that occur in the atom, however close together they rniglit bo placed; and, 
though one would expect that the residual effect would not be large, yet I 
think it might easily be appreciable, and might produce some difference 
between the properties, chemical or physical, of the isotopes. For example, 
though I do not think it would affect the number of electrons in the outer 
layer, I think it would affect the distance of the outer layer from the core of 
the atom. And the statement that the chemical properties of an element 
depend only on the outer layer of the atom, is one with which I should agree 
if it is recognised that, even if the number of electrons in the outer layer is 
unaltered, differences in the distance of this layer from the centre may 
result in different chemical properties. For example, we, or at any rate 
some of us, believe that the valency of an element fixes the number of 
electrons in the outer layer. Thus, there are the same number of electrons 
in the outer layer of the atoms of silicon and of carbon, and yet there are 
well-marked differences in the chemical properties of these two substances. 

With this preface, I will plunge at once into the most dramatic case of 

VOL. XG1X,~A. H 
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isotopes—the case of chlorine. lu chlorine we have a substance with very 
energetic chemical properties, a substance whose atomic weight (as deter¬ 
mined by very many observers, and with remarkably concordant results) 
has, I think, always been regarded as accurate to one part in a thousand, and 
equal to 35'5; and not only has the atomic weight of chlorine been deter¬ 
mined by what may be called chemical methods, it has also been determined 
by comparing the density of the gas with the density of the standard gas, 
with results which were identical with those derived from chemical processes, 
and this fact eliminates many possible explanations which might bo given 
for an error in the atomic weight. The position is that chemists declare 
the atomic weight of chlorine to be 35*5. Mr. Aston, who has measured the 
atomic weight of chlorine by a different method, cannot find any chlorine— 
or any substance—with an atomic weight of 35*5, but he does find substances 
with atomic weights of 35 and 37. Accepting the numbers on both sides, 
there does not seem to be any explanation other than that either chlorine is 
a mixture of these two substances of atomic weight 35 and 37, or else that, 
in the discharge tube which Mr. Aston employs to measure the atomic 
weight, some decomposition or integration—or both—of the chlorine atom 
has occurred. 

I think the gre.at importance of the case of chlorine is that it allows us, 
by an experiment of not prohibitive difficulty, to decide whether chlorine is a 
mixture or not, and thus settle the question of its isotopes. This is due to the 
fact that chlorine has such pronounced chemical properties, and that there is 
such a large amount, more than 30 per cent., of the isotope in the mixture. 
Imagine that we have a mixture of wliat we might call light chlorine and heavy 
chlorine. The molecules of the light chlorine will, on the average, have a 
greater velocity than those of the heavy. Thus, if we consider a reaction 
such as that between chlorine and arsenic, or between hydrochloric acid and 
an alkali, a larger proportion of the faster molecules than of the heavier ones 
would strike against the absorbing substances and be absorbed, »o that the 
gas left behind would gradually increase in density. I have calculated the 
kind of increase that you would get from an effect of this kind. I took the 
case of hydrochloric acid rather than that of chlorine, because, supposing 
there are two chlorines, you can only get two hydrochloric acid molecules, 
but you could get three different molecules of chlorine; and the case is made 
a little simpler by dealing with hydrochloric acid rather than with chlorine. 
The result of my calculation is, that if you start with a given volume of 
HCl, and wish to make an alteration of one part in a thousand in the 
density, you would have to reduce the volume to 37 per cent, of its original 
value. If you wished to produce an alteration of i per cent, in the density, 
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you would have to carry the reduction of the volume to about 1/180 of the 
original value, so that you would liave to reduce a litre to about 5i c.c. If 
you wished to produce a change of 1 per cent., you would have to reduce the 
volume to about 1/24,000th part of its original value, and so you would 
have to leave only about 0*04 c.c. of your litre. But considering the fact 
tliat the atomic weight of chlorine has been determined by many people to 
one part in a thousand, it would seem that it ought not to be a very difficult 
matter to detect a change of ^ per cent, in the atomic weight. So that it 
seems to me that an exj>eriinent which apparently does not present any 
prohibitive difficulties—though you never can be sure until you start these 
things—would enable one definitely to settle the question whether chlorine 
was a mixture or not. If I am right, there are cjertain processes by which 
one could fairly easily alter the density of chlorine. The question arises 
whether those chemists who have determined the atomic weight of chlorine 
have gone through processes anything resembling the one I have just 
sketched. I do not see that there is any evidence that in their determina¬ 
tion they in any way approached to such a method of selection as that which 
I have suggested, so that, if the different chemists had been supplied with 
chlorine of the same composition, I think that they would have got by the 
methods they employed results for the atomic weights which were con¬ 
cordant to one part in a thousand. Then the question arises, Is it likely that 
the various samples of chlorine should be of such invariable composition ? 
This leads us to speculations about the early history of the world, the 
methods in which chlorides were formed, and other subjects on which our 
information is not very definite; but you will notice from what I have said 
that though, no doubt, you might have circumstances in which chlorine of 
abnormal density is produced, yet whenever this abnormal chlorine is 
produced, a very much greater amount of normal chlorine has to be absorbed 
along with it. For example, chlorine which bad been altered by 1 per 
cent, would be only 1 part in 20,000 of the chlorine in the chloride that 
had been produced along with it. So that the chances of getting the 
abnormal specimen would be somewhat small. Then again you have to 
remember that probably chlorides have been in solution in the sea; this 
would tend to mix them up; how complete the mixing would be would 
depend on circumstances of which we have little or no knowledge. But I 
do not know whether it is very profitable to speculate on this point, because 
I think that the whole question could be settled by a comparatively simple 
experiment. 

I consider that it is all the more desirable that it should be settled in this 
way, because the information that is derived from the positive ray method 

H 2 
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gives U 8 no direct information about the chemical properties of the substances 
giving the two lines corresponding to the two isotopes. Two lines may 
always occur together without necessarily being due to isotopes. The heavier 
element may be a compound of the lighter, or the lighter may be due to the 
dissociation of the atom of the heavier; or again it may be that the 
introduction of a substance like chlorine produced a kind of catalytic effect, 
and led to the formation of compounds which did not necessarily contain 
chlorine at all. The evidence as to the chemical properties which we derive 
from the study of the positive rays is very indirect, and it is highly desirable 
that some direct experiment should be made. If wo take, for example, two- 
substances found by Mr. Aston—35 and 37—we might imagine that the 37 
was a compound of chlorine with two atoms of hydmgen. I know that the 
chemist would treat with derision a compound with that composition; so 
should I, if the hydride was formed under normal circumstances; but what I 
think is not sufficiently recognised is that the cliemical properties of charged 
atoms—and it is chaiged atoms tliat occur in the discharge tube—are probably 
very different from those of uncharged ones. For example, we regard the 
normal chlorine atom as having seven electrons in the outer layer, and as 
being able, therefore, to take one hydrogen before it becomes saturated. Now 
if the chlorine atom becomes positively electrified, it loses an electron, and 
has only six in the outer layer; it is now analogous to the normal atom of 
oxygen, and can take up two atoms of hydrogen before being saturated, and 
form the compound HaCl. Or to take the case of oxygen, whose normal atom 
has six electrons in the outer layer and has room for two hydrogens; when 
positively electrified, it has only five electrons and has room for three 
hydrogens, and so can form the compound H 3 O, with a molecular weight 
of 19, As a matter of fact, we do very often find, on the positive ray 
photographs, lines with an atomic weight of 19. 

In passing I might mention that I think it is by no means impossible that 
the inert gases might, in the discharge tube, be able to form compounds. For 
example, neon has an outer layer of eight, but if it becomes positively 
electrified the eight is reduced to seven, and there is room for an atom of 
hydrogen, so that it is possible, though I do not say it is very probable, that 
neon may, in a discharge tube, form a hydride. 

The behaviour of electrified atoms as distinct from normal atoms would 
seem to be well worthy the attention of chemists, and I think would yield 
interesting results. We are not helpless in the positive ray method with 
regard to telling whether a substance is a molecule or an atom, because there 
are, in general, well-marked distinctions whicdi mark the two olasses of 
particles. If a line is due to an atom then we generally find another line du& 
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to the atom with a double charge. It is very much rarer to find a molecule 
with a double charge. It is very much rarer—but that rule is not without 
exception—there are molecules with double charges. Another test is that 
when we find a positively electrified atom, in many cases we find a negatively 
electrified one. We do not by any means so frequently find a negatively- 
electrified molecule, but then again this also is a rule which is not by any 
means without exception. My experiments with unsaturated molecules—and 
I include under that term those which contain what the chemists call double 
bonds—show that they can, under suitable circumstances, require a double 
charge. Well, Mr. Aston has applied all these tests to the line corresponding 
to the atomic weight 37, and he finds it has a double charge; he finds also it 
occurs on the negative side; so it passes all tests we can apply to distinguish 
between a molecule and an atom, and there is tlms a strong presumption that 
it is due to an element. But then again there is another test which I am not 
so sure it has passed quite so suct^essfully. If chlorine is an invariable 
mixture of these two components, and if these two components are associated 
so closely with each other that they cannot be separated by ordinary chemical 
methods, then we should expect that under all circumstances the ratio of the 
intensities of the lines should be invariable, and should have a value which 
would correspond to that which would account for the abnormal atomic 
weight of the mixture. Some few years ago I made a large number of 
experiments on chlorine by the positive ray mebliod, trying to find if the large 
departure of the atomic weight of chlorine from an integer was due to its being 
a mixture. My arrangement was by no means so accurate as Mr. Aston's, 
and I was not able to determine with any certainty the atomic weight, but I 
found the line at 37 and at first thought it was an element; the reason I gave 
up that assumption was tliat I found the proportion between the intensity 
of this line and that of the chlorine line was exceedingly variable. In some 
photographs the two were comparable in intensity; in others one was very 
faint compared with the other, and I could not find the 37 line at all on the 
negative side. So I gave up the idea that it was a separate element I 
quite admit that the evidence in favour of it being an element has been raised 
to quite another plane by Mr. Aston's discovery of the atonuc weight. That, 
of course, introduces—if the atomic weight is 35—a difficulty which was left 
entirely unexplained by my supposition about hydrides. But even yet I do 
not understand why I got this very large variation in the intensities, and from 
what I can see from Mr. Aston's paper in the ‘ Philosophical Magazine,' it 
seems to me that in the photograph there are larger variations than one 
would expect if the two chlorines were mixed in invariable proportion, and 
if their properties were practically ideuticaL I do not mean to urge this as 
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anything serioue, but it does leave yet something to be explained, namely, 
how these two substances, supposed to be in invariable proportions and to 
have the same properties, can give rise to diflferent ratios in the intensities of 
their lines. 

Finally, a very interesting and important result—one which is fundamental 
on any theory of the ultimate constitution of matter—is that all the atomic 
weights which Mr. Aston has determined ai*e integers, within the limits of his 
experimental error. That is a result of enormous importance. Its importance 
depends to a peculiar extent on the accuracy to which we can carry the 
determination of the atomic weight. I may perhaps illustrate my point in 
this way: If the atomic weight of chlorine is exactly 35, then if the atom is 
built up of three hydrogen atoms and eight helium ones, assuming the 
atomic weight of helium to be 4 and that of hydrogen 1*008, there would be 
a loss of mass, and therefore a liberation of energy when the chlorine atom is 
formed. If, on the other hand, the atomic weight of chlorine were greater 
than 35*024, there would be a gain of weight and an absorption of energy. 
Thus, an accuracy of 1 part in 2000 in the determination of the atomic 
weight of chlorine would be required to settle whether the formation of 
the chlorine atom was accompanied by an absorption or liberation of energy. 
Now, though 1 have long advocated the determination of atomic weights by 
positive rays, I do not think that just at present we can claim an accuracy of 
one part in a thousand; and, from some points of view, the focus method which 
Mr, Aston uses is, I think, more liable to error than the older method. One 
reason for this is that the quantity which Mr. Aston has to measure is the 
position of the edge and not the middle of a line; and one feature of the 
photographs of the positive rays is the way that the lines broaden when the 
exposure is increased. A line which looks like a spider line for a short 
exposure may under exactly similar circumstances become quite thick when 
the time of exposure is increased. Now, if you are going to measure an 
atomic weight to one part in a thousand, and do it step by step, starting from 
hydrogen, supposing the two lines corresponding to successive steps are 
5 mm. apart, you will have to measure to l/200th of a millimetre. I am 
very doubtful whether, when you are desding with lines of different 
intensities, you can trust your measurements of the edges of these lines 
to anything like l/200th part of a millimetre. In the other method, a 
spreading of the lines would not be so important if the thickening were 
symmetrical. 

There is just one other point which I may illustrate by taking the case 
which in principle is identical with Mr. Aston's method. Suppose a 
horisontal beam of positive rays is deflected downwards by an eleotrostatio 
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field oonoentnited at A, andMipwards by a tuagnetic field concentrated at B. 
Then, if v is the velocity of the rays, the vertical defiection y = Plf at a 
point, P, will be given to a first approximation by the equation 

( 1 ) 
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where « and ^ are constants depending on the electric and magnetic fields 
respectively; = BN, x-fa = AN. The rays corresponding to different 
values of v form a beam, and this beam will have a bright edge, a caustic, 
where consecutive rays intersect. At a point on this caustic the differential of 
1 with respect to v must vanish, so that 
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Substituting this value in (1) we see that 


( 2 ) 

( 3 ) 


is the equation to the caustic. 

The caustic is thus a hyperbola passing through B; one asymptote is 

parallel to y ^ x, the other to « = 0. The particles corresponding to 
am 

the different atoms and molecules in the positive rays would have different 
hyperbolic caustics, and if these rays fell on a photographic plate, PQ, a series of 



images would be formed. As, however, each point on the caustic corresponds 
to a special value of t?, the formation of these images requires the positive 
rays to contain particles with the appropriate velocity. This velocity is given 
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by equation (2), and we see that when x is large cpmpared with a the velocity 
is 2a//8 and is the same for all particles. If the photc^raphio plate is p^oed 
at right angles to the path of the imdefleoted rays, x is constant over the 
plate; hence by equation (2) all the rays that come to a focus on the plate 
must have the same velocity. If there are no particles belonging to a 
particular element with this velocity, the image corresponding to that element 
will be out of focus. We see from (3) that the deflections of the image will 
be inversely proportional to the atomic weight. 

If the rays corresponding to each element only include a small range of 
velocities, then the photographic plate must be inclined so as to cut the 
caustics at points corresponding to those velocities. If, as in Mr. Aston’s 
experiments, miP is constant, then we have from equation (2) 

4rn«* /a;+rt\* _ p 

^ \ X 7 “ ’ 

combining this with (3) we see that 

y z= e i(* + a) 

18 the equation to the line for the photographic plate. 

Thus the plate must pa«.s through the point A. The distance, rf, of the 
image due to a mass, r/i, from A, measured along the plate, is given by 

md^ ^ , 

^^ ST constant, 

(a—a/ 

This is far from a linear relation, so that interpolation to find the value 
of m for a particle giving an image between those of two particles of known 
masses would, without elaborate corrections, lead to results which might differ 
appreciably from the true values. 

It would probably be only a small thing, but it would be a thing which 
I think would have to be taken into account in dealing with an accuracy of 
1 part in 1000; but Mr, Aston has shown such great ingenuity in overcoming 
other difficulties that I feel no doubt that he will be successful in rendering 
his method free from the objection. 

I have only one other word to say, and that is that this is a very striking 
example of the results which flow from the application of physical methods 
to chemistry. It is not the first case. We had the case of argon ; we had 
the case of the structure of crystals; and I am quite sure that it wiU not be 
the last. I believe there is no branch of science where promise of great 
discoveries is more hopeful than those which will result by researches which 
involve the apphoatiou of physical principles and physical measurements to 
chemical pheaomena. 
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Dr. F. W. Astok : In the very short time at iny command, I shall be unable 
to describe my apparatus, which is rather unfortunate, as several of the 
objections raised by the first speaker rather depend upon it. But I will 
deal with the points in the order in which Sir Joseph Thomson raised them. 
As regards the experiment suggested for the separation of hydrochloric acid, 
I think there is every probability of its working, if carried out under 
reasonable conditions. As far as I know, the mathematics of the experiment 
would be much the same as those in diffusions through pipeclay, the method 
I used in the case of the isotopes of neon, and in that case a positive 
.separation appears to have been obtained, I obtained a difference of density 
—between the lightest and the heaviest sample of neon—of 0*7 per cent., 
which, I think, was real. As regards the addition of hydrogen to charged 
atoms, I presume Sir Joseph Thomson means that, if there was an atom of 
chlorine exactly 35'0—supposing my figures to be correct—then the other 
lines—the lines that one gets at 36, 37, and 38—would be due to hydrogen 
addition products, and that a charged chlorine might be capable of taking on 
one more hydrogen than an uncharged one. This is certainly a very inter¬ 
esting possibility, but I think it is rather discounted by the fact that if that 
were so, if the charged particle can take up one more hydrogen, the charged 
atoms of the inactive gases certainly ought to take up one hydrogen. I have 
seen no general indication of such hydrides, although they may be there, 
though too faint to be seen. But that, of course, does not get round the 
ohemical atomic weight, because, if the fundamental chlorine is 36, it seems 
quite impossible to account for the chemist’s atomic weight of 35*46. One 
must have a mixture of heavier atoms mixed with the 35 to account for that. 
The ratio of the intensity of the lines would be best determined by electrical 
methods; the photographic method is obviously a dangerous one to use for 
numerical values. One oaii certainly say that one isotope is there in greater 
proportion than another if its line is darker, because isotopes must have the 
same effect on the photographic plate; but the exact proportion is, of course, 
a matter that depends on the mechanism of the photography,*^ and therefore 
one cannot pat too much value on the relative intensities of a plate. If one 
4ake8 what seems a reasonable range of intensity, I think, with regard to the 
isotopes I have so far determined, their intensity corresponds very well with 
the actual chemical atomic weight when that is known with great certainty, 
-as in the case of chlorine. 

* The positive rays do not penetrate the photographic film to any appreciable extent, 
-SO that their action is not really comparable to that of light. Hence the photometric 
laws established for the latter will not hold in general for the purely surface effect of 
positive rays, tiiough they may be approximately similar over a limited range of 
intemdty. 
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[A slide was then shown of the mass spectra of chlorine, and it was 
indicated that a large number of lines of known mass were available with 
which to compare the chlorine lines. Also that the evidence was quite 
uncompromising both as regards the absence of a line 36*46 and the presence 
of a group of lines of integral mass 35, 36, 37, 38, as due to the presence of 
chlorine in the discharge tube.] 

I have recently obtained conclusive proof from negatively charged lines, 
which only appear at 35 and 37, that these are the elementary lines of 
chlorine, 36 and 38 being hydrochloric acid. 

In the matter of accuracy of measurement, I think Sir Joseph Thomson 
is mistaken when he says I should have to measure to 1/200th of a millimetre 
to get an accuracy of 1 part in 1000. The actual distance apart of two 
lines, say for simplicity 10 and 11, differing by 10 per cent., is about 1 cm.; 
hence, to compare masses to 1 part in 1000, it is only necessary to measure 
to one-tenth of a millimetre. 

In my first experiments with neon I used the most diflPraoted edge of the 
line, as that seemed to give the most reliable results; since then the focus 
has been much improved, and the lines are wedge-shaped similar figures, so 
that one can check the results by measuring from both edges or from the 
middle. I admit that edge measurement should only be relied upon in the 
case of lines of approximately the same intensity; in that case there seems 
no objection to it. 

[A slide was then shown of a recent analysis of rays of the element lithium, 
generated by means of a heated anode, which gave parabolas, clearly indi¬ 
cating the presence of isotopes 6 and 7.] 

[Referring to a slide of the most recent mass spectra of krypton and 
xenon]: Here is the xenon group, which consists of five isotopes, possibly 
oi seven. One can see five distinctly. That is the krypton group of six 
lines, and here is the mercury complex, which probably conasts of six Unes, 
ending with 202 and 204. You will note that, if the hydride explanation 
for this group was adopted, it would be necessary for mercury to take on a 
very largo number of hydrogen atoms, and to do so in such a way that the 
compounds were invariably there in the same proportion, not only in the 

singly charged or first order lines, but also in the second, third, fourth, and 
higher orders. 

The lowest spectrum is that of iodine: it shows a single line at 127, 
Iodine is a simple element: it has no isotopes. 

This is a diagram showing the relation between the isotopes of tho 
halogen elements and those of the inactive gases. Yon wiU-noto that no 
two occupy the same number on the mass scale. If they did. they would bo 
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isobaree, as described by Prof. Soddy, of the same atomic weight, but of 
different chemical properties. I have not found any so far, but they must 
exist, as otherwise there do not seem to be enough whole numbers to go 
round* 

[Other slides of mass spectra, and a list of the isotopes so far determined, 
were exhibited. The principle by which rays of the desired energy were 
selected by a diaphragm was explained, and the close analogy with the 
optical spectrograph indicated. The speaker was under some misunder¬ 
standing in connection with a point raised by Sir Joseph Thomson concerning 
the velocity of the rays. It was a second order effect in the caustic giving 
the focus; it does not appear likely to affect the present measurements to 
1 part in 1000.] 

Prof. F. SoDDV: I wish to confine my remarks mainly to the early history of 
this subject which had its origin, of course, in the study of radioactive change. 
By 1910 it had been recognised that elements identical in chemical character 
existed, and the question was one really of the courage of the investigator 
in pushing his facts to their logical conclusion. My own mind, as to the 
complete chemical identity of certain elements encountered in the study of 
radioactive change, was made up after an investigation of the chemical 
properties of mesothorium and radium. 1 submitted a mixture of these two 
elements to a prolonged fractional crystallisation without altering the 
proportions of the mixture to the smallest extent. But there were numerous 
previously known examples—ionium and thorium worked out by Boltwood, 
and radium-D, and lead—though no one probably before thought such 
elements were really completely identical in chemical character, but merely 
that they must be very much alike. An important philosophical implication 
followed from the view of their complete chemical identity. For if ionium 
and thorium are as like as, say, one piece of lead is to another piece of lead, 
then is one piece of lead the same as another piece of lead ? What real test 
has the chemist of the homogeneity of the elements ? None 1 For all the 
tests of the chemist are chemical and he rarely, if ever, makes practical use 
of such old methods as division, not to speak of the new methods we have 
been hearing about, which would suffice to reveal differences of atomic moss 
in elements of identical chemical character. As far back as 1910 I summed 
up the situation that has been reached in my Annual Keport on Radioactivity 
to the Chemical Society :— 

"Tim recognition that elements of different atomic mass may possess 
identical chemical properties seems destined to have its most important 
aj^lication in the region of inactive elements, where the absence of a second 
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radioactive nature totally unconnected with the chemical nature makes it 
impossible for chemical identities to be individually detected. Chemical 
homogeneity is no longer a guarantee that any supposed element is not a 
mixture of several of different atomic weights, or that any atomic weight is 
not merely a mean number . . . The absence of simple numerical relation¬ 
ships l)etween tlie atomic weights becomes a matter of course rather than of 
surprise/' 

The results wo have been listening to on the application of the positive 
rays to this question, first by Sir Joseph Thomson by the parabola method, 
and later, by Mr. Aston to a much greater degree of refinement, bear out the 
philosophical ini})lication drawn in 1910 very thoroughly. The existence of 
what are now called isotopes was clearly recognised much earlier than the 
interpretation of them expressed by their name, which dates from 1913. 
The extensive researches of Dr. Fleck in Glasgow on the chemical character 
of all the products of radioactive change enabled the complete law of radio¬ 
active change of A. B. Russell, K. Fajans and myself to bo formulated. 
Expulsion from the radio-element of an «-particle, carrying two positive 
atomic charges, causes the element to shift two places in the periodic table in 
the direction of diminishing mass and the expulsion of a ^-ray or negative 
electron one j)lace in the opposite direction. By one a- and two ^-ray 
changes in succession the element reverts to its former place and, in this 
event, though the first and second products are necessarily chemically different 
from the parent, the third is necessarily identical with the parent. Moreover, 
the means of detection in this case gives the means of separation. For, if 
the sequence of one a- and two /3-changes is represented A B C D, where 
where A and D are necessarily chemically identical and different from B and 
C, B and C may be separated chemically from A and D, and in course of time 
will generate D free from A, so that D can by a second separation be obtained 
Alone. This double separation, a suitable interval elapsing between the two 
^parations, is a common method of separating isotopes genetically connected, 
or example, radiothorium free from its isotope thorium is so obtained 
ommercially from thorium minerals by separating the meaothorium and 

i^vmg It to grow fresh radiothorium after separation. There is no other way 
of separating it, ^ 


Writing a book in 1913 on the ohemiatry of the rrilio-aleioent. I got tired 

IthT? “““ *“'> Me by cbomici 

ri.«W 7“*^ ‘be n«ne iMope, aignifying the nnta plaea, to expraaa 

olaat ftlniT “‘ewtotation of tha pniodio law. It waa 

that tha "pW of th. Uttar arp^aad nnit diffara... of charge to 
th. atom .0 oonatituuon, a ooneoption wtooh th. ra.o«ohto of Moadop, on the 
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wave-lengths of characteristic X-rays, later extended throughout the whole 
table. The nuclear theory of atomic structure of Sir Ernest Eutherford dove¬ 
tailed in nicely. The a- and ^S-rays being expelled from the central nucleus 
of the atom, the expulsion of one a- and two ^-rays leaves the nett nuclear 
charge and the whole external electronic system unchanged. Isotopes are, 
thus, elements with atoms made up of identical external systems and nuclei 
with the same yiett charge. The constitution of the nucleus and the absolute 
number of contained 4- and — charges are different, but these differences are 
without effect on the chemical character. 

The correctness of these views received very powerful support from the 
study of the atomic weight of lead derived from radioactive minerals. Both 
the uranium and thorium disintegration.^ end with the place in the periodic 
table occupied by lead, but whereas common lead has an atomic weight 207*2, 
that from uranium (atomic weight 238), formed by the successive expulsion 
of eight «-particles or helium atoms, should be 206 and that for thorium 
(atomic weight 232) by five a-particles, sfiould be 208. Tlio atomic weight of 
lead from the purest uranium minerals has been found to be 206’()5 and from 
the purest thorium minerals 207*9. Moreover, thorium separated from 
uranium minerals contains the isotope ionium, 2 units less in atomic weight. 
Honigschmid found, for a thorium preparation weighing a few grammes 
separated from 30 tons of Joaohimsthal pitchblende by von Welsbach, an 
atomic weight 231*51 as compared with 232*12 for a pure preparation of 
ordinary thorium. The spectra of the two were identical and showed a 
complete absence of all impurities. This is one of the finest examples of the 
extent to which the complete chemical identity of isotopes has been experi¬ 
mentally established. 

The results we Imve been listening to have shown what a powerful new 
weapon has been developed for the detection of isotopes among common 
elements not in actual course of change. Sir Joseph Thomson alluded to 
chlorine as the most dramatic example of isotopes, but, personally, I consider 
the discovery of metaneon, an isotope of neon, by himself and Mr. Aston, 
deserves that title. Coming in 1913, just as the theory of the radioactive 
isotopes had been eludicated, it constituted a most striking and suggestive 
oonfirmatiom hi a region of the periodic table remote from that in which the 
conception originated. 

With regard to the interesting point raised by Sir Joseph Thomson, that 
the diameter of the outer atomic shell, though not the number of the electrons 
contained therein, may be aflS?cted by the gross charge of the nucleus, the 
nett charge being the same, so far as we can tell it is not. There is no trace 
of such an effect as you have—as in the example to which he referred,. 
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carbon and silicon—between two members of the same family. The atomic 
volumes of the two kinds of lead referred to are the same. I actually 
determined the atomic weight of my thorium lead from the density, on the 
assumption that the atomic volume was the same as that of ordinary lead, 
and got the value 207*74. A single chemical determination gave the value 
207*69, and, in a more complete investigation, Honigschmid, in Vienna, with 
another fraction of the same lead, found 207*77 ( + 0*014). T. W. Bichards 
and Wadsworth have since found that the atomic volume of uranium lead of 
atomic weight 206*086 ia the same as that of ordinary lead. 

As regards the method suggested by Sir Joseph Thomson for the separation 
of the isotopes of chlorine by allowing hydrochloric acid to be absorbed by 
alkali, as a chemist I would differ from Mr, Aston's opinion that it would be 
analogous to the diffusion method which he has used in an attempt to 
separate the isotopes of neon, because, as a matter of fact, we have no 
-conception as to why one element combines with another. It certainly has 
little to do with molecular speed, as the temperature coefficient of chemical 
change shows. 

Sir Joseph Thomson : I think you misunderstood me. I did not say there 
was any peculiarity in the affinity, so to speak, between the surface and the 
chemical. But the mere fact that some molecules wore moving faster would 
cause them to strike oflener. 

Prof. SoDDY: Then this brings it down to the ordinary diff\iBion effect, 
which has been tried for neon and metaneon with somewhat divergent 
results. 

I think Mr. Aston is to be very much congratulated upon the outcome of 
what is probably one of the most brilliant combinations of mathematical 
analysis and experimental skill this century has produced. I do not think 
chemists have any reason to doubt the accuracy, to one part in a thousand, 
which he claims for his determinations. He has on his plates a great ran^ 
of thoroughly standard lines on which to test the accuracy, and I am 
prepared to accept his results us of the same order of approximation as is 
attained in the best chemical atomic weight methods. 

Isotopes have been of the utmost use to chemists in the laboratory in 
various ways. Their use as indicators, developed by Paneth and von 
Hevesey, has enabled, for example, the solubility of very sparingly soluble 
salts of lead to be determined with ease. By their aid it has been possible to 
test the Nernst theory of E,M.F. at concentrations of the order of 10"*, 
completely beyond the range of ordinary methods. Recently they have given 
practically a direct demonstration of the separated eidstenoe of the ions in %n 
electrolyte. Thus, if ordinary lead chloride and a lead nitrate that has been 
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activated*' by addition of thorium-B, an isotope of lead, are mixed in 
pyridine solution, the lead chloride crystallising is half as active as the 
original lead nitrate* But if, instead of being mixed with a salt that is 
ionised in solution, an active lead salt is mixed with inactive lead tetraphenyl, 
in a suitable solvent, the latter is found to be inactive when again separated. 
By the use of the same isotope the rate of self-diffusion of lead molecules 
through lead molecules has recently been experimentally measured. 

Lastly, the existence of isotopes seems to offer in some cases a searching 
test of chemical logic,—but I have already taken more than I should of the 
time of the meeting. 

Prof. T. B. Merton : The most recent results of Dr. Aston and Mr. Thomson 
relating to the two isotopes of lithium provide a case in which a spectro¬ 
scopic test can be applied more easily than in the case of any other 
isotopes. It is one of the greatest successes of Bohr's theory that the 
difference between the wave-lengths of the hydrogen linos of the Balmer 
series and alternate members of the ^ Puppis series of helium can be 
accounted for by the difference in the masses of the nuclei, and this can be 
applied in. the same way to the two isotopes of lithium, of atomic weight 6 
and 7. The structure of the red lithium line of wave-length 6708 A. has 
been investigated by several observers, and under normal circumstances 
consists of a doublet with a difference in wave-length of 0*161 A., the violet 
component being the stronger member. Now the doublet due to one isotope 
should be separated from the doublet due to the other by a difference in wave- 
length which con be calculated on exactly the same basis as in the case of the 
Balmer hydrogen lines and the lines of the f Puppis series; and if that is done, 
we find that the one doublet is displaced from the other by 0*087 A., and from 
the accepted atomic weight of lithium, 6*94, one doublet would presumably 
be about one-sixteenth of the intensity of the other. Tliis is, from a photo¬ 
metric point of view, not a very great difference in intensity, three magnitudes 
only, and the displaced component should easily be visible. I am re-examining 
the lithium spectrum under a very high dispersion, and though the results 
are not yet .complete, I have so far not been able to find any evidence of 
these faint components, and I think that if they are present at all, tlrny must 
be very much less than one-sixteenth of the intensity of the main doublet. 
Some time ago, Prof. Lindemanu and I tried experiments of the same kind 
with neon; m this case the difference between the two components should 
be much amidler, and on aoooont of the physical widths of the lines, it was 
impossible to teach any oondusion, but the experiment will be repeated 
at the texnpemture of licjuid hydrogen, and this should yield definite results. 
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A short time ago, General Hartley and I suggested a photoohemioal method 
of separating the isotopes of chlorine, but this method has not so far been 
successful. 1 have made some experiments on a method of separating 
possible isotopes of ziiio. If zinc consists of two isotopes, as presumably 
it does, from the fractional value of its atomic weight, and if there is even 
a very small difference in the electrical properties of these two isotopes* 
it seemed possible that if a small quantity of zinc were kept fused for a 
long time under a large quantity of fused zinc chloride, there might be a 
settling-out of one of the isotopes into the small quantity of zinc; and 
although this investigation is not really finished, neither the densities nor the 
atomic weights having been determined, the spectra of the zinc treated in 
this way and of ordinary zinc appear to be identical to a very high degree of 
accuracy. The results for lead and thallium have already bean published, and 
they show a perfectly definite difference in wave-length, which is in very close 
agreement in the case of uranium lead with the results obtained by Harkins 
and Aronberg in America. These differences are greater than would be 
expected from theory, but the lead atom is presumably very complex, and no 
definite conclusion can at present be drawn from this result. The case of 
lithium appears to be more crucial. 


Prof. F. A. Lindemann : The only point which has been raised so far to 
which I cannot agree is the statement that isotopes have identical chemical 
properties. That they are very similar is indubitable, but I think it may be 
shown generally that two substances of different atomic weight must be 
sepaiable chemically in principle. 

If Kp is the equilibrium cbnstant in the law of mass action it may be 


shown that If force acting upon an atom'in a solid 

is being tlie distance of the neighbouring atoms, 


and since Kj, Kg, and Ks are constants, can only be equal to at all 
temperatures, t.e., the substance can only be inseparable, if 

Since r, = r,, these equatione cannot be rigorously fulfilled unless M, = M* 
The difference will be very small if the chemical constants are given by 
I log M—constant, and if there is a Kullpnnktsenergie. The failure so far 
to separate isotopes seems to me to be an argument in favour of two 
assumptions. 
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It seems highly probable that isotopes of diatomic molecules such as 01* 
should have different spectra. According to the usual view the frequency in 

band spectra is given by »- = vo+ 5 ^ (wj*-n»») = ( + 2 n + l) since 


8w»i"' *' “ ■ syi ' 

ni—«a = +1. Here the moment of inertia I is that of the molecule, i.«., 

I = r®, since the distance apart r is constant. In 01* if Mi and M* 

are thirty-five and thirty-seven times Mo, therefore the moment of inertia 
can have any of the three values 


^M„ 


36 
0 ’ 


r^Mo 


1296 

72 


or r*Mo 


Hence any line should be accompanied by two others, the three frequencies 
being given by 


'h 


and 


v% — ro-|-( + 271-4-1) 
1/3 = i'o-f-( + 27i-f 1) 


SttVMo 35’ 
h 72 


STT'r^Mo 1295’ 

h 2 
87r»raMo 37' 


Since Mo = 1'66 . lO"" and ro<3-10-*, Ai/>( 2 ;i±l). 8 - 6 .10^ which for 
6000 A, amounts to AX> 7 ' 10 ~^( 2 n.+l) A. In other words, the chlorine 
spectrum should consist of numerous triplets of constant intensity ratio. 

It might be possible to separate isotopes electrolytically if, as seems 
likely, they have different migration velocities in solution. If an ion of 


mkss M retains the fraction 


M 


of its momentum on collision with a 


M + m 

solvent molecule of mass m, the velocity component due to the field is 
given by 


M / M -t- m 


or 


Vi = 


m’ 


Vi being the remnant velocity at the beginning of a free path, F the electric 
force, and t the time between collisions. The mean velocity of migration is 


therefore 

V * Vi + ^ = F<(l/7n-H/2M). 


If the firee path I is the same for different isotopes 

^ “ To “ 

Vo being the equipartition velocity of thermal agitation. 
TOL. XOIX.—A. 


I 
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Hence the migration velocity 

_ I 2M + m , ... dv _ 1 2M—»i 

2mv/(3ifcT) ■ v^(M) ' dm 2M ' 2M+m' 

For lithium, where Mi and Ma are 6 and 7 if w. = 18, there should be a 
difference of 1‘24 per cent, in the migration velocity. For chlorine with 
Ml = 35 and Ma = 37, it should be nearly 1*7 per cent. If a aolution were 
electrolysed in some medium like gelatine, the head of the column should 
contain one isotope only, and it is hoped shortly to carry out experiments to 
test this. In the above calculation, of course, the effect of hydration and 
association have not been taken irito account. 

One other point to which it may be worth while to refer is the very 
small energy difference between atoms if their atomic weights approach 
whole numbers closely. Quite apart from ]) 08 itive rays, chemical 
evidence shows that the difference between the mass of one carbon atom 
and three helium atoms is so mnall that the energy difference cannot exceed 
4*0 .10'“' ergs per atom, U., about 1/30 of the energy of the average radio¬ 
active change. If this is true, it somewliat curtails' the store of intra- 
atomic energy, which it is hoped will one day become available. 


A (reneralisation of Weyl's Theory of the Electromagnetic and 
Gramtational Fields, 

By A. S. Eddington, F.RS. 


titocoivea February 19, 1921.) 

1. In tho non-Euclidoan geometry of lUemanu, the metric is defined by 
certain quanUties, which are identified by Einstein with the jKitentials of 
the gravitational field. H. Weyl has shown that, on removing a rather 
artificial restriction m Riomaiin’s geometry, the expression for the metric 
includes also terms which are identified with the four potentials of the 
e eotromagnetic field. I believe that Weyl’e geometry, far-reaching though 

' ^ unnecessary and harmful restriction; and it is the 

object of this paper to develop a still more general theory. 

In passing beyond Euclidean geometry, gravitation makes its appearance; 
m passing beyond Riemannian geometry, electromagnetic force appears; 
« to b. gaiaed by tether g^rerjitotj, 01e„ly, ^. 0 .; 

hold togoaret .a eWtroa But the 
ptobleiu ol the eleetrou mart be difflcalt, «.d I eeaaot ee; ,kett»r the 
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present generalisation micceeds in providing the materials for its solution. 
The present paper does not seek these unknown laws, but aims at con¬ 
solidating the known laws. I hope to show that, in freeing Weyl*s ^geometry 
from its limitation, the whole scheme becomes simplified, and new light is 
thrown on the origin of the fundamental laws of pliysica 
The.essential point of Weyl's theoryf is that comparisons of length at 
different times and places may yield discordant results according to the 
route of comparison. Accordingly, a particular standard of length should 
only be used at the time and x)1hco where it is; and it is necessary to set up 
a separate unit of length fintervcal-length) at every fioint of space and time. 
Such a system of unit-standards is called a gauge-system, and Weyl’s theory 
proceeds on the view that the gauge-system is arbitrary, just as the 
coordinate system is. Nevertheless, he recognises tliat a certain luitural 
gauge-system plays a very iuiX)ortant j)art in i»hysicB. We do compare 
lengths on the sun and the earth : and, although our method of comjjarison 
may bo ambiguous for the thirtieth significant figure, we have no hesitation 
in deciding whether a given length on the sinj slionld bo eall(*d an iiicb or: ti 
mile. This natural gauge-system seems at lirst like an exe.rescence on the 
X')ureiy geometricial theory, diverting it fn>m its natural deve[oi)njent, but 
necessary in order to bring it into touch with ))hy8ics. Th(^ theory here 
developed seems to tlirow new liglit on tlie meaning of this natural gauge- 
system, 

A deductive study of world-geometry and an indnetive study of obser¬ 
vational science attack the problem of Nature from oj)poBite ends. The most 
elementary concepts of experimental knowledge may not appear until a late 
stage in the deductive treatment. Our work ilius falls into two slagi^s: 
first, the development of a pure geometry of a very general kind ; second, a 
physical theory based on Uie identification of the geometrical functions with 
quantities obtained by experimental measurement. The introductiort of the 
na tural gauge-system marks the transition from pure geometry to physics. 

I Geometrical Tlieory. 

i ' 2. Some of^ the tensors used in the analysis possess the properly of being 
changed by any alteration of gauge-system, in addition to their ordinary 
Dperties with regard to transformation of co-ordinates. I distinguish tliese 
the prefix ^‘in-(in-tensor, in-vectori in-invariant). In symbolic notation, 
/a star (♦) indicates quantities generalised from the corresponding quantities 

t < Berlin. Sitssungsberichte/ May 30, 1918. further develops on ts ai'e scattered 
throughout his book *Kaani, Zeit, Materie.^ See also his article, ‘Nature,’ February 17, 
1921, I need scarcely say that I am under great obligations to these sources. 

I 2 
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in Rieuianiiiau geometry so as to maintain tliia "in- property, wholly or 
partly, 

A (]ispla(^eiiient, is a simple example of an in-veotor. Its components 
are differences of coordinates (i>nre nxnnbers), and liave no reference to any. 
gau^e. Since is contravariant, we often write it with the notation 
wliich reminds us of its character. 

Let be an in-vector representing an infinitesimal diaplaoement at a 
point P, Can we find at an infinitely near point, V\ an exactly equivalent 
displacement ? Clearly, the oquivalent displacement will not in general be 
represented by A^, because, for example, in a vniform field of force the 
])olar components vary from point to point. There will be a spurious change 
of A'*, attributable to tlie curvilinearity of the coordinates, even when the 
in-vector is displaced '' without absolute change.” The most general possible 
linear expression for this spurious change, when the in-vector is moved 
through a displacement, is 

( 21 ) 

where whicjh is not assumed to be a tensor, represents arbitrary 

coefiicientB, and the expression is summed according to the usual convention. 
Only linear terms need be taken, because A* and ((&)*' are both infinitesimals. 

Following Ltivi-Civita, displacement without absolute change ” is called 
jHirallel difiplamnent. For parallel displaticinent, the change must be 
equal to (2*1); and accordingly 

^|-"-HVA‘ = 0, (2-2) 

is the condition for parallel displacement. 

The definittmess of the notion of parallel displacement depends on the 
recognition of some kind ol equivalence between displacements at infinitely 
near points—not between the analytical expressions, but between the 
relations which they express. vVe assume that there is such an equivalence; 
and, in justification, we point out that it seems to be the minimum assump¬ 
tion possible, lor it there were no comparability of relations, even the most 
closely adjacent, the eoiititiuum would bo divested of even the rudiments of 
structure, and nothing in nature could resemble anything else. 

If in (21) we take A* to be a displacement PPi = (&t;)*, which on parallel 
displacement to P becomes P^P/, the ditference of co-ordinates of Pi' and P 
will be 

(2*3) 

Interchanging the two displacements, displacing PP' along PPi, W6 
shall noi arrive at the same point 1\\ unless } 

, r./ = (2'4 
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This is a neoessary condition for what is called affim geometry (fully treated 
in WeyTs ‘ Eaum, Zeit, Materie *). It appears to express the condition that 
the world is ** flat in its smallest parts ” or that it possesses a definite tangent. 
I shall adopt the condition (2*4) in the present investigation, ruling out an 
" infinitely crinkled world.f 

3. Let an in-veotor be carried by parallel displacement round a small 
complete circuit. The difference of the final and initial values is 


[A-] 


final 

lititial 


( 1 /V 


<b\ 


= - l.y (2-2) 

~ ‘ 1 j {sv (r.a''A“)- ^ (IV." A«) I dS-"', (3-1) 


by Stokes’s theorem. The double integral is taken over any surface bounded 
by the circuit, and is the antisymmetrieal tensor representing the 
element of surface. The factor ^ is needed because eacli component of surface 
appears twice in tlie auramation, o.//., as and — 

The integrand is equal to 


A«/—r ^_ 

1 ^ • ya. ^ * era / T * I'tt 'N o-a ^ 

^ artr dvp / fbv 


A- 


-i-r 


IV -IVIVAo + lVlVA" by (2-2). 

dry / 


Changing the dummy suffix from a to p in the first term, tiiis liecomes 

where IV+ >V+ IVlV-lVrv (3-2) 

Hence [A^] == i (3-3) 

In Einstein’s theory, even without Weyl’s generalisation, the integrand 
does not usually vanish, and the initial and final values of A'*' are unequal. 
Of course, the same discrepancy appears if A'* is displaced by difleront routes 

t A coordinate-ay stem enumerates the points of a continuum in particular order and 
this order ia unOhanged by any tranaformation of eoordinates. If the world referred to 
an arbitrary coordinate-syf*tem turns out to be infinitely crinkled, 1 think this must 
indicate a disharmony between the coordinate-order and the structural order of the 
points. The remedy is to change the coordinate ©numemtion, not by continuous trans¬ 
formation, but by re-sorting the points. Evidently our displacement will not be the 
measure of any physical (structural) relation unless some preliminary agreement of otxler 
is postulated. The problem of determining the conditions of this preliminary agreement 
is essentially that solved by A. A. Bobb in his ‘ Theory of Time and Space.’ If ever the 
theory comes to deal with essentially discontinuous phenomena (ay., qdanta) the 
condition (2*4) may have to be reconsidered. 
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to another point, and the diflerence is shown by (8‘8) to be pri^riwnal to 
the area of the circuit, ce<em paribus. The fonuula (3-3) applies only to 
small circuits for which the square of the area can be neglected, beosnse A' is 
ambiguous except on the boundary of the cirouit where the route of toansfer 
has been dehued; but the ambiguity of A* is of the same order ot m^itude 
as [A"], and its surface integral b^Omes negligible compared with [A**] when 
the circuit is sufficiently small. Since then the circuit is iufiuitesimal. we 
can omit the integral sign, obtaining 

[A"] = (3-4) 

Now [A'*] is the diflerence of two vectors at the same point, and is there¬ 
fore a vector ; dS'"' is a tensor; hence *8^" is a tensor. Moreover, it is an 
in-tensor, since there has been as yet no reference to any gauge. 

We obtain another in-tensor by setting ya = <r, i.e., contracting, 

•G,. = r./+^ r,/+r„'r,p*-r„'r,,*. (3-6) 

These two in-tensors express intrinsic properties of the continuum. So fax 
as I can see no others (except products of these) exist The first is a 
desciiption as complete as possible of the structure of the continuum (the 
inter-ooimeotion of relations) so far as it can be studied by these methods; 
the second is an abbreviated summary of tlje information contained in tlm 
first. 

We shall find later that physics has in the main contented itself with 
studying the abridged edition of the book of nature; only in the problems of 
electron structure does it seem necessary to search out the more extensive 
information contained in the original 

4. In order to introduce the we must adopt a definite, but at present 
arbitrary, system of gauges. The length (interval length) I of a displacement 
A'* is defined by 

(41) 

in agreement with Einstein's fundamental equation' 

We take to be a tensor in order to make an inyariimt. Tim tensor 
may be selected quite arbitrarily,! and then e(j[uation (41) shows how a 
length, Ij is to be assigned to any displacement, dXf^, given in coordinabe- 
differenoes. Different ohoioes of will give different plans of assigning 
length—in short, different gauge-systems. Length here is still a geometrical 
convention rather than a physical oonoeptiom 3o long as v/e ImVn 
independent means of comparitig lengths, no moonsifttfthey pivn pi)i^bly be 

t For convenience, hwever, limit the choice to tensors sym^feal it r; 
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4et;eoted in our solieme. When we oume to identify these geometrioal lengthu 
with physipal lengths, which can be compared by experimental methods, 
conditions must be introduced which will limit our choice of But that 
will come later; the present analysis applies to any gauge-system whatever. 

Move the displacement A'* by parallel displacement through 
Differentiating (41) we have 

== A'‘A''-y„,l VA“A*-y„,r,.''A'*A‘)f&, by (2-2) 

by interchanging dummy suffixes. 

In confer nity with the usual rule for lowering suffixes, we write 


so that 


d {p) = - r„.„) A'‘A‘' {dxy 


But d(P), the difference of two invariants, is an invariant. Hence the 
quantity in the bracket is a tensor. We denote it by 2K„,„. Thus 


Similarly 


Oir _p P 




sr _] 


a * fi9i V' 


Adding these and subtracting (4‘3), we have 


We write 




where is evidently a tensor symmetrical in ^ and v. Then, raising the 
Buffijces by multiplying through by g", (4‘4) becomes 

(4-6) 

We we that is a generalisation of the Christofifel symbol, and-might 
'.Appi ^p% tft1y he denoted by *{/iiv,Tj. Though not a tensor, it possesses the 
'' mf " pfbpeiit rinoe it was introduced prior to any gauge system. We note 
in-tensdr, since 4(f) depends on the gai^. 
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It is here that we make an important divergence from Weyl’s geometry; 
his theory is obtained by giving to K^v><r the special form 

6 . From (3-2) and (40) we can evaluate If the terms in S^/ are 

dropped, we obtain immediately the usual expression for the Riemann- 
Chrifltoffel tensor [Report,! equation (23)]. The additional terms are 


S„'>+{i'«,p} S,,,*-{/tv,«} S„'’ 




The firet six terms easily reduce to 


where the final suffix denotes covariant differentiation according to the 


ordinary rule, viz., . 

Hence 

= B„,j> + (S^/),-(S,./),+S,.''S„,*-S„'‘S^/. (5-1) 

Setting p = ff, we have 

= + (5-2) 

where we have written 

2/e^ = S,/, (6-3) 

and K^, is the covaiiaut derivative of k^. Again, multiplying by 

•G = G + 2«% + X\+S.„@S-f>«+2*.X« (5-4) 

where \ s= -S%,^. (5-6) 


(The distinction between (6'3) and (6'5) is that in f* occupies one of 
the two symmetrical places, and in SV>i it occupies the third unsymmetrioal 
place. and are quite different vectors.) 

The only term on the right of (5’2) which is not symmetrical in fi and i> is 
2 *^,,, which may be written (Km.H-*f^)+(s:^»—«»^). Thus, if we write 

•G,., = Rm»+F^., ( 6 - 6 ) 


where is symmetrical and antisymmetrioal, we have 

the covariant curl being the same as the ordinary curl for a eovariant vector. 
Preiar*^*^ Belativity Theory of Qiavitstion,’ Ehyeioal Society (Fleetwf^ 
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Since is half the sum of and and is half the difference, 
both and are iu-tensors.f 
Similarly we can divide into two parts 


where E is antisymnietrical and ¥ symmetrical in fi and p. 
is antisymmetrical in v and cr.) It is easy to show that 


(5-8) 

(The wliole tensor 


^ fiyttp - ( 

These, however, are not in-tensors, since the must be introduced in 
order to lower the suffix p. 


Physical Theory. 

6. We now introduce the natural gauge of the world, whicli is determined 
by measures of apace and time made with material and optical appliances. 
Any apparatui used to measure the world is itself part of the world, so that 
a natural gauge represents the world as self-gauging. This can only mean 
that the temoT inirod/uced in (4*1) is not extraneom and arHtraryy but is a 
tensor already contained in the worM-gemnetry. I'hcre is onl^’ one such tensor 
available, viz., *G^v. Hence natural length is given by 

P « ( 6 * 1 ) 

Clearly the antisymmetrical part drops out in this equation, so that 

P =: K^,A^A^ 

Accordingly we must take 

( 6 * 2 ) 

introducing a universal constant, X, for convenience, in order to remain free 
to use the centimetre instead of the natural unit of length. 

The diffeience between and G^„ in (5*2) consists of terms formed out 
of the tensor We shall find later that this tensor represents electro¬ 

magnetic and electronic effects, so that the more empty*' the space the 
more nearly does E^v approximate to Hence, in an empty region, the 
gouging-equation (6*2) becomes 

G^k - (b'4) 

This is Be Sitter's equation for a spherical (or, lather, a quasi-spherical) 
world. The gauging-equation is, in fact, an alias of the law of gravitation.. 
If X approaches zero so that the dimensions of the world become infinitely 
great compared with our unit of measure, we have Einstein's original 

f It may be noticed that Fwr ** a result easily obtained from (6*1), remember¬ 

ing that s* 0. It follows fairly easily that the pi*oportionate chazige of volume of 
a four-dimensional element carried by parallel displacement round a small circuit 

u 



112 Prof. A, 8. Eddington.* A Generalimtion of WeffVs 


gravitational equations = 0. In later work he hag used the more general 
form (6*4), giving a naturally curved world (‘ Keport/ § 60).f 

The form of the world given by these equations is only quasi-spherical, 
because it requires twenty conditions to determine a truly spherical world, 
just as it requires twenty conditions == 0) to determine a truly flat 

world. But a world conditioned by (6*4) will have the more important 
spheiical proj>ertieB, It has this ‘ symmetrical form, not from any innate 
tendency, but because our natural gauge of length at different points and in 
different directions is adapted to make it so. If we have two electrons at 
different places, we expect them to be of the same size; we also expect an 
electron to be spherical. But the equilibrium shape and size of an electron 
must be determined by something in the world-conditions where it is (apart^ 
possibly from small accidental variations persisting from its previous 
history). The electron must measure itself against something in order to 
find out how large it ought to be; and in empty space therl seems to be 
nothing but the i*adii of curvature of the world for it to measure itself 
against. Similarly, any material object of specified constitution must have 
determined size and shape in relation to the radii of the world* And in so 
far as the measure of length rests on such bodies, the form of the world 
expressed in this measure is bound to be <]uasi-spherioal. 

It is only in empty space that the approximate equation (6*4) is valid. 
Electrons are recognised to be small regions of intense local curvature; this 
is provided for in the accurate gauging equation (6'2), since the difference 
between and 6^^ may in certain circumstances become large. Intense 
curvature (or mass) must always be associated with large values of and 
we shall find later that large electric fields are associated with large values of 
this tensor. 


Natural space and time must obey Biemannian geometry. It would be* 
easy to devise fanciful geometries in which, for example, ds* was a quartic 
function of the coordinate-difterences. But there is only one in-invariant of 
a simple charactert associated with a displacement A^, viz., •G^^A^A*', so 
that (except for far-fetched combinations) no quartic function of th'e 
coordinate-difierences could have the necessary property. Even is 

no uSe, for we cannot counteract the upper p, 

7. Haying thus identified physical space-time, we proceed to identify 
‘things. There are three sorts of physical attributes of things to be 
Identified; and our plan is first to inquire what experimental properties 


t The difference between Einstein's and De Sitter’s theories 
amount of matter in the world. Both adopt (e'4) as the condition 
t The next simplest in-invariant is A** A*' A*' 


depends on the total 
for empty space* 
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they possess, and then to seek a geometrical tensor possessing these 
properties hy virtue of 7uaiJierruitical identities. The tensors need not now 
be in-tensors, because our description of the experimental properties pre* 
supposes the use of tlie natural gauge-system; and there is no reason to 
think it would hold good for otlier gauge-systems:— 

(1) Tlio energy-tensor (comprises the energy, momentum, and stress in 
a region. Tliese must satisfy the condition of' conservation of energy and 
niornenturn, which is expressetl hy 

T/. == 0. (7*1) 

This eD[ibles us to make the identilication (*Beport/ §39) 

-87rT/ = (.V--i///(G-2X), (7*2) 

which satisfies (71) ideuti<5al!y. Here X might be any constant so far as 
conservation is concerned. We consider, however, that the energy-tensor 
should be something which vanishes altogether in empty space (containing 
no electromagnetic fields). If T/ = have, by contracting (7*2), 

G = 4X 


BO that 0 = G/—^,**'X, 

or lowering the suffix 

agreeing with (6*4) if X is the same constant. Thus, from the conservation of 
energy *and momentum, we deduce the law of gravitation once more. 

(2) The electromagnetic force-tensor F,*,, must satisfy two of Maxweirs 
equations 

^ ^ ^ _ Q (7-3) 

d/v d>-v d)v 

This will be an identity if is the curl of a vector. This leads naturally 
to an identification with the in-tensor already called which we have seen 
is the curl of a vector Hence will be the electromagnetic potential. 

(3) The electric charge-and-current vector J** must satisfy the condition of 
oonservation of electric charge, viz., its divergence J% vanishes. This will 
be an identity if J** is itself the divergence of any antisymmetrical contra- 
variant tensor. Accordingly, wo identify 

.1“ = F**'.. (7-4) 

Additional confirmation is given by tlve fact that (7'4) represents Maxwell’s 
two remaining equations (' Beport,’ § 45). 

It would in any case be reasonable to make these identifications—the 
simplest possible—checking them by comparison with observation later on. 
But actually very little ohoioe is jiossible; that is to say. it is not easy to 
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find any other geometrical tensors having the necessary properties m 
identities. Further, we can scarcely expect much further experimental 
test, since (with one exceptiozif) all the known laws of mechanics and 
electromagnetism are already satisfied. 

As regards alternatives, some other tensor functions of are known 
which satisfy (71) identically: but these do not agree with the condition for 
empty apace, They are extremely complicated expressions,, 

involving derivatives of the fourtli or higher orders. An alternative identifi¬ 
cation of the electromagnetic force with the curl of (instead of the curl 
of seems possible, though rather perverse—seeing that it would leave the 
fundamental in-tensor apparently doing nothing to justify its existence. 

8. The gauging-equation (6*2) can also be demonstrated from optical 
theory. The light pulse diverging from a point occupies a conical locus in 
four dimensions, and must therefore satisfy an equation of the form 
= 0. This unique locus exists independently of gauge or coordi¬ 
nates, and therefore there must he an in-invariant equation defining it* 
Clearly a^y must be an in-tensor, which leaves as the only possibility 

SSE or 

= 0. (8'1) 

But in Einstein’s theory the light-cone is 

(jy,vdbCi,(lrv = 0 , ( 8 * 2 )' 

BO that Einstein’s gauge is given by 

Our gauging-equation is therefore certainly true wherever light is propa¬ 
gated, everywhere except inside the electron. Who shall say what is the 
ordinary gauge inside the electron ? It sliould, however, be noticed that this 
optical treatment does not prove that X is a universal constant. If it were a 
varying function of position, (8*1) and (8*2) would still agree. The constancy 
of X depends on the arguments previously given. 

If a displacement A^ is taken by parallel displacement round a small 
complete circuit, its change of length is 

- 8 A^Ap) = h (k^k^) = 2 A^SA^ 

= by (3*4) 

== 4- A^A'^dS*^ by (6*8) 

Since is antisymmetrical in and p, 

+ The law of ponderomotiye force of an electromagnetic field, see g 9. 
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In Weyl's theory is of the form so that (8*3) reduces to 

BP ^ . P, ( 8 * 4 ) 

BO that, although a vector in general alters length on describing a circuit, 
zero-length is unaltered on Weyl's theory. Accordingly, for him zero-length 
is unique and involves no specification of a route of comparison; whereas in 
my theory zero-length may not remain zero on parallel displacement accord¬ 
ing to (8*3). This was for a long while my chief obstacle in generalising 
his theory, since the abandonment of tlie uniqueness of zero-length might 
well seem to leave no unique track for the propagation of light. But we see 
that the difficulty is siinnounted; the unique light-cone is given by the only 
simple in-invariaiit equation that can be formed; and the condition that it 
corresponds to zero-length is one of the factors which determine our natural 
gauge-system. 

9. The ponderomotive force of an electromagnetic field on matter contain¬ 
ing electric charges is 

^ F^.J^ (91) 

Report,' equation (461)). This is the tensor-generalisation of the elementary 
law 

(» 2 ) 


which follows immediately from the usual definition of electric force. We 
have to show that (9'1) can also be deduced when the electric force is defined 
by the method of identification in § 7. 

It will be sufficient to consider an isolated electron. If we consider the 
experimental verification of (9'1) or (9-2) by the detloction of an electron 
travelling in an electromagnetic field, it is clear that the field referred to 
in (91) is the applied external field, and no account is taken of any disturb¬ 
ance of this field caused by the accelerated electron itself. We denote this 
external field by FV.- Also, for a particle. 



sr — WA'A**.. 


(9-3) 


where A" = (Ixjds (‘ Keport,’ § 29). If in (9*3) we put = 0, we obtain the 
usual equations for the track of an undisturbed particle, i.e., a geodesic, which 
can be deduced directly from the conservation of energy and momentum. 

The equation to be proved is thus 

mA.*A.,ir = — F„/J^ 


(9-4) 
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In the ordinary text-books it is proved that the potentials due to a slowly- 
moving elementary charge de are 




de ^ I \ 

7U' dt' (If ) 


These expressions are deduced solely from Maxwell’s equations (7*3) and 
(7*4), and we need not here trouble about retarded values, since our applicti- 
tion is to the case when r is very small. The general vector-equations are 
evidently 

= — A^ (9'5) 

r 


where dejr is treated as au invariant, that is to say, its value is to be 
calculated for Galilean axes with respect to which the electron is luomentarily 
at rest. Hence the electric force dm to th^ elcctfon is 






1 


7 ^ 


since all parts of the electron have the same velocity A^. 

Now, suppose that the electron moves in such a way that its own held on 
the average just Jieutralises the external field F^^v' in the region occupied by 
the electron. The average value of h\y for all the elements of charge con¬ 
stituting the cdectron will be given by 

, A A \ r f d^ide^i 
/'X average = (A,,,.—A^^)jj ^. 

where l/a is an average value of* 1/r taken for every pair of points in the 
electron. Also J'* = eA*^, Hence, multiplying by A**, we shall have, if the 
external field is neutralised, 



F^/J- = -A’'(A^.-A,^)ea/«. 

* 

But 

A'^Ayi, = A'^A. = 4(A-A„)^ = 0, 


since 



Hence 

F^/J- = -A'’A^y<^(a, 

( 0 - 6 ) 

which agrees with (9-4) if the mass of the electron is 



m = e^fa. 

(9-7) 


It is now evident that (9-1) implies that an electron is a structure which 
cannot exist in a resultant field of electromagnetio force. Further this 
we cannot expect to go without a detaUed analysis of electron structure. It 
is a question of the adjustment of the electron to the world-conditions in 
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which it finds itself. The electron evidently has a certain amount of adapt¬ 
ability to different world-conditions; and can always resist differential electro* 
magnetic force, just as a static electron can resist the radial electrostatic force 
due to its own charge. Knowing nothing of the laws of electron structure, 
the existence of an isolated electron at rest in no external field is apparently 
a “ miracle; our calculation shows that the existence of an electron having 
the acceleration given by (9*1) in an external electromagnetic field is precisely 
the same miracle viewed from another standpoint. 

There is a close resemblance between this method of deducing the accelera¬ 
tion of an electron in an electric field and that of a material body in a 
gravitational field by tbe principle of equivalence. Neither body can be in 
equilibrium {i.e,, exist) if there is any resultant field of force relative to it; it 
would be out of adjustment with the surrounding state of the world, and the 
hypothesis represents a self-contradictory structure. Therefore the state of 
motion must be sucli that no resultant field of force exists where the object 
is; the body and the electron destroy the field by their own accelerations,and 
this criterion gives the motion in each case. Both, however, are able in some 
way to oppose difierential forces by internal stresses. 

The electric mass ni is not immeiliately a source of gravitational attraction, 
so fat as the foregoing discussion csan show. But an clecLrou /etiw? gravitational 
mass; it is by hypothesis a place where and therefore has very large 
components, Ileference to (5*4) shows that in this case G will differ very 
considerably from R (unless tiiere is an unsuspected cancelling of terms), 
showing that the electron is a region of abnormal world-curvature, and 
therefore the source of gravitational effects. From the constancy of structure 
of electrons, the gravitational mass of a pair of electrons (positive and 
negative) will be in a constant ratio to their electric mass. We are under no 
obligation to prove that the ratio is the same for the positive and negative 
electrouB separately ; because there is no observational evidence for this. 
In §11, however, it appears likely that the ratio of the electrical to the 
gravitational iiiasH is SttX; if so, it may be presumed tliat the factor applies 
to positive and negative electrons independently. 

From (9*1) the expression for the electromagnetic energy-tensor is deduced 
as explained in ' Report,* § 40. 

Further Developments, 

10, The whole energy-tensor is given by 

--SttT/ = X(G/-i^/(G-2A.)), (lO'l) 

and tbe eleotromaguetio energy-tensor by 


( 10 * 2 ) 
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(‘ Eeport; equations (50 4) and (4ti-4)). *it is necessary to insert the factor X 
in (lOi) in order to make the dimensions consistent. Even now it is not 
certain that the two expressions are in common units; but, at any rate, their 
ratio will not be altered by changing the unit of length, ie,, changing X, 
Contracting (1D*2), E = 0 identically. It is thus impossible to biiild up 
matter or electrons from electromagnetic fields alone, and some other form of 
energy must be present. This represents the non-Maxwellian binding forces. 
It is convenient to write 



E = 0 *f H, 

(10-3) 

BO that from (5*2) and (5‘4) 



— Kfiv fCyft “f" ) 

(10-4) 


H = 2/c\ + X*a+{S.p,YS*T,'» + 2.r.\-}. 

(10-5) 

Contracting (101) 

-SttT = \(-G + 4\). 


But 

K = = 4X. 


Hence 

-8irT = X(R-G)= XH, 

(10-6) 

and similarly 

SttT/ = X(H/-i<//H). 

(10-7) 


We may regard these formulae as giving the electrical aspect of material 
energy relating it to the tensor as opposed to (10*1), which shows its 
gravitational aspect. 

To fix ideas as to the order of magnitude of terms, let us take the centimetre 
as unit of length, and choose approximately Galilean coordinates with a centi¬ 
metre mesh. In these units X (the curvatui'e of the world in empty space) 
can scarcely be greater than Calling this a small quantity of the first 

order, it is easily seen that is of the first order, except in electric fields 
80 intense as to alter the order' of magnitude of the local curvature. 
Accordingly, the expressions for and H break up into first-order and 
second-order terms, the latter being bracketed in (10‘4) and(10’6). Evidently 
the formation of electrons of definite size is associated with the non¬ 
linearity of these equations, the product terms becoming important when the 
electric field is sufficiently intense. 

For an electron at rest vanishes. Although the physical interpretation 
of X* is not known, it seems likely that X** will also vanish in the static^ case. 
Thus the mass of' an isolated electron is probably represented entirely by the 
product terns in H. 

11. It is natural to infer from (101) and (10'2) that in space containing no 
electrons T^*' and E/,^ if reduced to a common unit, must be equal. But this 
involves an arbitrary localisation of tlie energy- tensors which is scarcely 
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♦ 

justified, since the established between them md (91) refers to the 

integrated expresaons. 

The difficulty of localisation can be realised by considering an electron at 
rest. In this case its relative mass is equal to its invariant mass. On the 
ordinary view the relative moss is attributed to the inertia of the electro¬ 
magnetic field which surrounds it; but the field contributes nothing to the 
invariant mass. The two masses are equal, if not synonymous, yet one is 
arbitrarily located in the field and the other in the electron. 

From the formulae already given it is possible to express and E/ in 
terms of the S or K tensor; but no obvious connection between them can be 
found. It is possible that the formulie may admit of some simplification, 
since the gauging equation must introduce some relations between the 
components of which, however, are difficult to follow out. The following 
discussion seems to arrive at a natural connection between T/ and E/, and it 
appears to liave a fundamental significance. 

Consider the invariant 

u (111) 

which, though not strictly an in-invariant, is independent of the value of X, 
and is accordingly a pure numher.f We have 

= (ll-2> 

owing to the symmetry of and antisymmetry of F^,.. 

Calculate the variation of U due to small arbitrary variations of the g^y which 
vanish at and near the boundary of the region considered. (These variations 
represent alterations of the state of the world expressed by the in-tensor E^,,, 
which lead to corresponding variations of the through the gauging- 
equation.) We have 

S [E^.EmV(-9) ] = Ui^VC-9) ] 

+ K'-'S [V(-9)] 

= X {yM.fi [KM.N/(-i^) ]} 

-4X*S[v/(-y)], 

but Xv/(-y)(»“'8yM.+RM.fi.!/^’’) = xV(-i7)(r‘'fi!?M.+?Mrfir'') = o. 

80 that, by adding, 

8[Bm.E^V(-^) 3 = 2\S[Ev/(-y)]-4X>«[v/(-y)] 

« 2XS{(G-2X)v/(-<7)}+2x8[Hv/(-y)] by (10-3). 

f As Weyl has pointed out, the existence of several numerical invariants of a simple 
character is a distinctive property of a yowr-dimensioual continuum. The invariant U 
is Itotti many points of view the most fundamental of these. 

YOIi. XOIX.—A 


K 
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f 

But(G-2\) -/{-g) is well known as the " aotion-densityj^J^f the gravitationsfl 
field, and its variation is reducible tof 

Vi-9) = -87rT^V(-i)')SrA. 

rejecting a part which yields a surface-integral over the boundary, since all 
the variations vanish there. Again, 

S \^9^Vi-9 )] • 

since the in-tensor F,.,, is not affected by the variations here considered. It is 
readily foundj that this reduces to — 2E,,»\/(— 

Further by (10’6) 

= i\{S^.yS'y>f+2Ka\-}Vi-9)dr. 

The first-order terms are omitted, since 

(2«‘.-HX“.)v^(-y) = ^{2*«v/(-ff)+XV(-f/)}. . 

by a well-known formula for the divergence of a oontravariant vector. This 
on integration gives a surface-integral over the boundary where all variations 
vanish. 

Collecting these results we have 

-iSU = I(87rT^,-^E^,)^( ^g)dT---\ S | + 2k^X^}^(^ g ). dr. 

(11*3) 

Thus, by considering the variation of what is probably the most fundamental 
numerical invariant, we have brought together in one formula the whole 
energy-tensor and the electro-magnetic energy-tensor—-a result which would 
be difficult to accomplish in any other way. There can be little doubt that in 
the combination 

(11'4> 

they are expressed in a common unit, so that the difference must represent 
the electronic or non-Maxwellian part of the whole energy-tensor. The 
remaining term on the right is also concerned with electronic terms, since 
outside the electron the integrand is of the second order of small quantities* 
Hence 3U must be a variation of ** action" associated with electrons. It is 
not cleat whether we are here approaching a law of Kature or whether our 
analysis is a device for bringing out hidden identities in the mathematical 
expressions; but I incline to the latter view, 

•f * Baum, Z«it, Materie/ Sid adition, pa 505, S5S. 

t W. 
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It may be tempting to suggest a law of stationary action that 8D 0 
This, however, is impossible. If we do not split up 11 into G + H, we find 

— J 8U = J (XVmv- E^k) . y/ (— dr, 

and our proposed law of action would be inconsistent with the identity E = 0. 

It need not surprise us that the combination (11’4) is only met with when 
the reduction proceeds in a particular way. As I have already indicated, the 
real connection is between the integrated energies, and the localisation is 
probably not such as to give the same connection in each element of volume* 
I think that the casting away of the surface-integral from 8[Gv/(—has 
redistributed the location so as to display the agreement* 

The most important result is the reduction of and E^^ to a common 
unit, implied in (11*4). for given masses or electric fields is known in 

ordinary units, whereas involves the natural units which determine the 

in-tensor Thus, taking X = 10""® as an upper limit, I find that the 
quantum is 10“^^^ natural units of action. A faint hope that the natural 
unit of action involved in this theory might prove to be identical with the 
quantum is thus disappointed. It appears also that and may be of 
roughly equal magnitude in electric fields of quite ordinary strength produced 
in the laboratory. 

12. It is a natural impression that in the light of the more general theory 
Einstein's work must 1)6 regarded as only a close approximation. The 
impression is wrong, for the present paper leads to the conclusion that 
Einstein's postulates and deductions are exact. The natural geometry of the 
world (in the sense that I have defined in * Space, Time, and Gravitation') is 
the geometry of Eiemann and Einstein, not WeyFs generalised geometry or 
mine. What we have sought is not the geometry of actual space and time, 
but the geometry of the world-structure, which is the common basis of space 
and time and things. I have tried to emphasise this distinction by dividing 
the paper into Geometrical and Physical theoiy. The first part is the 
so-called **geometry” of a general kind of relation complex; for I think 
that any conception of structure (as opposed to substance) must be analysable 
into a complex of relations and relata, the ralata having no structural 
B^nificance except as the meeting point of several relations, and the 
relations having no significance except as connecting and ordering the 
relata. This part of the theory is an essay in assigning measure to such a 
structure. Our method is based on an axiom of parallel displacement, 
comparability of proximate relations; this seems to be the minimum 
degree of comparability which permits of any diflterentiation of structure. 
Weaueoeed in arriving at a quantitative measure of this structure, viz,, 

^ K 2 
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iRrhich breaks up into symmetrical and antisymmetrical parts, and 
the latter being necessarily the ctxrl of a vector. It is at this bifurcation of 
the tlieory that Einstein begins; he has recognised these two tensors from 
their physical manifestations, and he expresses no view as to what lies 
teliind them. From he builds up interval-length, and hence actual 
space, time, geometry, gravitation, and mechanics; from F^,. he builds the 
Maxwellian theoiy of electricity and magnetism. His irUe'n)al is absolute, 
for it is our in-invariant ; so that his work stands un/offected hy the 

ambigmty of length-comparisons in the initial stages of our theory. The 
material ho employs is furnished by our theory in exact accordance with his 
speciiicatioa. 

We have further siiowri that there is a more comprehensive measure of 
the structure given by of which is an abbreviated summary. It 

seems obvious that even this extended tensor is by no means an exhaustive 
description of all that there is in the world ; but presumably it (or something 
analogous) marks the limit of physical science, though not necessarily of the 
scientific method. The curious point is that, for present-day physics, the 
summary suffices, and either the extended has no message for us 

or we have failed to interpret the message. Even in § 11 the invariant U 
belongs to the summary description. It remains to be seen whether there is 
anything of observational importance omitted in the summary—anything 
which plays a part in the formation of negative and positive electrons, and 
possibly even of the quantum. 
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Hie Field of an Electron on Minstein* * * § s Theory of Oravitaiion^ 

By G. B, Jeffery, M.A., D.Sc„ Fellow of University College, London. 

(Communicated by Prof. L. N. G. Filon, F.R.S. Received December 16, 1920,— 

Revised January 11, 1921.) 

Einstein's Generalised Theory of Relativity has aecompliehed notable 
results in the region of astronomical mechanics, but for the moTuent it seems 
difiScult to go further in this direction until some furtlier progress is made 
with the theory of the solution of the field equations. Practically all the 
consequences of the theory which have been establisiied so far are obtained 
from the solution of the equations corresponding to a single isolated 
singularity. Tlie exact solutions corresponding to two isolated singularities 
are urgently required for the further exploration of the tlieory. The 
approximate solutions which have been put forward by De Sit ter,♦ Drdstef 
and Einstein^ though valuable in default of exact solutions, are apt to be 
misleading and perhaps to exclude effects of far-reaching theoretical 
importance such as radiation. Meanwhile it is well to examine the 
consequences of the theory at the other extreme of the realm of physical 
science, in its relation to atomic phenomena. Here it seems no longer 
justifiable to consider gravitation and electricity separately. In these 
microscopic phenomena, where we are free from the effects of averaging, mass 
and charge seem to be inextricably connected. They exist in certain definite 
combinations, possibly in only two combinations as electrons and hydrogen 
nuclei. The gravitational field corresponding to such a charged particle has 
been investigated by Nordstrom § by the application of the calculus of 
variations to the Hamiltonian function of the combined fields. Nordstrom's 
work was not brought to our notice until after the present paper was written 
and we had obtained the same result by direct solution of the field equations. 
As the methods employed may perhaps be more familiar to English students 
of the subject it has been thought well to give a brief outline of this proof 
as an alternative to Nordstrom's in the first section of this paper. 


* * Monthly Notices of the Royal Astronomical Society/ voL 72, p. 166 (1916). 

f *Proc. Acad. Amsterdam,' vol. 19, p. 447 (1916). 

} ^Berlin, SiUungeborichte/ 1916, p, 688. 

§ “On the Energy of the Oravitational Field in Einatein^s Theory/' ‘Proc, Ac. 
Amsterdam/ vol. 20, p. 1236 (1918). 



124 


Dr. G. B. Jeflfery. The Fidd qfan 


§ 1. The Solution of the PiM Eqwdiona. 

The gravitational field is doflnod by the symmetrical covAriant tensor 
where 

ds^ = v)g^^ydx^^dxy (/a, i / == 1, 2, 3, 4). 

where the variables of summation are enclosed in brackets immediately 
following the signs of summation. 

For a symmetrical static field we may, following Eddington* and Schwartz- 
child, take polfi^ co-ordinates r, r = ct and 

where v are functions of r only, so that = 0 if ^ : 9 fc v and 

<711 = <783 = — r*8in®d, = t\ (2) 

The determinant of g^^ is given by 

^ (3) 

and the associated contravariant tensor by 

= l/i/^ and = 0 for /a v. (4) 

The Christoflfel symbols, defined by 

we then as given by Eddington ,f aocente denoting differentiation with reepeot 
to r, 

{11,1} 8= J\', {12, 2) = {13,3} sc Xjr, {14,4} sc Jv', 

{22,1} =s{23,3} =s cot ’ 

{33,1} as {33, 2} sc -'gm^ooR^, 

{44,1} sc 

the rest vanishing identically. ’ 

The components of Einstein’s contracted tensor G„, vanish with the 
exception of 

Qu ss i»’''-iX'v' + iw'»-V/r. 

Gj» a sin* 0 [e-^ {1 + ir(v' -X’) } ~ 1 ] 

G„ sc -e’-Mi»'"-iX'v' + iv'*+„7r}. 




Society;aecoad editba,p. 44. Eddington’* 
“ *“* ~fc«n«« to tW««,nwwUl bo 


t < Report,’ p. 46. 
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Tho eleotTomagnetic field la defined* by the covariant vector 

= (-F. -G, -H, <P) 

where F, G, H, are the oomponenta of the vector potential and ia the 
scalar potential. For static symmetry about tbe origin «* s= n, = 0, and 
Ml, M« are functions of r only. 

Denoting the covariant derivative of by the electromagnetic 
oovariant tensor is defined by 

F,,, — 

and in our case all the components vanish with the exception of 

Fi 4 = —Fu as Kt, (7) 

the accents as before denoting differentiation with respect to r. 

The associated mixed and oontravariant tensors are defined respectively by 

F/ = S («)y- F,., F-- « 2S(«, (8) 

and in our case the only surviving components are 

F4* = .9“F*i = F,« = (^Fu = (9) 

and F«=»y>‘p«Fi 4 = «-»**’»* 4 '=-F**. (10) 

In the absence of charge, Maxwell’s equations of the electromagnetic field 
are expressedf by the vanishing of the contracted covariant derivative of F*', 

in Lorentz units. 

These lead to a single equation in n 4 > 

a 


5? 


(r»K4'«-»(*-)) = 0. 


( 11 ) 


The mixed electromagnetic energy tensor is defined by 

E/ = -t (a)F„ F-“ + iy>22(«. 0) ^ F.,. 
In onr case the only surviving components are 
Ei‘ ==£** = J«4'* 1 

E»* = Eg* = 

The associated covariant energy tensor 

= 2(«)^„E/ 

vanishes except for the components 

Ell * -f«4'*e-'. Em = Jr**/^*-**^-'’ 

Em wx ir»sih*^E« = i*4'*«"^ 

• ‘ Keport^’ p. 76 . 

+ ‘ Report,’ p. 77. 


( 12 ) 


}■ 


(13) 
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and the associated scalar 

E = f* E^, = S (*. /a) E/ = Eji + Ej*+E 8 »+E** = 0. (14) 

Omitting the terms representing the density and motion of matter, 
Einstein’s equations of the gravitational field are 

= —StTKC"* (E„, —^g^a E), 

where « is the constant of gravitation and c the velocity of light 

These give . ‘ 

Gu = 

Gas = —4cTrKC~*r^Kt‘e~^*‘*‘'\ * 

Gs 3 = —4'^■Kc~*r*8in*^««'*«“*^■*■''^ 

Gu = -47r/cc-«*4'*e-\ 
the remaining components of G"' vanishing. 

Hence from ( 6 ) and (15) we have 


^v"-lX'v' + \v"^-\'r = 4w*c~*/c4'“e-', (16) 

e-*{l + Jr(i/'-X')}-l = ( 17 ) 

sin»0[e-*{l + ir(./'-\')}-l] = -4w«c-V8in»^*4'*e-<^+*’>. (18) 

+ iv'* + v'/r = 47 ^«cc“*AC 4 '*<!~^ (18) 


Equations (17) and (18) are clearly identical, while (16) and (19) give 
+ v' = 0 or X + V = const. If the gravitational field disappears at a great 
distance from the origin we may take X+v = 0 . 

Equation ( 11 ) then gives 


*4 = 


6 

4vr' 


( 20 ) 


where e is a constant which will presently be identified with the electric 
charge in Lorentz units, and a second constant of integration has been put 
equal to zero without loss of generality. 

Equation (17) then gives 


or writing = 7 , 


e''(l + jy) 


1 _ 

47rc^r®’ 


7 


^ 2 fcm 

(?T 47rc*r** 


( 21 ) 


where »n is a constant of integration which will subsequently be seen to be 
the mass. It may now be verified that equations (16) and (19) are satisfied 
identically. 

We have therefore as the line element of the space surrounding a point 
which is a singularity of hoth the electric and gravitational fields 

~,y-Jcfr»-r»(i^_r*sin»tfd^+7C*<ft» (22) 

which is the result given by NordstrSm. 
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§2. The Motion of a Partick in the Field of a Okurged Ntiokvs. 

, We will investigate the motion of a particle having both charge and 
inertia mass in the field which we have examined in the previous section. 
The mass and charge of the particle will be supposed so small that, while 
the motion of the particle is determined by the field, the field itself is not 
appreciably afifeoted by the motion of the particle. This is a serious 
limitation, but it is the best that we can do in default of the solution 
corresponding to two singularities. It neglects all effects due to radiation 
an^ to the reaction upon the nucleus. If the nucleus is itself an electron, 
it is difficult to imagine any physical phenomenon to which the analysis 
can apply, unless indeed we regard the electron as composed of still smaller 
elements in a disposition which is stable for the particular values of the 
electronic charge, mass and radius. The analysis will, however, give a good 
approximation to the motion of an electron in the neighbourhood of an 
atomic nucleus, for then the mass of the nucleus is at least about a thousand 
times that of the electron, and, while the charges may be of the same order, 
it will appear that the terms in which depend on the charge are in all 
practical cases small compared with those depending upon the mass. 

The " force acting on a charged particle is given by* the covariant vector 

k„ == J 

where is the charge-current vector which, for a single particle of charge 
F is 

, I doc^i (fea dx^ d^ 

^ \ da' ds' ds' da)' 

The associated contravariant vector is 

= l{oi)g^^lca. (23) 

The contravariant acceleration vectorf is 

= (24) 

We will take as the equations of motion of our particle 

nt'A" = — (26) 

<r 

where m' is the mass of the particle. 

In rectangular co-ordinates v,y,z,r - a in a, non-gravitational field, the 
Christoffel symbols vanish, and if v is the velocity of the particle 

d 1 . d 
(is* v/(c*—. 

*• ‘ Report,’ p. 78. 

t‘BeporV p* 48. 
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Kemembering that the electric and magnetic vectors (E, B) are given by 
B = curl (F. G, H), E = ~ (F, G, H), 


the equations (25) are easily reduced to 


i 

di 


{ 


m 


^(l-t^lc‘‘)dt 


,1 ) = ,'(e.+1(.,b,-.. 



iind two similar equations, with 

I 

These are the equatiena of motion on the restricted relativity theory, and 
reduce to the classical equations for small velocities. Equations (25^ 
therefore, hold in the absence of gravitation, and being of the necessary 
tensor form they will, by the equivalence hypothesis, be true for any system 
of co-ordinates and in a gravitational field. 

In our co-ordinates 


and hence 




* 4irr* di* 
ee'ce^ dt 


k^ss: ksss 0, ^4 ss — 


«« ar 


ds* 

Substituting from (6) and (24) in (25) we have 


4 wr* ds 
ec'e**" dr 


47rr* d$' 


iPr , ,/dr\^ 


,ds 


• re 




«V dt 


d4 


ee'e-” 


_ 

ds* ds ds 4irc*m'r* ds " 


dr 


(26) 

(27) 

(28) 
(29) 


For motion in the equatorial plane we may put 0 = Jw, and (27) is then 
identically satisfied. From (28) and (29) we then have 




dt 


(80) 


ds * ^ ds * ^TTC^m^r* 

where A and w are oonstants. Eliminating e, *' between (26) and (29) we 
obtain a third integral 

l^dr\» 

7 

where y is given by (21). 




(31) 
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Considering a particle at rest in three dimensional space so that 
^ ^ = 0, we obtain from (26) and (31) 


/ d^r 


m _=r 


de 


4‘7rr® 


where terms of higher order than have been neglected. Hence this 
is the equation of motion of a particle at great distances from the origin, 
and our interpretation of the constants m, e as the mass and ohaige of the 
nupleus respectively, is confirmed. 

We have used LorenU units in order to maintain symmetry among the 
components of the various tensors employed. We* may now revert to 
ordinary electrostatic units by omitting the factor 47r in (21) and (30). We 
then have as our equations of motion, 



Y \a«/ XdB/ \dsl 

(32) 

with 

it 

1. 

(33) 

and 

dt ^ se' 

ds^ 

(34) 

where 

1 2«m , /(cc^ 

^c*r 

(36) 


If we eliminate f, b from (32) by means of (33) and (34), and write 
we obtain as the geometrical equation of the orbits 

(I)’ - "■ (”-w “)'-<* ^ w 

We will reserve a detailed investigation of these orbits for a future 
Oommunioation. We may, however, point out that it follows from (86) 
that w, and therefore r, can be expressed as an elliptic function of ^ Since 
the coefficients of (36) are real and the right-hand side is necessarily 
positive, this elliptic function has a real period. Hence the orbit is periodic 
in the sense 'that r is a periodic function of although the period will not 
in general be 27 r. The orbit will, therefore, nbt be closed, and there will 
be a rotation of the apse lines. This periodicity of the orbit is due to the 
fact that we have taken no account of the modification in the field due 
to the moving particle. A more complete solution, which included the 
effects of both particles, would probably lead to orbits which would not 
generally he periodic, This would correspond to the fact pointed out by 
Einstein, that moving masses imply radiation of gravitational energy. 
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Einstein seems to infer from this that bis law of gravitation must be subject 
to the restrictions of the Quantum theory. He says* :— 

“ Gleichwohl inussten die Atome zufolge der inneratomischeii Elektron- 
enbewegung nicht nur electrornagnetische, sondern ancjh Gravitations- 
energie ausstrahlen, wemi such in winzigern Betrage. Da dies in Wahrheit 
in der Natur nicht zutreflen durftc, so scheint es, dass die Quantentheorie 
nicht nur die Maxwellsche Elektrodynamik, sondern aucli die nette Gravita- 
tionatheorie wird modifizieren miisseu.” 

Einstein may be correct in his speculation, but is chare not another 
possibility ? An investigation of the motion of a particle of infinitesimal 
mass in the field of h particle of finite mass has led us to equation (36) 
and orbits which are always strictly periodic. The complete solution of 
the problem of two bodies might well lead to an equation con'esponding 
to (36) and to orbits which are not in general periodic, but which may 
in certain circumstances be periodic. These would give the “ quantised " 
orbits. If it should then appear that the non-periodic orbits tended to 
asymptote down to the periodic orbits, and we could trace the radiation 
emitted in the process, the whole secret of the Quantum hypothesis would 
be laid bare. This is, of course, mere speculation, but it may serve to show 
the extreme importance of obtaining the exact solution of Einstein’s equations 
corresponding to two point singularities. 

§ 3. The CoTw^eptimi of a Point Electron. 

We observe from (22) that the effect of the singularity upon the gravita¬ 
tional field is given by the deviation of 7 from its value at infinity, namely 
unity. As we approach the singularity from infinity 7 steadily decreases to 
a minimum at r =r e^/me® and then increases and finally reaches a positive 
infinity at the singularity. It is equal to its value at infinity when 

r = 6 ®/ 2 mc®. (37) 

Jor an electron we may take e = 3xl0*~^^ G. 6 .S. electrostatic units, 
m » 10"^ grm. and c = 3 x cm./sec. and (37) then gives r = 0*6 x 
which is of the same order as the usually accepted value of the radius of an 
electron. It would be easy to attach too much importance to this numerical 
result. Firstly, it is not clear that the equality of 7 , and, therefore, of the 
at two different places has any precise physical meaning. It probably 
depends upon the mode of measuring r, which in this theory is largely at our 
disposal. Secondly, the third term in (35) represents the effect of electro- 
magnetic energy upon the gravitational field and by equating 7 to unity w© 

* ‘Berlin SiUungeberichte,’ 1916, p. 606. 
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have obtained a relation between mass and electromagnetic energy. Such a 
relation ia given by the ordinary electrornagnetio theory of mass, and in fact 
as far as we am aware the only determination of the radius of an electron is 
by means of a formula for the radius in terns of the mass and charge, which 
differs from (37) only by a numerical factor which depends upon the distribu¬ 
tion of charge in the electron. It is, themfore, not surprising that we should 
obtain a radius of the same order of magnitude. At the same time the 
present point of view suggests a new meaning for the “ radius ” of an electron. 
On the older theory of electromagnetic mass we were forced to regard an 
.electron as a body of small but finite dimensions; it could not be a mere 
singularity of the field, as the mass of such a point charge would be infinite. 

In the same way we cannot have a point singularity on Einstein’s theory if 
we neglect the effects of electric charge, for in this case 7 = l—2icm/c‘r and 
7 = 0 for r = 2«m/c*. Hence at r = 0, (jn — 0,gu = «> and at r = 2Kmf(^ 
gii = 00 , yu = 0 . We have, therefore, not a solution with a single point 
singularity, but a solution with a point singularity surrounded by a spherical 
surface of singularity. 

On the .other band if we include the effects of charge, we see from (35) 
that 7 has no zeros or infinities other than r — 0 , if > «, 'i.e, > 0'67 x 10 
C.G.S. units. This condition is amply satisfied, both in the case of the electron 
and the hydrogen nucleus. Wo may therefore, if wo wish, regard these as 
true point singularitie-s of the field. As we approach such a point very closely 
7 becomes very large and the field is profoundly modified. As a measure of 
the dimensions of this region we may take the radius of a sphere on the 
surface of which the y'i have the same value as at infinity. It is this radius 
which we have calculated above as the radius of the electron. 

§ 4 . The Effect of an Electron upon Badiatim in its FUld. 

According to Einstein’s theory, a ray of light passing near to an attracting 
is deflected, and it appears that the deflection would be very great for a 
ray passing very close to the attmetiug mass. Indeed, it would seem to be 
not impossible'that a ray which passed sufficiently close to an attracting 
particle might be so strongly deflected that it would be permanently 
entrapped by the particle. If this should prove to be a legitimate 
deduction from Einstein's theory, it might have far-reaching consequences 
on our views as to the nature of the electron. It will be shown, however, 
that if we allow for both the charge and the mass of the electron, even 
though we regard it as a point singularity, no such result is possible. The 
deflection is always finite. As the distance of nearest approach diminishes, 
the -deflection increases up to a maximum and then diminishes, becames 
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tiegative, and finally approaches — tt, bo that the ray is returned very nearly 
along its original direction. 

For the path of a ray of light, we have = 0, which, for a ray in the 
equatorial plane 6 = gives • 

ryc*tf = 7 " * dr®+(38) 
We have also to make the integral stationary for given initial and final 
points. From (38), we have 

Henoe 

The expression to be taken between limits vanishes, since vanishes at the 
extreme points of the path, and the integral vanishes if 




where p® is a constant. 

Writing « = 1 /r, and substituting the value of 7 from (36), this may be 
written 







(39) 


from which it may be shown that p is the length of the perpejadioular drawn 
from the origin on to the asymptotes of the path of the ray. 

The right-hand side of (39) is a quartio in u, and hence u may be 
expressed as an elliptic function of This elliptic function could be 
worked out explicitly if for any reaeon it should become desirable to 
investigate the exact form of the rays. The analysis is however heavy> and 
we can obtain all the information we require by other methods^ 

Denoting the right-hand side of (39) by f{%\ we have 

Inserting the values of m and e given in the last Bection, it will be seen 
tiiat the quadratic on the right-hand side has no reel roots in the case of the 
electron or the hydrogen nucleus, tmd, therefore, the only real root of 
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f («) s 0 is » 0* Hence fiyi) =: 0 has at most two real roots. It then 
appears from (39) that» for real rays > 0» so that all real rays have real 
asymptotes, and it is not possible for light to circle in a closed light 
orbit” round the electron# If p»>0, it follows that/(w) = 0 has one real 
positive root and one real negative root# Let \ be the positive root 
then, if the angle between the asymptotes is 2a, we have 

Writing M = \v, and remembering that /(\) = 0, this gives 

« = 1^(1 —+?’—(1+r4-»*)+^X®(1 ^dv. (40) 

For rays which approach the electron very closely, p is very small and X is 
very large, and, for sufficiently large values of X (40), approximates to 

1 c» (•• dv 


which tends to zero as X increases. Hence rays which, if undisturbed, would 
pass very close indeed to the electron, are reflected back practically along 
their original direction. 

For larger values of p, we may conveniently refer back to equation (39). 
Differentiating with respect to <f>, we obtain 





(41) 


Allowing for the difference of the units employed, this agrees with the 
usual equation for the deflection of a ray of light, except for the presence of 
the last term, which gives the influence of. the electric field. 

The equation (41) may be integrated by successive approximation in the 
usual way if m is so small that the terms on the right-liand side are small 
coiupared with u. In this way we obtain as the total deflection of the ray 

4<m SwAre* 

4cy ^ ’ 

The first term is the well-known Einstein deflection, and the second term 
shows that the deflection is reduced by the electric field. This approximation 
will hold for suffioiently large values of p and we have already examined the- 
case of very small values of p. The intermediate oases may be studied by 
means of (39) if need should arise. 
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§ 5. The. Infuetux of the Sun’s Medric Field on the Orucial Fhenamena of 

E%mtein*s Theory. 

In accordance with these results the deflection of a ray of light by the Sun 
and the predicted displacement of the lines of the Solar speotruin will be 
influenced by the Sun’s electric field. 

The ratio of the wave-length of the radiation from a terrestrial atom to 
that of the radiation from a similar atom in the Sun is, in accordance with 
the usually accepted theory, given by y/ 7 - it appears from (35) that 

the effect of any electric field which the Sun may have, whatever its sign, 
will tend to counteract the effect of the Sun's mass, and we may inquire what 
strength of field would be necessary to produce exact compensation. For 
this purpose we must have 7 = 1 at the Sun's surface, or from (35), 

= 2 inch. 

Such a charge on the Sun, if distributed symmetrically, would give at the 
Sun's surface a field of intensity 

c \/^ c.g.s. units or 10 “® volts/cm. 

The quantity under the square root being of the same order as the Sun's mean 
density, this requires a potential gradient of the order of 10 ^ volts, per cm., 
which is far too high to be admissible. The solution to the vexed question of 
the displacement of the spectrum lines is not to be found in this direction. 

In the same way it may be shown that, for any possible value of the Sun's 
electric field, the second term in (42) is very small compared with the first, 
and the electric field will not exert any measurable efiPect on the bending of 
the rays of light in the gravitational field of the Sun. 
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On a Physical Theory of Stellar Spectra. 

By M. N. Saha, D.Sc., Lecturer in Physios and Applied Mathematics, 
Calcutta University, 

(Communicated by Prof, A. Fowler, F.IiS. Iteceived January 18, 1921.) 

1 . IntTodnction, 

The present paper embodies an attempt towards a physical explanation of 
the ordered gradation in the spectra of stars—a subject in which pioneering 
work was done by the late Sir Norman Lockyer, but which was worked up 
with systematic thoroughness at the Harvard College Observatory, under the 
lead of the late Prof. E. C, Pickering and Miss A. J. Cannon.* During this 
interval the spectra of more than 100,000 stars have been photographed, 
classified, and published with full details in the Henry Draper Memorial 
Catalogue. The most noteworthy facts which have been brought to light 
from these monumental studies have thus teen suumiarised by H. N. Russell.t 

The spectra of the stars show remarkably few radical differences in type. 
More than 99 per cent, of them fall into one or the other of the six great 
groups which during the classic work of the Harvard College Observatory 
were recognised as of fundamental importance, and received as designations, 
by the process of the survival of the fittest, the rather arbitrary letters B, A, 
F, G, K, M. That there should be so few types is noteworthy, but much 
more remarkable is the fact that they form a continuous series. Every degree 
of gradation between the typical spectra denoted by B and A may be found 
in different stars, and the same is true to the end of the series, a fact 
recognised in the familiar decimal classification, in which B6A, for example, 
denotes a spectrum half-way between the typical examples B and A. The 
series is not merely continuous, it is linear. There exists slight difference 
between the spectra of different stars of the same spectral class, such as Ao, 
but these relate to minor details. Almost all the stars of the small out¬ 
standing minority fall into three other classes (or rather four), denoted by 
the letters ij, 0, N, R. Of these, 0 undoubtedly precedes B at the head of 
the series, while R and N, which grade one into the other, come probably at 
its other end, though in this case the transition stages are not clearly 
worked out*' 

Russell is of opinion that the principal differences in the stellar spectra 
arise in the main from variations in a single physical variable in the stellar 

^ Harvard, * Annal«,’ vol. 28, Parts I and II; vols. 56, 76, and 91. 
t * Nature,’ vol, 93, pp. 227, 252, 281. 

vouxdx,—A. ^ 
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atmosphere, and many converging lines of argument show that this variable 
is the temperature of the stellar atmosphere. Table I shows these facts 
diagrammatically with provisional values of the temperature. 


Tabic I. 




Soct’bi's 

claasiQcatlou. 

Temi>eraturc.* 

BtcUar 

claM. 

1 

Typical star. 

! 

1 

Wilsing 

and 

1 Bcheiner. 

Saha. 

'! 

Po 

Oa 

Ob 

Od 

The Great Orion 
Nebula 

10., 4997 . 

B.D. + 86^ 4013... 
B.I). + a6*, 4001... 
CPuppU. 

1 Tyite V. 

1 including 
r Wolf-Rayct 

J atara. 

16,000 Kt 

ao,i)ooK 

28,000 

88,000-24,000 

22,000 

Oe 

Oe5 

Bo 

29 dBmis Majoris 
TOauis Majoris ... 
fOrionU. 

20,000 

18,000 

B6A 

^Tauri .. 

Type I, 

>■ Helium and 

J hydrogen itara. i 

14,000 

14,000 

Ao 

A6F 

Fo 

F5A 

Go 

.aOanie Majoris ... 

/STrranguli. 

sOariafiB . 

11,000 

9,000 

7.600 

6,000 

6,000 

4,600 

4.200 

8.200 
8,100 
2,960 
2,800 . 

12,000 

9,000 

7,000 

aOania Minor. 

aAurigfS.. 

Type II, 
Yellow-red 

G6K 

diReticuli.... 

Ko 

aBoofcia . 

stars. 


K5M 

aTauri . 

A 


Ma 

aOrionis. 

\ Tyne III, 

J Bed stars. 

1 Type IV 

6,000 

4,000 

Md 

N 

R 

OOrti .i 

j 


Itomarkfl. 


G^aaeous uebuloe with 
bright lines. 


Henceforth all lines 
are dark. 


The sun is a dwarf 
star of this class. 


• (Compiled from the Haryard ‘ Annals/ vol. 91, p, 6, and RusseU's paper, loc. cit. Tempera¬ 
tures giyea under the heading Saha are calculated from the method gircn in the present paper.) 

t Buisson and Fabry, ‘ Journal de Physique/ 1912, p. 472 (calculated according to the limit 
of interference method). 


It is necessary to dwell a little on the physical Imsis of stellar classifica¬ 
tion. The earliest astrophysicists classified the stars according to colour; 
thus Seochi’s type I denoted white stars, type II stood for yellow stars, 
type III for yellow-reddish stars, and type IV for deep red stars. But 
Iiookyer and Pickering found that the varying intensity of particular groups 
of absorption-lines in stellar spectra was a far better criterion of stellar 
classification. Table II, compiled from the BLarvard ‘ Annals,’ lllnstrates the 
priuoiple, 

[For the methods by means of which the intensity of a particular line in 
different stars has been estimated, reference should be made to Harvard 
* Annals,’ vol. 27, p. 234; vol. 66, p. 66; voL 91, p. 6. The following is added 
for the sake of general explanation 

Numbers which are underlined denote that the line is bright; otherwise 
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the lines are dark. Lines which are bai*ely visible have the number 1 
assigned to them. Faint lines are labelled 2. © denotes a line of which the 
intensity cannot be obtained from the Harvard * Annals.' (?) denotes that 
the intensity is not stated in numbers in the Harvard 'Annals/ but is 
compiled from descriptions scattered here and there. The symbol M*** denotes 
that the line is due to the ionised atom of the eleiuout M, the atom 
which has lost one electron. Lockyer called them '' proto ” elements, and the 
lines were known as “enhanced lines." We shall subsequently show that 
they are due to the atom which has lost one electron as the result of the high 
temperature prevailing in the stars, and acquired a net positive charge. 


Table 11,—Intensity of Stellar Lines. 


Element . 

Lina . 

Sonea descrip¬ 
tion 

Hel 

4471 

;2p-4d 

um. 

4718 

2jp-4s 

Pftrhe 
4388 
2^> -6d 

He+ 

4686 

8ti-4/ 

He+ 

4542 

4f-9A: 

He+* 

4SOO 

4/-8i 

H* 

4860 

2p-4d 


Ca+ 

8934 (it) 
ls~2/> 

4161 

StelW claas. 
Fe 

Oa 

Ob 

Oo 

0 

0 

1 


— 

e 

0 

m 

40 

0 

0 

0 

12 

S 

9 

9 

w 

3 

0 

0 



faint 

Od 

1 



20 

10 

20* 

10* 


2 

faint 

Oe 

16 

2 

3 

8 

6 

26 

10 

— 

2 

1 

Oe6 

16 

4 

6 

5 

4 

26 

20 

— 

6 

1 

Bo 

16 

6 

6 

2 

2 

26 

26 

— 

3 

2 

B2 

22 

6 

10 

1 

0 

36 

35 

— 

4 

8 

BS 

22 

6 

10 

0 

0 

40 

40 

— 

4 

4 

B6 

10 

8 

7 

— 



00 

— 

8 

7 

BH 

5 

1 1 

3 

— 

— ! 

— 

80 j 

faint 

0 

7(P) 

B9 

4 


1 

__ 

...M ; 

— 

90 

faint. 

9 

7 

Ao 

0 

0 1 

0 ! 


— 1 


100 1 

2 

10 

10 

A2 


_ 

_ ' 

M— 

j __ 

— 

100 

4 

40 

15 

Ad 


,r,_ 


_ 

M— 

— ! 

90 

0 

70 

0 

A6 



—. 1 


— I 


70 

9 

80 

0 

Fo 




— 

M- 

— 

60 

9 

120 

0 

F5 



MM. 1 


M— 

MM. 

40 

15 

160 (?) 

faint 

Oo 


j 


MM. 1 

— 

_ 

20 

20 

200 

faint 

06 

ZI 

■ 


M-M ! 

— 

— 

16 

0 

200 (?) 

0 

Ko 



MM. 


— 

— 

10 

60 

160 (?) 

0 

k:6 


. 

—M 

— 

— 

— 

6 

9 

0 




_ 


M— 

M.. 


2 

0 



Mb ' 




— 

_ 

— 

— 

100 

faint 


Mo 


- ... 

—M 

— 

— 

— 

0 

strong 

faint 


Hd 

— 

1 — 






strong 

0 



* The line 4800, generally known as ha« been thown in the Table both as a hydrugeu and 
a Hir^* line. For reaeont eee footnote to Table VII, and the concluding paragraph* of §6. 


The Tehlea show that the lines of an element just appear at a certain stage, 
rise step by step to a maximum, and disappear at the other end. Thus the 
He lines just appear at the Ao class, rise to a maximum intensity at the 
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B3 class, and go out at the Ob class. Similarly for lines of Ca, Mg, H, and 
groups of nitrogen and oxygen lines not treated here, because their series 
formulfle are not known, 

2. Physical Processes at High Temperatures, 

The explanation of these phenomena follows from the theory of " Thermal 
Ionisation and Thermal Radiation” of gaseous elements developed by the 
author in a number of papers published elsewhere. The following is a 
summary.* 

Up to this time thermodynamics has been confined to the treatment of 
physical processes like liquefaction and vaporisation, or chemical processes 
like decomposition or dissociation of molecules into atoms. It has thus 
carried us up to the stage where all substances are broken up into constituent 
atoms. But what takes place if a gaseous mass consisting of atoms only be 
continued to be boated 1 Hitherto, the ideas on this point have not been 
very clear. In his interesting theory of internal constitution of stare, 
Eddingtonf indeed suggested that in the interior of stars atoms may be, for 
the most part, broken up into positive nuclei and free electrons— a view 
which was also supported by Jeans.^ Following a suggestion by NernstiS 
Eggertll tried to calculate the temperature required for tearing off the outer 
ring of eight electrons from the Fe-atom; he was the first to apply Nernst’s 
theorem of the reactiou-isochore (which enables us to calculate the chemical 
equilibrium of a dissociating system from the vapour-pressure data of the 
products of decomposition), to the above mentioned process of the breaking 
up of the Fe-atom, But not only is the supposed process a hypothetical one, 
but also the energy evolved in the process, which is essential for the 
calculation, was obtained in a mther artificial manner. LindemannlT calcu¬ 
lated the breaking up of the H-atom into the nucleus and the electron in the 
solar atmosphere by using a method almost identical with that of the author, 
and taking the ionisation-potential = 13*6 volts in accordance with Bohr s 
theory. 

The author has shown that the first effect of iuci'easiug temperature will be 

♦ M. K. Sabft/*Ioniafttion in the Solar Chromosphere” (A), * Phil. Mag.,’ October, 
1920 ; “Kleraent« in the Sun ” (B), December, 1920; ** On the Temperature-Radiation of 
GoeeB* (C), February, 1921; **Od Electron-Chemistry and ite Application to Problema 
of Radiation and Astrophysics” (D), * Journ. Ind. Aat. Soc.,» July, 1920, 

t Eddington, ‘ M.N.R. A.S./ vol. 77, pp. 16 and 596 ; vol. 79, p. 2. 

I Jeans, ‘M.N.R.A.S.,’ vol. 79, p. 319. 

§ Nemst, * Die Thcoretische und Exi>erimeiitellen Grnndlagen dee Neuen Wjirme- 
eaUes,’ 1918, p. 154, Cliap. 13, concluding paragraph. 

It Eggert, * Phys, Zeit.,’ Dei^ember, 1919, p. 670. 

IT lindemaim, ‘ Phil. Mag.,’ December, 1919. 



189 


On a Physical Theory qf Stdlar Spectra, 

to tear off the outermost electron from the atomic system, as represented in 
the equation, 

Ca:=Ca++e^Ui. (1) 

The energy of ionisation for a gin.-atom can be exactly calculated in a 
way free from any hypothesis about the arrangement of electrons about the 
nucleus), from the ionisation-potential V», with the aid of the formula, 

''■ = Sra 

[N = Avogadro-nuinber, J = mechanical equivalent of heat.] 

Ill cases where the ionisation-potential is not known from direct experi¬ 
mental work, it can be calculated from the convergence-frequency, 1«, of the 
principal series of the element with the aid of the (juantum relation* 

e 

There is now very little doubt that the relation is exact. In certain cases 
the la-term is very largo, and, as the principal series lie beyond the 
Schumann region, it has not been obtained at all. In such cases the 
2a-tenn is often mistaken for the la-term. Helium is a well-known 
example. What are usually called the principal series of helium and the 
so-called par-helium are not la-wj? series at all, l)ut 2&-vip series.f That 
this is so clear from the associated property that ordinary cool vapour of 
helium does not absorb the so-called principal series at all, but is quite 
transparent to them. If these were the true principal series, helium would 
have absorbed these lines (\ = 20587, 10830, etc.), just as sodium-vapour 
absorbs the Di and D# lines. 

Another good example is thallium, discussed by Foote and Mohler 
* Phil Mag,,* vol. 37, p. 33. 

At a given temperature and concentration, a definite equilibrium will be 
established between the proportions of Ca, Ca+, and e, as represented by the 
Van't Hoff formula of reversible chemical reaction, 

Ca:;^Ca+ + e. (4) 

* This relation, which is fundamental in the theory of the ionisation-potential, has 
now been definitely established for a number of elements. For a comprehensive account 
see McLennan, ‘Proo. Phys. Soc. Lond.,’ December, 1918. Franck and Hertz, ‘Phys. 
Zeit*,’ vol. SO, p. 132 (1919), The rdation has been definitely established for :— 
Hg, Franck and Hertz, Davis and Goucher, * Phys, Rev.,' vol. 10, p. 101 (1917) ; 
Na, Od, Bb, Zn, Tate and Foote, *PhiL Mag.,* vol. 36, p. 64 (1918); Mg, Tl, Foote and 
Mahler, ‘ Phil. Mag.,* vol. 37, p. 33 ; Rb, As, Cs, Foote, Kognley, Mohler, ‘ Phys. Rev.,’ 
voh 10, p, 69; Pb, Ca, Mohler, Foote, Stimson, ‘Phil Mag.,’ vol. 40, p. 73 ; Os, Foote 
and Meggers, ‘Phil Mag.,* vol 40, p. 80. 

t Vide Franck and Raohe, ‘ Zeits, f. Physik,* vol 1, p. 164 (1920). 
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The equation of the reaction-isoohore for caloulating the equilibrium is* 


Where .r =, fraction ionised, P = total pressure. 

CalculatioJis for the ionisation of Ca, Sr, Ba, Mg, Na, K, Kb, Cs, H, He, 
will be found in the paj^ers A and B. 

The next point in question is the identification of the ionised elements in 
the physical systems in which they may occur. Spectroscopically,! it is 
quite an easy matter, for the ionised elements show a system of lines which 
is quite different from the lines of the neutral atom. They are generally 
known as enhanced lines.’* The line-system of the neutral atoms, when 
classified into series, have the Rydberg number H = (2iT^e*»n/A*), but the 
enhanced lines can be grouped into series only with the Rydberg number 4Hr. 
This fact has been very satisfactorily established for He'*', and the alkaline 
earths by FowlerJ and Loren8er.§ It is an easy corollary from Bohr's theory 
of spectral emission that such lines should be due to the ionised atom. 

For Zn, Cd, and Hg, Paschen and WolfiPil have discovered a number of 
lines in the extreme ultra-violet, which are analogous to the lines of the 
alkaline earthB.1[ Fues shows that these lines are due to the ionised atoms 
of the elements. For other elements, some lines are supposed to be due to 
the ionised atom, hut these have not yet been grouped into series or critically 
investigated.** 

At the end of § 5, a Table of the chief lines of the neutral and ionised 
elements are given, with their series-position. 


3. Physical Procmes Leading to Immation—Radiation of the Ovaraeteristic 
Lines of the Neutral 

The process of ionisation cannot be an abrupt one, for the electron, in the 
course of passing ofiF to infinity, can take up an infinite number of stable 

* For the deduction of this formula, aeo Paper A, loc, cit 

+ For a of the early works to detect ionisation in heated gases, see McLennan, 
* Roy. Soc. Proc.,* A, vol. 92, p. 591. McLennan’s own experiments with Hg, Zn, Od, Tb 
vapour seems to be quite inconclusive. 

} Fowler, **Bakerian Lecture,” ‘Phil. Trans.,* vol. 214. 

§ Lorenser, * Inaug. Dissertation,’ Tubingen, 1913. 

II Paschen, ‘Ann. der Physik,’ vol 35 ; Wolff, foe. ctV., vol. 42, pp. 825*639. 

t Fues, * Ann. der Pbysik,* vol. 63, No. 17 (1920). 

** For example, the Orund-Spektra of Alkalies, discussed by Goldstein, ‘Ann. der 
Physik/ vol. 27, p. 773 ; Schillinger, ‘Wien. Ber.,* p. 608, 1909, and Nelthorpe, ‘Astro- 
physical Journal,* Jaiuiory, 1916; also the enhanced lines discussed by I>ockyer and 
others, 

tt See Saha, ‘Phil. Mag.,’ February, 1921, “On the Temperature Radiation of 
Gases*’ (C). 
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orbits cbaracterised by the rotational quantum-number w, and the radial 
quantum number %' [a = 1, 2, 3, n' *= 0,1, 2, according to the Bohr- 
Sominerfeld* theory of spectral emission. The various quasi-stationary 
orbits are represented in the following diagram, which is a slightly modified 
form of one given by Bohr.f 

llotAtional (juantuiii, n. 

1 2 3 4 H 

> 

0 © 

I ' © © 

I © © @ 

3 

I. © @ @ @ 

© ® & ® © 

V ‘V V V V 

lowiKatiuiu 

In a mass of atoms, comparatively cool, and not subject to any stimulus, 
the atoms have their vibrating electron in the l5-orbit. This orbit is circular, 
corresponding to ss 1, n,' » 0, and has the energy A-/i (1«). This mass of 
gas does not emit any light, and when traversed by a continuous beam, can 
absorb only lines of the principal series, u = Is-mp.^ It cannot absorb lines 
of the diffuse, sharp or fundamental series. But if we continue to heat up 
the mass, atoms will progress towards ionisation through the quasi-stationary 
stages represented in the above diagram, and radiation will follow as a 
result of the mutual interchange of orbits.§ First of all we shall have 
emission of line or lines (fundamental lines), to be followed by the 

emission of the series. When the mass of gas ejuits the line 1^2p 

rather strongly it can absorb lines of the sharp or diffuse series. || At a 

* Sommerfeld, “ Atotnbau und Spektral-AnalyBe." 

t Bohr, * ZeitBohrift fttr Physik,’ vol. 2, p. 434 (1920). 

t This fact, which comes out as a necessary corollary of the Bohr-Sommerfeld theory, 
has been experimentally established for Nu-vapour (Wood, * Astr. Jour.,^ voL 29, p. 97 ; 
Tol. 43, p. 73); for the other alkalies (Bevan, ‘ Roy. 8oc. Proc.,^ A, vol. 83, pp. 821-828 ; 
vol. 84, pp. 209-225; vol. 86, pp. 54-76), and Hg (Wood, ‘Phys. Zeit.,* vol. 14, 
pp. 191-196 (1913)), for cadmium (Wood, < Astr. Jour.,’ vol. 29, p. 211). 

§ For attempts to apply the quantum-theory to these cases, see the following papers:— 
Einstem, ‘ Phys. Zeit.,* 1918, p. 124 ; Planck, * Ann. der Physik,* vol. 60 ; ‘ Berliner Sitz, 
Ber., 1916; * Verb. D. Physik. 0.,’ vol. 17 (1916). 

II As a matter ol faot, the 2p-j«s lines, as well as the 2p~ind lines, have not been 
reversed at aU in the laboratory for any element, when the light is passed through 
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farther stage the 2p-wrf, or lines will begin to be emitted, The gas 

will now be able to absorb the fundamental series# The whole prooess can 
thus be symbolically written :— 

-orbit# ' ' ’ > ' -orbit* -arf-orWU ' . ^ 

Kmiafliou Kmiwion EmiwioM 

of of 2p—md of 

liiiea. line*, line** 

Absorption Absorption Absorption 

of \9-mp of 2p'fnd of 80-4/* ' 

line*. lioes. lino*. 

-To lOKtSATION. 

The theory is not yet sufficiently perfect to enable us to calculate the 
proportion of atoms in the quosi-stationary orbits characterised by the 
quantum numbers n and n\ but some general statements can be made.^ The 
radiation temperature *' {ix,y the temperature at which the fundamental line 
l8-2p is emitted, and 2p-orbits are just commencing to form) will be higher, 
the higher is the ionisation-potential of the element. Other orbits will be 
formed at temperatures intermediate between this and the temperature at 
which ionisation is completed. At any stage, the proiwrtion of atoms distin¬ 
guished by the quantum numl)er8 {n, n*) will be smaller, the larger are the 
values of n and n\ So that we see that the ls-2^ line (and Is-mp series) will 
be the first to come out, the last to go, the least amount of element will show 
thcmf and will be the most intense line all the while. The 

lines will come out later, go out earlier, and will be increasingly fainter. 
The disappearance of line may be taken as marking the completion of 
ionisation. 


cool vapour (J. J, Thomson, * Phil. Mag.,’ April, 1919). The Balmer aeries of hydrogen, 
which may be regarded as the combined sharp and diffuse series of that element, are 
not reversed when tKintlnuoua light is passed through ordinary Hjj-vapour ; but Ladeu- 
burg and Loria(‘ Verh. der B. Phyaik. G.,’ vol 10, p. 868 (1908)) ahowed that they can be 
obtained as reversed lines when the absorbing column of Hg-vapour ip traversed by on 
electdc current. Similarly, Paachen obtained the reversal of the so-called principal series 
lines of He and Parhe (X 10830, 20587) by passing an electric current through the 
absorbing column of helium-gas; ordinary helium-gas is quite transparent to these 
lines. This shows that the lines are not really principal lines. 

* Based partly on the works of Planck and Einstein (foe. off.), Planck tries to calculate 
the distribution of atoms iu the different orbits, and Einstein considetNS the emission and 
absorption of radiant energy from the standpoint of quantum-statUtics. See also 
Epstein, ‘*Eur Theorie dea Starkeffektea” *Ann. der Physik,’ vol 60, p. 489, who 
oonsideiti the relative probability of passing to the quosi-stationary orbits chorooterieed 
by the quantum numbers n and n\ 

t Of. the experiments of Ehi Gramont on the ** Boies Ultimes’’ of elements, which 
ore either the l#-2p line or such lines of series os He in the visible region, Du 

Gramont, * Bull. Sot;, frany. de Phys.,’ 1911, No. 14. 
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4. Theory of Second-step lomsation. 

Let u8 now consider what takes place when the first-step ionisation is 
completed. Suppose that we have a gaseous mass consisting wholly of 
Ca‘**-atom8, and we continue to lieat it up. It is clear that we shall have the 
emission of the ionised elements, of the enhanced lines, followed by the 
commencement of a second-step ionisation, in which Ca^ loses another 
electron, and acquires a net double positive charge. 

The second-step ionisation is represented by the formula 

M+ . (6) 

The value of Ua is generally very large, and have not been at all experi¬ 
mentally investigated. But, in the case of liehum and the alkaline earths, 
the enhanced lines have been completely studied and grouped into series. 
From this we can calculate the energy of second-step ionisation by applying 
formula (2). 

Second-Step Ionisation.* 


Element. 

1«. 

loniflstioTi‘potential. 

Uj in calories. 

He . 

4K 

SiH *4 voU«. 

12 * xlO* 


1*1,270 

»6,740 

88,840 

80,676 
i 147,644 

I 140,2*6 

1 161,800 (!•) 

i 

16 -02 „ 

8 -46 X 10* 

Os. 

n *86 

2 -70 X 10* 

Sr. ' 

10 *70 „ 

2 -60 X 10* 

Ba .1 

9 -86 „ 

2 -80 X 10* 

Zn . 1 

18 *20 

1 4-18x10* 

Cd . i 

17 ‘SO „ 

8 -98 X 10* 

Hg . 

19*96 „ 1 

! 4-60x10* 


Let us suppose that the fractions x and y of the total Ca-atoms are 
dissociated to Ca+ and Ca**-atom8 respectively. Then it can be easily 
shown that the equation of chemical equilibrium is of the form 




(1—y)(l+a:+2y) 




( 7 ) 


logP 




—^+-1okT- 
2-3 RT 2 ^ 


■ 6 - 6 . 


( 8 ) 


Since we are confining ourselves to the range where the pit*portion of 


* Fowler, * Phil. Trane.,' A, vol, 214 ; and new calculations not yet published Fues, 
* Ann. d. Pbyeik,' vol, 63, No. 17; Fuee^s figures for the l^t-teme of Zn^ and are 
15d,0b0 and 155,000. The above figures are due to Fowler, The figure for Hg^ has 
been calculated by me by udng the interesting relation that the l<4erm of the enhanced 
series is roaghly 17/0 times the l#-tenu of the neutral line system in the case of the 
alkaline earths, and Zn and Od. TVcfo Fues, loc. eit. 
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nexitral Ca-atonis is vauisliingly small, we can put x+y — 1—e, wlwre e is a 
small fraction. I'he equation (8) thou takes the form 


log 


].y 

(i-y)(2+y) 


5 

2-3 KT 2 


log T-6-5. 


(S') 


It is no longer necessary to consider equation (7). The following Table 
shows the percentage of second-step ionisation of the alkaline earths at 
pressures of 1 and 10"* atms. Percenteqje of the first-step ionisation is 
also shown for the sake of comparison. 


Table III. 


temp. 

Mg. i 

Mg+ 

fca. 

Ca+. 

8r. 

Sr+. 

Ba. 

Ba+ 

10,000 

56*90 


86*90 

8-26 

90-100 

14*40 

94-100 

23*66 

11,000 

76-96 

— 

93 

18*44 

95 

26*64 

— 

40-78 

12,000 

86*98 

— 

97 

81*70 

98 

40*89 

— 

69*91 

18,000 

98*80 

10-36 

99 

47-86 


61-92 

— 

76-06 

14,000 

96 

21*64 


64-98 

— 

76-06 

— 

86 

16,000 

98 

i 82*72 

— 

81-97 

— 

88 

— 

92 

j 16,000 

99 

j 46*86 

— 

87 

.— 

92 

— 

1 96 

! 17,000 

— 

61*92 

- 1 

92 

— 

96 

— 

98 

i 18,000 

— 

74-96 

— 

96 

— 

98 


1 

i 10,000 


88*98 

— 

99 





1 20,000 

— 

89*99 

— 

99 




i 

21,000 

— 

98 






1 

! 22,000 

— 

96 







28,000 


98 






1 


In each pair of columns, the first gives the percentage of ionisation under a 
pressure of 1 atm., the second under a pressure of 10~* atms. 

The following Table gives the ionisation of helium (both first-step and 
second-step) at temperatures higher than 16,000® K. 


Table IV.—First-Step Ionisation of Helium. 


BresBUTo tompemtUTc. 

1 i 

10-1 

1 

17,000 i 

9 i 

28 

18,000 

1 14 

41 

10,000 

1 21 

67 

20,000 

SI 

71 

21,000 

41 

81 

22,000 

28,000 

* 63 

i 89 

64 ' 

98 

' 24,000 

1 78 1 

96 

26,000 

81 ! 

^ 98 

26,000 

27,000 

I 87 ! 



80,000 

\ 98 



lO-'S 

j0-« 

10'* 

Atm. 

66 

94 

60 


81 

97 



90 

99 



96 




98 




99 


% \ 

i 

! 

! 

1 

Complete. 
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Table V.—Second-Step Ionisation of Helium, 


PresBUrt* fcomporature. 


! l(r*. 

1 

10 "*. 

1 10-*. 

1 

24,000 

_ 

10 

i 

24 

60 

26,000 

— 

14 

89 

78 

26,000 

27,000 

; — 

28 

67 

90 

10 

38 

72 

08 

28,000 

17 

47 

80 

98 

26,000 

26 

68 

65 

Complete. 

30.000 

36 

77 

67 

1 

ti 


The second-step ionisation of helium is too small even in stars having the 
highest temperature. Consequently, lines should * be observed even 
when the temperature reaches 40,000® K„ but actually they disappear from 
the Pc-class of gaseous nebula, the temperature of which is not probably so 
high. Probably this is an effect of low pressure. According to Emden,^ 
P 10""® atm. in nebulsB. This brings the temperature of the completion of 
the ionisation of He’*' to 29,000®-*30,000° K., which is not improbable. 

Table VI gives the ionisation of hydrogen. It will appear from the 
Tables that hydrogen should definitely disappear when the temperature 
Teaches the value 22,000® K., but this is not the case, for, according to the 
‘ Harvard Annals,' the Balmer lines occur not only up to the Oa-class, but 
also in the Pa-class of nebulte, the temperature of which is probably 


very large. 

Table VI.—Ionisation of Hydrogen. 


PpeMUi'e fcenipomture. 

l*atm. 

io->. 

10 -s 

10 -». 

l(J-\ 

10 "*, 

7,000 

_ 

_ 

_ 

1 

4 

1 *6 

7,600 


— 

1 

3 

8 

12 

8,000 

— 


2 

6 

18 

26 

0,000 


2 

. 6 

20 

65 

44 

10,000 


6 

18 

49 

86 

89 

11,000 

4 

18 

89 

80 

97 


12,000 

9 

28 

68 

94 



18,000 

36 

45 

84 

08 

— 

Completes ionisation. 

14,000 

27 

66 

98 




16,000 

40 

81 

97 




10,000 

66 

90 




1 

17,000 

69 

94 




i 

t 

18,000 

80 

97 




1 

19,000 

87 






20,000 

92 






81,000 

96 

. 





22 ,000’ 

97 






28,000 








* Emden, ‘Gaekugeln/ p. 282. 
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5. Charaeten^ic Lines of Nentral and Ionised Elements. 

In § 3 wo remarked that the ionised elements have a system of oharac- 
teristic lines which are quite different from the line-system of the neutral 
element. Table VII shows the chief lines of both systems side by side for a few 
elements. Here 2p-m8 ,respectively stand for the principal, 

the diffuse, the sharp, and the fundamental series. The Is term is generally 
single, but the other terms are double, treble, or sometimes quadruple. In 
the principal series k begins with 2, in the diffuse with 3, in the sharp with 2, 
and in the fundamental with 4. Generally the headline of the series, and 
in some cases the next one or two, are given. 


Table VII. 


Klome^ut. 

Principal 

IHffuse 

Sharp 

2p~mM, 

Fundamental 

8rf-4/. 

Kemarkfi. 

H . 

1215-3 

H* 6562 *8 


18,761 

The sharp series coincides 





(etc.). 

ir#4861 -8 


with the diffuse series. 

He. 

670-480 (?) 

(etc.). 

5875 

7065 

? 

HeUum. 



4471 

4718 

? 


He+ . 


0678 

4922 

7281 

6047 

— 

So-called parholium. 

804-278 (?) 

1640 


4686 

The sharp series ooinoides 



1215 



with the diffuse series as 

Mg . 


1087 

(etc.). 



in H. 

2882 -n 

8888 ‘20 

6188 -62 




4671 '88 

82 -81 

72*70 



Mg+ . 


29'86 

67-38 



2706 ‘52 

2797-99 

2986-50 

4481 

The 4481 line is also 
double. 

c». 

2802 -70 
g4226‘78 

2790-77 

2928-68 



6S72 -78 





Ca+ . 

Hr . 

£8988-68 

H 8968 -47 
4607-34 
4077-88 

“*** 

8786-90 

06 02 



. 

! _ 

4305-60 



Bft. 

4216-66 
5686 -69 
4664 -21 

— 

4161 -96 


' 

. 

i 




Zn . 

4934-24 
2189 -88 
8076 -99 

i 




1 

; 




.! 

2025-67 

— ' 

2658 -03 



Od. 

2061 -98 
2288 -79 
8261 -17 

— 

2602 -11 



Cd+ . 

_ -f 

! 

i 

i 

2748 -68 
2673 -12 



2144-46 
2266 -13 
1849-0 
2686 -72 

Hg . 

Hg+ . 


? 

1 

1 

2847 -85 
2224 -70 
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The principal series of hydrogen is given by the formula v = l/m>), 

the combined sharp end diffuse series by = 1/m®), and the funda¬ 

mental series by j/ = N (1/3®— 1 /m®). They are usually named after Lyman, 
Balmer, end Paschen respectively. 

The classification given for helium lines is somewhat different from that 
usually given. The lines 20857, 5016... and 10830, 3889,.., which are 
usually regarded as the principal series of parhelium and helium, are here 
regarfed as 28-mp series; for reasons see § 2. The Is-term is, os Franck 
remarks,* probably single, and is calculated from the ionisation-potential 
26*4 volts, as experimentally obtained. The head-lines are oalulated by 
taking 2p from the parhelium term8.f Probably 570-480 may be the lines 
detected photo-electrically by KichardBon and Bazonni.J 

The figures for the principal series of He**" arc calculated from the series 
formula i/ = 4 N (1/1®—1/m®); the lines, of course, have not been identified. 
The combined sharp and diffuse series lines v == 4N (1/1®—l/r^i®) have been 
obtained by Lyman. The 4686 is the head-line of the Bergmanxi or 
" fundamental ** combination v = 4N(l/3®— 1/m®). The next series combina¬ 
tion, is represented by the formula = 41f (1/4®—1/m®) and 

include the Pickering linos v == N [1/2®—l/(m-f‘^)®] os its odd members, 
while the even members reduce to the Balmer formula for hydrogen, 
N(l/2®—1/m®). Their wave-lengths are, however, slightly different, 

owing to slightly different value of N for He"*'. The intensity of these lines 
is also very small.§ The series = 4N(l/3®—1/m®) and 4N(l/4®—1/m®) 
were first obtained in the laboratory by Fowler.H 

For the neutral atom of the alkaline earth group and Zn, Cd, Hg the 
principal lines given are those corresponding to the series combination 1S-2P, 
1 S-2j?3.ir These are the most important linos, for experiments on ionisation- 
potential show that these are the first to come out when the gas is bombarded 
by electrons possessing the proper quantum-voltage. The ionised atoms show 
a system of doublets like the alkalies. 

The interest of the above Table lies in the fact that it. affords a possibility 
of spectroscopically testing the ionisation produced by a high temperature. 
For example, let us take a small quantity of calcium, sealed within a quartz 
tube which is fitted with plane ends, and then begin to heat the tube, and 
allow a beam of continuous light to pass through the tube. Then as soon as 

♦ ‘ Zeita f. Physik,' vol. 1, p. 154. 

+ Franck, loc. a’t, 

I ‘ Phil. Mag..’ vol. 34, p. 285 (1917). 

§ Evana, ‘ Phil Mag.,’ vol. 22, p. 284 (1913). 

II * Phil Trana,’vol 2U. 

IT Vufo Fowler, loc* cit. 
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caloium vapour is formed, the spectrum of the transmitted beam will, ou 
spectroscopic examination, be found to be crossed with the dark absorption Unea 
X = 4227, X = 6573, and other assooiateil lines of the IS-mP, series. 

The H, K lines will not be reversed ; but if we go on inoreasiag the tempera¬ 
ture, then provided that the tube does not collapse, we shall find absorption 
lines of the diffuse and sharp series lines. Ultimately we shall find the K 
lines OB reversal lines. Tiie appearance of these lines may be taken as an 
indication that a good proportion of Ca atoms has become ionised. 

On account of the high value of the ionisation-potential of Ca and the 
elements given above, it is very doubtful, however, whether experiments 
described above can succeed with quartz tubes or tubes of similar refractory 
substances known up to the present time. Experiments with the alkali 
elements Cs, Kb, K are more likely to succeed, for these have very low 
ionisation-potentials, but the knowledge of their enhanced lines is very meagre. 

In view of the total lack of laboratory data to test our hypothesis, we have 
to turn to tlie stellar data given in § 1. This is done in the next section. 

6. Phymal Procesm taking place in Stare; Temperature of Emwim of the 

Stellar Atmo$phere$, 

The physical meaning of the apjmranoo and disappearance of lines given 
in § 1, Table II, now becomes apparent. Let us start with the calcium “g” 
and Ca'^—K lines. 

The *‘g" line api)ear8 in maximum intensity from the very stage when the 
sUr begins its effective life. There is no trace of the K line at the lowest 
stages. This just begins to appear at the Mc-stage, showing that calcium has 
just begun to be ionised. As we go higher up, the ionisation increases (g is 
fading off, K becoming more intense). The " g " line completely disappears at 
the B8-8tage, showing that here all calcium has been ionised to Ca***. The 
K line reaches a maximum intensity at the G5-stflge, then steadily diminishes, 
showing that a second step ionisation has begun. It disappears completely at 
the Oc-stage showing that all Ca*^ has been further ionised to from 
above this stage. 

Now referring bock to Table III, we can assign the following temperatures 
to the points of completion of ionisation, 

- B8. Ca completely ionised . 13,000® (Ca 1*5 p.c.). 

Oc . Ca+ completely ionised to Ca^*** . 20,000® (Ca*^ 1 p.c.). 

and we liave also at the stages 

Me. Ca just b^ns to be ionised ...... 4,000® (Ca+ just traces). 

Co .. Maximum proportion of Ca-atoms 70,00®, 
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Both Ca and Oa'*' can be identified with the aid of their fundamental lines 
But such is not the case with any other element excepting Sr, Sr**", 
Ba* and Ba"**, for which we have no satisfactory data. It is well known that 
owing to atmospheric absorption, observations have to be confined to the 
spectral region X = 3600 to about X = 6000. It seems to be generally 
recognised, but nowhere clearly stated, that this fact alone tends to give 
decided preference to certain elements to the exclusion of others. 

For example, let us take hydrogen. In the stars, it can be identified by 
the 2p-^d lines, the Is^rnp lines falling within the region of atmospheric 
absorption. But according to § 2, the 2p-ind lines cannot be aosorbed by 
the ordinary H-atoms, but by such H-atoms of which the electron is in the 
2p orbit. Wfe can have such orbits only at high temperatures. Hence we find 
the Balmer lines gradually disappeaiing in the lower stages. We have at the 
stage 

Mb. 27?-orbits of H just appearing . T == 4500°. 

On the other side of the scale we find the Balmer lines of hydrogen 
disappearing at the Ob stage. This is an effect of complete ionisation. We 
have, therefore, at the stage 

Ob. Complete ionisation of H. 22,000° C. (Table VI). 

But if some day we can overcome the limitations imposed by the atmos¬ 
pheric absorbing layer, and examine stellar spectra up to 1000 A.U., it is very 
probable that we shall get the Lyman lines (l5«?7ijr>) even at the lowest stage 
at which a star begins its life,* just like Calcium “ g.*' 

The disappearance of Balmer lines from a certain class therefoie does not 
mean that hydrogen is absent from this class, but rather that the stimulus is 
not sufficiently great to bring out the lines lying within the range of 
observation. 

The position of helium is quite similar.! It cannot be identified by its 
Is^p lines, but by the 2p^md lines (vide Table VII). This can take place 
only when a sufficient proportion of He-atoms have been converted to the 
2p state. Owing to the higher value of ionisation-potential of helium, this 
takes place, as Table II shows, at a much higher stage than that of hydrogen, 
viz,, at the Ao stage. We have, therefore, at the stage 

Ao 2j)-orbits of He just appearing. T » 12,000° K. 

The helium lines are very persistent, as Table II shows. They occur faintly 
in the Ob and Oa classes, and even in the gaseous nebulaf up to the Prf stage. 

* ProTtded, of course, the continuous spectrum from the stellar nucleus extends up to 
X w* 1000 A.U., and is not wholly absorbed by the stellar atmosphere itself, 
t Harvard ‘ Anoals,' vpL »X, p. 5. 
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Here the transition stages have not been satisfactorily worked out. Now a 
glance at Table IV shows that if we take the pressure 1 atm., helium does 
not become completely ionised even at a temperature of 30000“. For a 
pressure of 10~* atm., the temperature of cotnplete ionisation is 25000" K. 

The ionisation of helium becomes marked from the B2-8tage, as is shown 
from the appearance of the 4686 line. According to Fowler, this is the 
3fl!-4/line of He+, and according to ourtheoiy, this requires for its absorption, 
not only a rather greater stimulus than that which suffices for mere ionisation, 
but also a greater concentration of the He^-atoms. We can, therefore, 
assign to the stage 

B2A ... Ionisation of He considerably advanced ... T = 17,000“ 

I have sought in vain for satisfactoiy data for Mg, which can be detected 
by the ‘ip-idj lines only iv-ide Table "VII). Mg^ is detected by the line 
4481, which, according to Fowler, has the series-combination 3rf-^. A 
glance at Table II shows that, at the Go-stage, the ionisation of Mg has been 
considerably advanced, reaching its completion at the Oa-stage. We have, 
therefore, at the stage 

Oa . Mg+ Completely ionised. T = 23,00p° K. 

Unfortunately, we have no data of the exact stellar classes from which the 
Sodium, Di, and Da lines, the Sr line 4607, the Ba line 5643, and the 
Mg triplet 3838, 3832, 3829, the Sr+ 4215, 4077, and Ba 4564, 4904, ... 
just disappear. If these were available, they would have served as good 
landmarks for determining the temperature of emission of the stellar 
atmospheres at their various stages of evolution. If these arguments are 
correct, wo are not justified in sjxiaking of a star as a Hydrogen,.Helium, or 
Carbon stor, thereby suggesting that these elements form the chief 
ingredients in the chemical composition of the star. The proper conclusion 
would be that under the stimulus prevailing in the star, the particular 
element or elements are excited to radiation of their characteristic lines, 
while other elements are either ionised, or the stimulus is too weak to excite 
the lines by which we can detect the elements. This strikes at the root of 
the prevailing conception of primordial elements. 

Table VIII shows the above results at a glance. 

A serious discrepancy is shown by hydrogen, which, as shown by the 
presence of the Balmer lines, is present even beyond the Oa-stage {vide 
Table II, He'*', 4860; we call^ it an He"'' line there in anticipation of the 
arguments which follow). But modern spectroscopic work has shown that 
the lines represented by the Balmer formula v * N(i/2*-l/w*) cannot 
only be. due to hydrogen, but may be due to He+ and to Di++. If the 





On a Physical Theory of Stellar Spectra. 


151 


Table VIII. 


Pbanomena. 


StelUr 

class. 

Tempera- 

tupe. 

Remarlts. 

Me 

4,000 K 

Beginuiug of tlie iouieation of Ca. 

B8A 

18,000 

Ca completely ionised. 

Oo 

Oc 

7,000 

20,(XX) 

Mg ooiisidembly ionised. 

Ca+ completely ionised. 

Mg+ completely ionised. 

He considerably ionised. 

Oa 

23,000 

B2A 

17,000 

Oa 

24,000 
(IO-> atm.) 

He completely ionised. 

Mb 

4,500 

Appearance of the 2p-orbit8 of 

Ao 

12,000 

Appearance of 2p-orbit8 of Ho. 

Ao 

12,000 

1 Maximum concentration of 2p' 


orbits of H. 

B2A 

17,000 1 

Maximum concentration of 2p-. 



orbits of He. 

B8A 

14,000 
{10“* atm.) 

Sr"** completely ionised. 

Ob 

22,000 

H completely ionised. 

Pc 

26,000®- 

30,000° 

He“*" completely ionised. 


Appeamaco of th« K line. 

Disappearance of the ** g ” line., 

Appearance of Mg'** 4t81 .. 

Dieappearance of the K line 

Mg'** 4481 disappears.. 

Ap^iearance of ^86 . 

Disappearance of 4471 . 


Appearance of Balmer lines 


! Appei 

I Maximum absorption of hydrogen 
I lines 

I Maximum absorption of helium 
j ' lines 

I Disappearanoe of 4296 . 


I Disappearanoe of Balmer-hydrogen 
lines 


Disappearanoe of 4680 


lines be due to He'*’, they should have the same intensity as the Pickering 
lines V = 4N[l/4*—l/(2»tt + l*)], for they form the even members of the 
if~mk series of He"*". Now, if we look back at Table II, we find that this is 
actually the case from the Oei- to the Oc-class, but in Od and Oe, while the 
Pickering lines are fading away, the Balmer lines are gaining in intensity. 

This fact, taken along with the result that at 20,000° K, 10“* atm. pressure 
hydrogen is completely ionised, leads us to the conclusion. The Balmer lines 
due to hydrogen disappear from the Ob-class; those occurring in the Oa*. 
Ob'OlasB, are due to He'*’. In the Oo-, Od-, and Oe-class, thwe are blends of 
H and He'*' lines, but below B2A they are entirely due to hydrogen. 

The question can be settled by accurately measuring the wave-lengths of 
the Balmer lines in the different spectral classes, for, owing to slightly 
different values of N in the case of hydrogen and helium, the wave-lengths 
are slightly different, as the following Table shows:—• 


Hydrogen lines, 

i; = N^[l/2>~l/m»], 

M ss 1 Hm, X s 6662'8, 
M*2H/9, Xa= 4861*8, 
M-S'Hy, X;= 4840'5, 
M«4H8. X« 4101-7, 


He-^ lines. 

V = 4Nh.[1/4»-1/(2»«)»]. 
M = l, X = 6660-1. 
M = 2, X = 4869-3. 
Mss 3, X = 4338-7. 
M = 4, X = 4100-0. 


* Fowler, “Bakerian Laotare," ‘Phil, Trans.,’ A; vol. SH; Pasvhen, ‘Ann. d. Pbysik,’ 


tot xout.—A. 


M 
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The lines v = N [1/2*—] /m“] also occur in the highest class of gaseous 
nebuliE, Pa, which is far higher up tlian the class from which He+ dis¬ 
appears. There is thus a certain anomaly attached to the Baliner lines. 

7. Concluding Remarks. 

The work thus corroborates KuBselTs view that the continuous variation ot 
stellar spectral types is mainly due to the varying values of the temi)erature 
of the stellar atmosphere, and the classification B, A, F, G, K, M, which has 
been adopted by the Harvard Astropliysiciats. as the result of long years of 
study and observation, are therefore seen to acquire a new physical 
significance. 

Some minor diflferenoes may be noted here. It appears that the tem¬ 
peratures assigned by Wilsing and Scheiner to stellar classes below Go are 
rather too low. Wilsing and Scheiner assign a temperature of 5000° K. to 
stars of the Go-class, of which the sun is a typical example. But Biscoe* 
has shown in a comprehensive work that the black-body temperature of the 
fiun is in the neighbourhood of 7500° K. Wilsing and SchoineFs value is 
therefore too low. The temperatures assigned to the K6, Ma, Md classes 
(3200^ 8100° 2960° K.) are too close to each other to explain the large 
difference in the spectra of these types* Moreover, if these were the true 
temperatures, the dwarf stars of these classes would possess liquid or solid 
crusts consisting of carbon, tungsten, tantalum, and probably of some 
compoundaf 

From the fact tlxat Ca*^ first comes out in considerable quantities in the 
Me class, we are probably right in assigning to this class a temperature of 
4000° K. But more work is required in the spectral classification of the 
red stars before we can come to any definite conclusion on this point 

Adams and KohlschiitterJ have recently shown that there exists con¬ 
siderable difference in the spectra of the giant and the dwarf stars of the 
same spectral class, when the intensity of certain groups of lines are 
compared. It will be seen from Sections 2 and 8 tliat the nature of the 
spectra is decided not only by the temperature, but also by the concentra¬ 
tion of atoms in the stellar atmosphere. Probably the mass of the star and 
the average density act differently on elements of different atomic weight, so 

Biscoe,' Astrophysical Journal,* vol. 46 (1917), 

t The melting points of tungsten and tantalum are SSOO* K. and 8200* K. Carbon is a 
volatile substance, has its boiling point lower than the melting point. But Xmmmer 
claims to have succeeded in melting carbon by running tbs arc in an enclosed space 
under its own vapour pressure. He estimates the melting point to be 4800** K. under a 
|u*easure of 1 atm. of its own vapour. 

X Adams, * Communications from lldount Wilson Solar Observatory,' No. 88, IttO, 



158 


On the Catalytic Dehydrogenation of Ahohoh. 

far aa the oonoentratioa in the effective layer from which the absorption 
lines originate is concerned. The problem, however, awaits further investiga¬ 
tion. 

In spite of the uncertainty in choosing the proper concentration for a 
given element, it will be admitted from what has gone before that the 
temperature plays the leading rdle in determining the nature of the stellar 
spectrum. Too much importance must not be attached to the figures given* 
for the theory is only a first attempt for quantitatively estimating the 
physical processes taking place at high temperature. We have praotioally no 
laboratory data to guide us, but the stellar specti'a may be rc^farded as 
unfolding to us, in an unbroken sequence, the physical processes succeeding 
each other as the temperature is continually varied from 3000° K. to 
40,000'’ K. 

In conclusion, it is my great pleasure to record my best thanks to 
Prof. A. Fowler for the interest he has taken in the work, and the many 
valuable items of information, advice, and criticism with which he has helped 
me. I also wish to express my thanks to Mr. S. K. Ghosh, M.Sc., of the 
Calcutta University, for much useful help in the preparation of this paper. 


On the Catalytic Dehydrogenation of Alcohols. 

By Ebio Kbightlky RiDBAt. 

(Communicated by Sir Wm. Pope, F.R.S. Received February 16,1921.) 

In spite of the numerous industrial processes developed for the hydro¬ 
genation of various organic substances with the aid of catalytic materials, but 
little work has been accomplished on the determination of the mass action 
equilibrium constants of organic substances which undergo thermal dissociation. 
Thus in the dissociation of ethyl alcohol into acetaldehyde and hydrogen, or of 
isopropyl alcohol into acetone and hydrogen, two reactions widely employed, 
the dependanoe of the degree of the dissociation on the temperature is 
unknown. Sabatier (' La Catalyse en Ohimie Organique ’) states (p. 82) that 
acetaldehyde is easily hydrogenated at 140° 0. wd acetone at a temperature 
of 115° to 125° 0. utilising nickel as a catalytic agent. 

At higher temperatures, however, 200° to 350°C., acetone is not hydrogenated 
to isopropyl alcohol, but methyl isobutylketone and diisobntylketone are 

H 2 
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produced. Again (p. 161) ethyl alcohol undergoes rapid dehydrogenation at 
a copper surface within the temperature range 200° to 350° 0.at 420° 0. the 
acetaldehyde produced undoi^oes decomposition. Isopropyl alcohol in contact 
with the same catalytic agent slowly commences to undergo dehydrogenation 
at 160® C., dehydrogenation being rapid at 260° to 430° C. 

It is evident that these reactions are reversible and that the mass action 
equilibrium constants should be capable of experimental determination if the 
main reactions proceed smoothly without side reactions occurring to any 
appreciable extent. According to Sabatier the temperature range suitable for 
experimental investigation for both these alcohols lies within the range 
100° to 360° C. 

That nearly complete hydrogenation or dehydrogenation can be effected 
within such a small temperature range, is confirmed by application of the 
Nernst heat theorem, utilising the approximation formula. A closer esti¬ 
mation of the dissociation constants of the alcohols by this method is at 
present impossible, owing to our lack of knowledge of the heats of reaction 
and the specific heat data. 

The approximation formula however indicates clearly that large changes 
in the values of the dissociation constants are to be expected within a very 
narrow range of temperature vaiiation and at comparatively low temperatures. 

The following values are found in the literatiire (Landolt Bornstein 
Tabellen) for the heats of combustion of the various constituents at constant 
pressure. Owing to lack of information as to the variation of the specific 
heats with the temperature the values of AUis o will be taken as equal to 
AUok. 

Kgm. cal. 

Hj. 681 

CHaOHO . 275-5-281-1 

CHaCOOHa . 427-2-437-3 

CjHjOH . 326I-340-5 

Isopropyl alcohol. 478*7-493-3 

The values of the heat of reaction may accordingly vary within wide 
ranges, thus the value of AUq for the reaction 

CHaCHO + Ha CaH jOH+AUo 

may vary from + 13,900 calories to —6,900 calories according as the upper or 
lower values for the heat of combustion are taken; the two pomtive values 
are 18,900 and 7,500 giving a mean value of 10,700 calories, which will be the 
one adopted. In the case of the dissociation of isopropyl alcohol there is a 
similar variation from 16,700 calories to -7.900 calories. The two positive 
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values being 16,700 and 6,700 with a mean of 11,800 calories. On applica¬ 
tion of the approximation formula of the Nernst heat theorem to the reaction: 

CHaCHO + Ha = CaHftOH f 10,700, 


» PpHtOHO 
Pc,H,OE 


logxoK,= ^j|^+l*76S,^log^T^ + 


Taking the chemical constants of the alcohol and aldehyde as equal to one 
another, the chemical constant of hydrogen as 2*2, and the variation of the 
specific heats of the reacting organic substances as compensating one another 
we obtain 

logioKp = -12^ +1-75 logioT-3-76.10-«T+2-2, 


where is the variation of the specific heat of hydrogen with the tempera¬ 
ture. 

Evaluating this expression we obtain 


T.° K. 

log,0 Kp. 

200 

-5-55 

300 

t-1'38 

400 

-f-0-63 

500 

-t-2-05 


Similarly with the reaction 

CHaCOCHs-f-Hj jiCH3CHOHOH8+11,800. 

Making the same assumptions with respect to the temperature variation of 
the specific heats and the chemical constants of the ketone and the aloohol 
we obtain: 


T.“ K. 

logio Kp. 

200 

-6-75 

300 

-217 

400 

-bOOS 

600 

+ 1-78 


It is evident, from Sabatier’s data, that thb values of E, as determined 
by the llTernBt approximation formula, are somewhat too high, although the 
extremely rapid variation of the constant with the temperature is clearly 
evident. The variations of the spedfio beats of the alcohols aldehyde and 
ketone with' the temperature are probably extremely great, since such 
subitanoes, capable of possessing many degrees of freedom, have, as a rule. 
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a high temperature coefficient for the specific heat, as can be instanced in 
the case of ether, which has the following values :— 


c.. 

Tempertkture '0. 


32 

0 

e 

32'6 

100 


41-6 

200 



Preliminary experiments indicated that the dynamic or flow method of 
determining the equilibrium was unsuitable, owing to the fact that at low 
temperatures, even with a very considerable length of catalytic material in a 
column, unchanged alcohol in large excess was invariably present in the 
effluent gases. The static method is less objectionable, although side 
reactions occur, all the more important when the reactants are exposed to 
the catalytic material for prolonged periods of time. The catalytic activity 
of various substances for these reactions varies extensively. Thus, with 
platinum black, and to a less extent with reduced nickel, both the aldehyde 
and the alcohol undergo partial decomposition relatively quickly :— 

CH3GHO;=:CH»h-CO, 

G,H50H^C8H4-hH,0. 

The carbon monoxide and ethylen^ thus produced may undergo still further 
reactions by hydrogenation, the former to methane and the latter to ethane. 

The behaviour of acetone at high temperatures Ijas already been noted; 
even at low temperatures, acetaldehyde is unstable, undergoing both 
polymerisation and aldol condensation, with loss of water. 

Metallic copper was found to be the most suitable catalytic agent to 
employ, since its catalytic activity for the reaction of hydrogenation and 
. dehydrogenation is quite marked, whilst disturbing secondary reactions take 
place relatively slowly on its surface. 

It was also found necessary to work with relatively low partial pressures, 
a closer approximation to the conditions of reversibility being obtained, 
doubtless associated with the stability of the aldehyde under these conditions. 

Although the dissociatiou of the alcohol to aldehyde and hydrogen takes 
place relatively rapidly at the commencement, yet the reverse reaction 
proceeds but slowly, and a long period of contact is necessary even to 
approximate to eciuilibrium conditions. According ,to the general concept 
of catalytic mechanism, an alcohol molecule striking the sutfaoe of the 
catalyst may either undergo decomposition or it may evaporate from the 
surface unchanged. For the combination of aldehyde and hydrogen, a 
moecule of each species has to strike adjacent molecules of the catalytic 
surface: a much less frequent phenomenon. The following oaloulation 
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indicAtes that, unless the number of alcohol molecules striking the surface 
and evaporating again unchanged is extraordinarily large, the reverse 
reaction will proceed much more slowly. 

If pure alcohol vapour be brought into contact with the catalytic surface, 
the number of gramme-molecules of alcohol striking each squaie centi¬ 
metre of surface per second will be 

43'75 . 
v/(MT) 

where M is the molecular weight of the alcohol, T the temperature in 
degrees K, and p the pressure in bars. 

If, on the other hand, an aldehyde hydrogen mixture be broirght into 
contact with the catalyst, and we assume that an aldehyde molecule 
occupies a position, X, on the molecular lattice of the catalyst, the chance 


Flo. 1. 



of combination is dependent on the probability that a molecule of hydrogen 
will occupy one of the surrounding eight squares. If p' he the partial 
pressure of the hydrogen of molecular weight Mo, <r the life of a hydrogen 
molecule on the surface, and d the molecular diameter; then the fraction of 
the unit area covered with hydrogen will he 


43-75 . 10 -» 


p' . ffTrd*, 


x/(MoT) 

the probability that a molecule of aldehyde will be in contact with one of 
the hydrogen will be 


8 


43-76 . 10 -» 


. wd*. 


V (MoT) 

This is equal to the total number of contacts divided by the total number 
of molecules of aldehyde on the surface. 

If « be. the total number of contacts, p' the partial pressure of the aldehyde, 
in this case equal to that of the hydrogen, <r‘ the life of an aldehyde molecule 
on the surface. Mi its molecular weight, then 

/ 43 - 76 . 10 -<\ 


therefore 


48 - 76 . 10 -« 

. _ ^/ 48 - 76 . 10 -«\» 


8 


^/(M,T) 




mPtr, 




7-. jp'® . irtP . cc'. 
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Whilst for the unimolecular alcohol decomposition the rate of teacticm was 
found to be 


43-75 .10-« 
v/(MT) 


.pX, 


where X is the fraction of the molecules striking which undergo decomposi¬ 
tion. 

The ratio of the two velocities is accordingly given by 


V. hydrogenation _ \ ^ (T) / y/ (MpMi) ' ^ 

V. dehydrogenation ~ 43-75 . 10~* ^ 

v/(MT) 


_ 8-5 . 10-*. y (M) 

y(MoMiT) .y>. X 

According to lAngmuir* the average life of a molecule on the surface of a 
solid is given by the expression 


«r = 22860av'(MT), 

where a is determined approximately from the empiric Freundlich isotherm 

} = apV» 

If a value of 610"* cm. is adopted for d, the molecular diameter, T as 
500° K., p' as 0-5 megabar, and p = 10 megabar, the ratio of the two velocities 
will be 


V. hydrogenation ^ 358-6 ■ 10-°aiaa^/ (MTl _ 5*45 . lO'^ata, 

V. dehydrogenation X X 

The values of oj and a% for hydrogen and acetaldehyde respectively at this 
temperature are probably very small and that for hydrc^en considerably less 
than that for the aldehyde. If arbitrary values of ai = 0‘01 and a* ss 0*1 are 
adopted, the velocity of decomposition wUl be no less than 20,000 times the 
velocity of hydrogenation if the value of X = 1. Elevation of both tempera¬ 
ture and pressure reduces the disparity between the two reaction rates. 

The general mode of procedure accordingly was to determine the dissocia¬ 
tion of the alcohol in contact with metallic copper under reduced pressures, 
the constant volume method being adopted. When dissociation was nearly 
complete, the temperature was allowed to fall and the degree of combination 
ascertained. Under conditions of true reversibility the two ct^es plotted 
from the results should naturally coincide. It was found in general that 
slight decomposition could not be avoided, and that, although the decomposi¬ 
tion curves could be repeated, the values obtained for the process of hydro- 

* M. Amer. CSieta. Soc.,’ vol 40, p. 1380 (1818). 
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genation were by no means so regular. If sufficient time were given for the 
system to arrive at equilibrium, secondary decomposition occurred relatively 
rapidly at high temperatures, and after two or three hours* contact at low 
temperatures. 

JExperimentaL 

Short pieces of copper wire were repeatedly oxidised and reduced, first in 
hydrogen and subsequently in ethyl alcohol vapour at continually decreasing 
temperatures until the surface of the metal underwent spontaneous oxidation 
on exposure to air at room temperature, the final reduction being performed 
when the catalyst was in place in the apparatus. The apparatus consisted of 
a simple constant-volume gas thermometer, the bulb being a piece of glass 
tube, 15 cm. long and 1*6 cm. diameter, containing 6 grm. of the reduced 
catalytic copper. The bulb was connected by means of a piece of thick-walled 
tube to a mercury manometer, provision being made by means of a T-pieco 
and two-way tap, for the evacuation of the bulb and for the admission of the 
alcohol. 

The reaction vessel was heated in an electric furnace, sufficiently long as to 
ensure the uniformity of temperature over the whole length of the tube. 


+vr 



To prevent condensation occurring in the system on the top of the mercury 
in the manometer, the exposed portion of the thin tube was wound with 
niehrome, wire and covered with asbestos, the temperature being maintained, 
by means of an electric current, at 100® C. during the period of each 
experiment. 

For each experiment the system was evacuated by means of a Sprengel 
mercury pump, a small quantity of alcohol admitted, and the catalyst freshly 
reduced at a temperature of 260® C. The tube was then re-evacuated and 
the temperature maintained at 275® C. to ensure removal of absorbed and 
dissolved gases. 
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After cooling a small quantity of the alcohol was admitted and the 
temperature pressure curve determined at constant volume, time being given 
for the system to come to equilibrium. Four to five hours were found 
necessary at the lower temperatures and half an hour at the higher. 

The temperature pressure curve was likewise determined during the process 
of cooling. Long periods of time were generally necessary for the pressure to 
attain a contant value and it was generally observed that slight secondary 
decomposition was unavoidable. 

Both the ethyl aud isopropyl alcohols were pure and free from water.* 

As typical of the variations of pressure with the temperature the following 
table may be cited. 



Ethyl alcohol. 

! 

Isobutyl alcohol. 

Temperature ®C. 

1 

PrciBuro iu mm. Hg. ; 

Pressure in mm. Hg. 

i 

Heating. 

1 ' i 

Cooling. 

i 

! 1 

Heating. 

1 Cooling, 

ao 

36 1 

_ 

18 


60 

64 i 

— 

42 

— 

75 

74 1 

! 76 

1 60 

74 

100 

81*6 ! 

! 88 

1 100 

106 

125 

98 

! 94 

1 119 

120 

160 

102 1 

i 106 -8 

1 146 1 

168 

176 

114 

126 

1 180 

204 

200 

128 

148 

! 218 

240 

225 

149 

177 

; 260 

262 

260 

185 ! 

220 

; 272 

277 

276 

242 

261 

: 280 

289 

300 

835 

886 

i 

- — 



It.will bo noted that a secondary irreversible decomposition had taken place 
to a limited extent with each alcohol, since the pressures on the cooling curve 
are uni tor inly higher than those on the heating curve. From these data the 
percentage decomposition at the respective partial pressures was determined, 
it being assumed that complete vaporisation of the alcohol was effected at 
100® C., and at this temperature and pressure the simple gas laws were valid,, 
If ic be the degree of dissociation at any definite temperature and at a 
pressure of p mm, of mercury the dissociation constant for one atmosphere ii§ 
obtained from the expression 








760' 


In tlio following table are given the values of K, determined from the 
mean of three experiments on each alcohol, the heating curve alone heing- 

* I am indebted to Mr*. W. G. Palmer for having Wndly provided me with oartfuUj' 

purified specimens of these materials, ^ > 
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ntiiifled for the purpose of calculation. Appended also are given the 
percentage decompositions of each alcohol under a total pressure of 
one atmosphere 


Temperature °C. 

1 

Ktlijl alGolu>L 

Isopropyl alcohol. 

K^. 

per oent. 
decomposition 
at 1 atmoBpUore. 


Per cent, 
decomposition , 
at 1 atmosphere. | 

105 

6 '44.10-< 

2*6 

2 -82.10-» 

6*3 1 

150 

1 -60.10-' 

8 0 

2 -04.10-* 

18*6 ' 

175 1 

4-77 . 10-* 

6 7 

0-177 

29-0 i 

200 1 

1 -21.10-* 

10*6 

i 0-628 

61-1 1 

225 

4-62. 10-* 

19 *6 

1 1 -86 

66-9 

260 

2 -82 . 10-> 

38'0 

1 4-82 

1 85-0 i 

276 

0-91 

60*2 

1 12-0 

92-8 i 


If the values of ATJo be calculated for each 26° C. rise by means»of the 
Van t'Hoff equation, the heat of reaction for the dissociation of ethyl alcohol 
is found to rise from 12,100 calories at 125° C. to 30,600 calories per gramme- 
molecule at 276° C., whilst for the same temperature range the values for the 
dissociation of isopropyl alcohol are 26,200 and 20,000 calories per gramme- 
molecule respectively: this latter substance yielding a mean value of 21,300 
calories per gramme-molecule. 

In the cose of ethyl alcohol the high values obtained are probably due to 
secondary decomposition of the aldehyde, which is much less stable than 
acetone. 

The value of AUo obtained from the value of AUs 7 ?i 12,100 and from the 
specific heats of the reactants and products. 

= Ca-Ca = 15-80-t-6-82-20-84 = 1-78, 
rtl 

is 11,500 calories per gramme moleowle for ethyl alcohol. 

For isopropyl alcohol, taking the specific heat of isopropyl as 27-80 We 
obtain 

= 23-95 + 6-82 - 27*80 = 2-97, 
oT 

and AUara * 21,300 or AUo = 20,100. 

The mean value of AUo deterrained from the heat of combustion of ethyl 
alcohol was 10,700 calories and from the diseooiation curve 11,500 calories. 
If this figure were corrected for the effect of the alteration of the specific 
heats with the temperature, on which data are not available, still closer 
agieement might be obtained. 
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In the case of isopropyl alcohol there is a very large discrepancy between 
the mean value of 21,300 calories obtained from the dissociation curve and 
the mean value of 11,800 calories obtained from data on the combustion of 
isopropyl alcohol and acetone. The maximum value of 16,700 calories per 
gramme-molecule is even exceeded. 

The heats of combustion of these substances are, however, so large that an 
error of less than 1 per cent, in the determination would more than com¬ 
pensate for the observed difference. A variation of nearly 3 per cent, in these 
determinations is actually recorded. 

Suvtnuiry, 

In confirmation of Sabatier's experiments the application of the Nemst 
approximation formula indicates that the variation of the dissociation 
constants of the equilibria 

OHaCtto -h Ha CaHftOH, CHsCO CHs + H, CHaCHOHCHs, 
with the temperature are extremely large. The velocity of decomposition at 
the surface of a solid catalyst is shown to be very much higher than the 
reverse reaction of hydrogenation. The variation of the values of the 
dissociation constants with the temperature was experimentally determined 
with a constant volume thermometer containing carefully reduced copper as 
catalytic material. Concordant values could not be obtained at atmospheric 
pressures, but a closer approximation to reversibility was obtained when low 
pressures were employed. The value of AUo for the decomposition of ethyl 
alcohol was found to be 11,500 calories, whilst the mean value determined 
from the heats of combustion is 10,700. In the case of isopropyl alcohol the 
respective values for AUo are 21,300 and 11,800. In the latter case an error 
of less than 1 per cent, in the determination of the heat of combustion of the 
alcohol would account for the discrepancy. 
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On the Design of Diaphragms Capable of Continuous Tuning.^ 

By Louis Vessot King, M.A. (Cantab.), D.Sc., Macdonald Professor of 
Physics, McGill University, Montreal. 

(Communicated by Prof. A. S. Eve, F.RS, Received November 11, 1920.) 

Section 1.— Introduction, 

In calculating the acoustic characteristics of an electrically operated 
submarine sound-generator fitted with a spring-controlled diaphragm, It was 
found that the apparatus would not radiate efficiently at a given power input 
and frequency, unless the effective diameter was, within fairly narrow limits, 
of the con-ect size, and unless the fundamental pitch was very close to the 
frequency of the alternating current supplied. Tlie calculations also showed 
that a non-periodic diaphragm one in which there is no elastic restoring 
force) could not be set into vibration at frequencies in the neighbourhood of 
500 cycles without incurring very high copper losses. A similar conclusion 
was reached with regard to the aperiodic diaphragm. It was concluded that 
the best efficiency could be secured by operating tbe sound-generator with 
alternating current of the same frequency as that of the diaphragm. 

Similarly, in most forms of sound-receiving apparatus, the response to 
submarine sound-waves is most marked when the size of the diaphragm is 
correctly chosen and when its fundamental pitch is in resonance with the 
frequency of the incident waves. In the field of submarine acoustic signalling 
it is evident that a great advantage is to be derived by utilising a means of 
continuously tuning the diaphragms of the sound-receivers or generators over 
a certain range of frequencies, thus realising selective transmission and 
reception. At the same time advantage is taken of the great increase in 
sensitivity characteristic of highly selective receivers, in which the damping 
may be reduced to a minimum in view of the possibility of being able ta 
** tune in ** to incoming waves as is now, done in radiotelegraphy. 

Section 2,^On the Design of Preemre-tuned Diaphragms, 

In order to meet the need for a means of continuously altering the pitch 
of diaphragms forming port of submarine sound-generators or receivers, the 

* These researches were carried out in June and July, 1917, in connection with 
researches on subnmrine acoustics carried out for tbe Board of Invention and Research, 
with whose permission the following account is now published. Further details of 
applications to submarine sound-generating and receiving apparatus will be found 
in the British Tatent Specification 181,041 (1918), “ Improvements in and Relating to 
the Tuning of Diaphragms for Generating or Receiving Sound Waves.” 



164 Prof. L. V. King. On the Design of 

toethod of construction shown in fig. 1 was adopted. The diaphragm is an 
accurately turned solid of revolution, preferably fashioned from a single piece 

R 

\ 


Fig, 1.—Tunable Diaphragm. 

M, bronze body ; C, rigid centre ; A, annulus ; rigid rim of diaphragm ; 

M, accurately ground mounting. 

of metal or other elastic substance having a low elastic hysteresis and as high 
an elastic limit as possible. It consists of a solid central portion, C, and of a 
heavy rim, E, connected by a relatively thin annulus, A, The relative 
dimensions of C and A may be calculated to give any frequency required in 
practice, as well as to provide for the maximum range of tuning possible for 
a material of given elastic properties. The rim of the diaphragm fits very 
accurately on a slightly tapered mounting of the body, B. The form of the 
latter may be varied to suit the conditions under which the diaphragm is to 
be employed. By the application of gaseous pressure (or suction) over the 
interior of the diaphiagm (supposed to be in gas-tight connection with 
the body), it is caused to bulge slightly (outwards or inwards). As the 
solid centre is practically undeformed by its displacement relative to the 
rim, the distance between the outer edge of the former and the inner edge of 
the latter is increased (or diminished) by an amount depending on the 
magnitude of the pressure or suction applied. The tension of the tliin 
annulus is thus increased or diminished and as a result the frequency qf the 
vibrations of the central part of the diaphragm is raised or lowered. By this 
means the fundamental pitch of the diaphragm may be raised or lowered 
continuously between certain limits by an alteration of gaseous pressure. 

The range of tuning which can be effected in this way will depend not only 
on the design of the dmphragrn, but on the material employed in its con¬ 
struction and on the method of mounting. It is evident that a limit is set 
to the tension allowable in the annulus as soon as the stress-intensity reaches 
the elastic limit for the material. It is shown by an approximate mathe¬ 
matical investigation that this occurs initially over the inner boundary of 
the annulus. By suitably varying the thickness of the annulus so as to give 
a diaphragm of uniform strength” the radial stress-intensity may be 
^equalised throughout the material, and for a given pitch and elastic limit, the 
range of tuning may be considerably increased. It was also found that the 
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range of tuning possible within the elastic limits of the diaphragm material 
varied very slowly with the ratio of radii of the annulus. This conclusion 
was also verified by experiment and a ratio 2:1 finally adopted as most 
convenient in practice. 

Below are given predetermined oharacteristios of a 3-inch microphone 
diaphragm: 

Chahaotbristics or 3 -inoh Miorofhonb Diaphragm. 

Inner radiue of annulus 1*75 cm., outer radius 3*50 cm.; diaphragm shaped to uniform 
strength and fundamental pitch of 450 ; thickness of annulus at inner radius 0*038 cm., 
at outer radius 0*024 cm. 

MUd ^W.-*-Young’s modulus 30 x 10^ lbs./sq. in.; elastic limit 50,000 lbs./sq. in. ; 
theoretical frequency-range 460-“12l0. 

Niohd-Chrcme StwL —Young’s modulus 30x 10® Iba/sq. in.'; elastic limit 150,000 lbs./ 
8(p in,; theoretical frequency-rapge 450-1080. 

The above values for frequency-range are based on the supposition that the 
rim and solid centre are absolutely rigid and unyielding. In practice, it is to 
be expected that the actual limits attained will fall somewhat short of those 
calculated theoretically, owing to a sensible yielding at the circumference of 
the diaphragm The importance of securing as closely fitting and as rigid 
mountings as possible is thus evident; otherwise a large bulge will be 
i*equired to increase the tension in the annulus to the required degree, 
resulting in bverstresa through the effect of large bending stresses not 
contemplated by theory. 

Section 3.— Eoi^periTtimtid Teds qf Method of Tuning Diaphrugms. 

In order to test the method of tuning diaphmgms by pressure or suction, it 
was decided to embody the invention as part of a simple microphone 
receiver adapted to the needs of ordinary navigation for receiving signals 
from submarine sound-generators. Many of these are now established in 
American and Canadian waters as submarine fog-alarms, and it is probable 
that tJhieir use for this purpose will largely increase in the future. The pitch 
of these sound-generators is about 500. As it is hardly to be expected that 
the pitch of suoh generators can be maintained uniformly constant, it is 
evident that the receiving microphones, to be most eflScient (as well as the 
teleph<me receivers used with them) should be capable of continuous tuning 
over a limited range in the neighbourhood of this frequency. 

During a series of tests carried out in July and August, 1917, several 
types Off diaphragms and methods of mounting were tried, with more or less 
Buooessful result, in the matter of tuning. To obtain the best results it is 
tomxd essential to avoid the use of rubber or oement packing, and even of 
Bcddexed oontaots, Pinally, the type of diaphragm shown in fig. 1, embodied 
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as part of the microphone receiver as shown in flg. 2, was found to give 
satisfactory results. The heavy rim of the diaphragm was carefully ground 



Fig. 2. —Submarine Microphone Receiver fitted with Tunable Diaphragm. 

G, carbon granule microphone button ; E, platinized contact to bayonet socket S„ 
mounted in insulating bushings Ii, ; F, watertight coupling connecting copper 
tube, P, to microphone body, B, An insulated conductor is passed through the tube 
and connected through 8„ Sj, E to the microphone button, G. The copper tube 
Itself is the return circuit. 

to fit the bronze mounting. It is easily seen that pressure or suction tends 
to bulge the central solid portion of the diaphragm inwards or outwards, 
thus increasing the tension in the thin annulus. As a result, the stresses 
produced in the rim of the diaphragm cause the former to grip the mounting 
more tightly os the pressure or suction is increased. If the taper of the 
mounting is kept sufficiently small (about 10^^), the friction brought into play 
is sufficient to prevent the diaphragm being forced off by pressure. 

The frequency tests were carried out in a cylindrical tank (67 cm. in 
diameter) containing water to the depth of 1 metre. To generate sound 
waves in the water, an ordinary bi-pole receiver was made tight by cementing 
the diaphragm in position. This was connected to a source of alternating 
current known as the Vreeland Oscillator.” The alteniatiug current supplied 
by this apparatus to a circuit free from iron-cored inductances is known to 
be free from harmonics, and was found especially suited to the work in hand. 
The frequency was varied over the range 360-1600 by inserting suitable 
inductances and capacities in the main circuit of the oscillator, and was 
measured by a specially accurate sonometer method.^ By means of a 
telephone magnet of high resistance connected across the terminals of the 
apparatus, a steel wire under known tension could be adjusted in length to 
vibrate in resonance with the frequency of the periodic variations of magnetic 
flux. The wire was specially mounted to avoid frictional loBses at its 
extremities when vibrating^ so that the resonance was extremely sharply 
defined and determinate. By means of this precision ** frequency meter/' no 

♦ Ttus precision frequency meter ie described in greater detail in a paper by the writer 
“On. the Determination of the Electrical and Acoustic Characterurtics of Telephone 
Receivers,” ‘Journal of the Franklin Institute/ pp. 616-617 (May, 1910). 
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difficulty was met with in determining frequencies over the range 350-1600 
to an accuracy of one part in a thousand. 

The microphone was immersed to a depth of 38 cm., and was connected to 
a set of dry batteries and to a high-resistance telephone head-piece in the 
usual way. By means of an air-pump connected to a steel reservoir and 
mercury manometer, known pressures oould be applied to the microphone 
diaphragms through the copper tube forming one branch of the electrical 
circuit. The return circuit, consisting of a rubier insulated wire threaded 
loosely through the copper tube, was completely protected in this way from 
inductive effects and “ strays,” which are always troublesome when listening 
for very faint sounds. 

To obtain the -variation of resonance frequency with pressure, the 
inductances connected to the Vreelaud Oscillator were adjusted to produce 
a note of the de.9ired frequency in the tank. The air-pressure or suction on 
the diaphragm was then slowly altered until the note heard in the telephone 
head-piece was a* maximum. The pressure giving resonance could be 
adjusted so that a variation of 2 mm. of rnercurj- gave rise to a noticeable 
change of audibility. The curve connecting the pressure (corrected for 



CurreS.— 
Water. 


Fw, Tuning Curve. 

Three^noh Tunable Diaphragm. Variation of resonance frequency with applied 
preeeure. Curve 1, diaphragm vibrating in air; Curve £, diaphragm vibrating in 
watefv 
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depth of immeraioT)) with resonaitice-frequency will be referred to ae the 
** tuning-curve ” pf the diaphragm employed. 

A similar eurve was obtained for the diaphragm vibrating in air. In 
this insti^e the vibrations were excited by a telephone-magnet placed at a 
few miPflnietres distance from the steel diaphragm. The two sets of curves 
thus obtained are shown in fig. 3. It will be noticed from Curve 1 that it 
possible to tune from 320 to 480 by variations of pressure within the 
range -plO cm. to —30 cm., which is easily furnished by the lungs alone. 

It was found tliat the diaphragm showed signs of over-stress for pressures 
in the neighbourhood of ±35 cm. mercury. As the pressures approach these 
limits the tuning became less sharp, so that working pressures were subse¬ 
quently kept well within this range. From previous tests it was ascertained 
that overstressing a diaphragm did not in any way impair its practical useful¬ 
ness. The tuning curve was simply shifted parallel to itself, indicating that 
the effective elasticity of tlie diaphragm (at zero pressure) had been changed. 
The sensitiveness of the diaphragm did not appear to have suffered; in fact, 
diaphragms are most easily adjusted to a required tuning curve by over¬ 
stressing. 

Section 4,— Note on the Expeiirnental Dderminatiom of the Effective CondanU 

of Diaphragms. 

The shape of the diaphragm is designed to reduce to a minimum the part 
played by the excitation of overtones. Consider the diaphragm as an elastic 
system having a single degree of freedom. Denote by x the displacement of 
the solid central portion of the diaphragm from the zero position resulting 
from the application of pressure. In a position of equilibrium (under 
pressure) the elastic restoring force required to bal^mce the applied pressure 
may be represented by an expression of the form 

F —(1) 

Here /io is a constant depending on the elastic moduli and on the dimensions 
of the annulus, and is independent of the applied pressxxre. The term is 
a third order term, iu which X depends on the applied pressure. For a small 
displacement, about the new position of equilibrium, the effective restoring 
force is 

SF = (yao-f 3Xc^)&r, or SF sn 

where p = /io + 3Xir® and is identified with We may thus write for the 
equation of motion representing the free vibrations 

» 0 . ( 2 ) 

The elastic restoring force, ya, and its variation vriith pressure may be 
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approximately determined by observing a number of stress-strain curves 
relative to various equilibrium positions. It may also be predetermined 
roughly from the elastic theory of such diaphragms. The constant, /c, depends 
(i) on the energy absorbed at the microphone contact; (ii) on that dissipated 
at the diaphragm mounting, and by elastic hysteresis losses in the znaterial of 
the diaphragm; and (iii) on the rate of acoustic energy radiation. The 
magnitude of k cannot he predicted with certainty, hut to obtain high 
sensitivity and sharp tuning it is evident that all the above factors, except 
that depending on acoustic radiation, should be reduced to a miniiiium. To 
obtain its value experimentally it would be necessary to examine the rate of 
damping of the free vibrations under various conditions. 

The effective mass, ni, includes not only the inertia of the vibrating 
diaphragm itself, but also the acoustic mass ” arising from the inertia of the 
water set into oscillatory motion by the vibrations of the diaphragm.* Con¬ 
siderable information relating to these constants may be obtained from a 
comparison of the tuning curves obtained in water and air, the acoustic mass 
in the latter medium being negligible. As long as the damping in water is 
not too great, the frequency,/it*, is given very approximately by the formula 

2 vfw = v/ (/i/ W'w), (3) 

If we compare /«, with the frequency, /«, in air when the microphone 

diaphragm is subjected to the same pressure, so tliat /i is unaltered, we have 

^tr/a \/Ww«). (4) 

From (3) and (4) it follows that 

Mtc/ma = (5) 

If mul denote the acovMic mms in water, and the effective diaphragm 
mass, we have (since the acoustic mass of air is negligible) 

ma = (6) 

From (5) and (6), it follows that the ratio of the acoustic to the diaphragm 
mass may be obtained in terms of the resonauco frequency ratios corre¬ 
sponding to equal pressures on the diaphragm. If, in addition, /i is known 
experimentally, and also the resonance frequency in fdr, (4) and (6) show 
that mof and therefore mj, may be calculated. For a piston diaphragm of 

* Added Feb, 26, 1921.»-On the theoretical calculation of the acoustic maw a 
circular diaphragm of mt/orm thickness filling an aperture in a plane wall which is in 
contact on one side with an otherwise unlimited mass of fluid, see a recent pap^ by 
Lamb, H-, ^‘ On the Vibrations of an Elastic Plato in Contact with Water," *Boy. Soc, 
Proc.,* A, voL 68, pp. 205-216 (1920). Calculation shows that the theory is unfortunately 
not ai^lioable to the tunable diaphragms with rij^d centres diaeuseed in the present 
paper* 
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radius £t, vibrating in an infinitely extended medium, the acoustic mass is 


calculated to be 


Vlw — piP} 


( 7 ) 


where is the density of the medium. From this equation it is possible to 
determine the ** effective radius ” of the diaphragm. As the contribution of 
the acoustic radiation to the damping constant of a piston diaphragm is 
known to be 

tcj = {puftrahipjc, ( 8 ) 


where n = 27 r/«„ and c is the velocity of sound in water, we are enabled in 
this way to separate out the damping due to acoustic radiation from tliat due 
to internal causes. 

That the acoustic mass of a small 3-inch diaphragm is comparable to its 
actual mass, even when vibrating in a confined mass of water, is seen from 
tlie following Table, derived from the tuning curves of fig. 3. 


Table 1. 


Pressure in cm. mercury ... 

-20 

-10 

0 

10 

ao 

Eesonauce frequeocy in air,/^. 

4G0 

408 

680 

670 

002 

Resonance frequency in water, 

876 

415 

460 

487 

515 

Ratio, «* (/<»//«■)■'* . 

1*48 

1*44 

1 *40 

1*87 

1 *37 


The numbers in the last row are seen to be in tolerable agreement, and 
show that in this instance the acoustic mass is as much as 40 per cent, of the 
diaphragm mass. The progressive variation of these numbers is attributed 
by the writer to the influence of the microphone contact emplojfed. The 
brass mounting of one of the carbon buttons was rigidly screwed into the 
solid centre, and was insulated from the braas^hamber containing the 
carbon granules and the remaining carbon button by a mica diaphragm. 
As tt result, the steel diaphragm and brass chamber formed an elastically 
coupled system, with the result that the apparent mass of the former might 
be expected to vary with the frequency. 

Section 6 . — NoU on Cmiditiom to be Realised to obtain MoMmurn 
Sensitiveness and Sharp Tuning. 

Through being able to continuously adjust the frequency of a diaphragm 
so as to be able to tune in ” to a note of given pitch, high sensitivity and 
sharp tuning are important objects to be aimed at in the design of Bubmorine 
receiving apparatus. As is well known frona the theory of the vibrations of 
damped systems, high sensitivity and sharp tuning are both obtained by 
keeping the damping small, by reducing to a minimum the rate 0{ 
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disBipation of energy during the oBcUiations of the diaphragm. The following 
factors contribute to the energy losses mentioned :— 

(1) Deviations in the shape of the diaphragm from that of a perfect solid 
of revolution. Through the action of such defects of figure, there is a 
tendency for the energy originally contained in the fundamental mode to be 
dissipated in higher unsymmetrical overtones, 

(2) Deviations from a thoretically rigid mounting and from geometrically 
perfect boundary conditions, giving rise to an unsymmetrical and varying 
tension in the annulus. As in (1), there is a tendency for the energy of the 
fundamental to be transferred to and dissipated in inharmonic overtones. In 
addition, there are energy losses at the boundaiy contact between the dia¬ 
phragm rim and the mounting. 

(3) Losses due to the elastic hysteresis of the material employed in the 
construction of the diaphragm. 

(4) Energy dissipation at the microphone contact. 

The damping due to factors (1) and (2) may be minimised by very precise 
workmanship. Special grinding tools should be constructed to give an almost 
optical precision to the figure of the diaphragm. In particular, special 
attention should be paid to the manner in which the diaphragm is fitted into 
position on the mounting. Not only should the surface of contact be fine- 
ground into position, but all traces of an oil-film should be removed. The 
latter has been observed to give rise to considerable damping through 
dissipation arising in a thin viscous film, subjected to alternating compres¬ 
sions while the diaphragm is vibrating. Anything in the nature of rubber 
packing, cemented or soldered contacts, should be avoided for the same reason. 

The losses due to elastic hysteresis in the material composing the 
diaphragm can only be nsprimised by the choice of a suitable steel or alloy; 
the material should at the same time possess as high an elastic limit as 
possible to give a wide range of tuning. The selection of a suitable material 
should be made the subject of a special investigation by constructing 
diaphragms of various metals and measuring their free damping constant by 
some such instrument as Prof, Dayton 0. Miller's “ phonodeik,*'^ 

The elimination of losses at the microphone contact can only be achieved 
by carrying out a special investigation. 

It will be noticed that contributions to the damping arising from factors 
(1), (2), and (4) are not alBfeoted by the process of tuning by gaseous pressure. 
There is a possibility that elastic hysteresis losses during vibration may 
increase with the tension in the annulus to the detriment of sharp tuning at 
the upper limit of the frequency-range. 

^ Dsaoribed in * The Seisnos of Moaioal Sounds* (Macmillan and Co., New York). 
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A Method of Analysing Galmnormter Records. 

By W. Haktrek, M.A., and A. V. Hiix, Sc.D., F.R.S. 

(Received March 9, 192L) 

In recent paj>erB,* we liave described experiments in which photographic 
records were made of the deflection of a sensitive galvanometer registering 
the rise of temperature of a muscle (or other substance) resting on a thermo¬ 
pile. The system is a complicated one, involving the inertia, damping and 
control of the moving system of the galvanometer, and the heat conductivity 
and capacity both of the substance on the thermopile, and of the material of 
the thermopile itself; consequently the accurate determination of the course 
of the production of heat in tlie substance on the thermopile, from the photo¬ 
graphic record of the galvanometer deflection, would appear to require the 
solution of complicated differential and integral equations, with a large 
number of constants to be determined by observation. To avoid this 
necessity we adopted a procedure in which a given amount of heat was 
liberated, practically instantaneously, by a powerful electric current passing 
for a short time through the substance on the thermopile, and the resulting 
deflection recorded photographically, This record, which we will call the 
"control curve,” involves all the constants of the system, and may be used 
(according to the procedure described below), for the determination of the 
course of the heat-production in general. 

The motion of the moving system of a sensitive galvanometer (assumed 
completely dam^jod) is governed by linear differential equations with constant 
oaefiScients, as also is the flow of heat from substance to thermopile, and in 
the thermopile itself. Consequently if a deflection of the galvanometer 
following the course 

2/ = SH/(0, (I) 

be given by heat 8H liberated at time 0, a deflection 

will be given by heat STI liberated at time d, and a deflection 

by the combined effects of heat SH at time 0 and of heat at time 0. In 
making the “ control curve ” we have determined experimentally the form of 

^ Hartree and A, V. HUl, ‘Journal of Physiology,* vol. 54^ p. 104 (lOSO); * Phil 
Trana,* B, toL 210, p. m (1920).. 
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the function / in equation (1), and if we know the form of the function <f> in 
the equation 

where H is heat, and 0 is time, we can at once compute the deflection at time 
t from the equation 

The converse problem—given the fonns of the functions / and i|r, to deter¬ 
mine the form of the function (f >—is more difficult, but it can be carried out 
numerically in the following manner. From the control curve a “ control 
table'' is constructed giving the deflections at equal intervals (say of Ol 
second) corresponding to an instantaneous production (at time 0)of 1*0, 0'9, 
0*8, 0*7, 0*2, 0*1, 0*05 units of heat, the unit being appropriately chosen. 

The observed curve of galvanometer deflection is then measured up, and the 
ordinates at intervals of 0*1 second tabulated. From insj)ection of the first 
two or three of these it is seen that they agree more or less with the numbers 
in the control table corresponding to heat (say) 0*7 units liberated at time 0; 
these numbers in the control table are then subtracted throughout from the 
tabulated ordinates of the observeti curve, and a note made 0*7 units at time 
0.” The first few remainders are then seen to cori’espond to heat (say) 
0*2 units at time (say) 0*2 second, and the numbers, tbemfore, for 0*2 units in 
the control table are shifted along to 0*2 second and subtracted throughout, 
leaving a second series of remainders. The tii'st few of these remainders are 
then seen to correspond to heat (say) 0*1 at time (say) 0*3 second, and so on. 
Finally, therefore, it is found that by taking heat 0*7 units at 0 seconds, 0*2 
at 0*2 second, 0*1 at 0*3 second, and so on, and subtracting, the remainders 
become zero or practically zero all along and tlie problem is solved. 

If there be reason to suppose that the heat produced is a reasonably simple 
function of the time, the results of the first analysis may be plotted and 
smoothed, and a second attempt made. After about three attempts a final 
solution is usually arrived at. If the heat be a complicated function of the 
time, the analysis is apt to be difficult and unsatisfactory, but in most of the 
cases we have dealt witlj the methotl has proved reasonably accurate, if 
laborious. We have employed it in the determination of the heat produced 
by a muscle (only about 0*006 grm. calories per gramme) during the first two 
seconds, or during the first three minutes following stimulation. 

The method requires very accurate registration of the galvanometer 
response—naturally, for it rests largely on an examination of quite small 
difforenoes*-^iid we doubt whether it could be employed saocessfully unless 
the records were made photographically; it is possible moreover only in oases 

VOt. XCIX,—A. 0 
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where a Budden outburst of heat can be provided at a definite moment in 
order to produce the control curve—condition difficult to satisfy when 
employing a non-conducting substance like rubber. In all oases* however, 
where such a ‘'control” curve can be made, and where the motion of the 
galvanometer can be aBsumed to be governed by linear differential equations 
with constant coefficieiitB, the method may be employed; it is not limited 
necessarily to the case of galvanometer deflections produced in response to 
changes of temperature in a thermopile. 


On the fnftue-nce of Low Tem/peraturei^ on the Magnetic Properties 
of Alloys of Iron mih Nickel and Manga^iese. 

By Prof. KAMKHcmaH Onnks, For. Mem. 11.8., Sir Rohkrt A. Haumto, 
Bart., F.H.S. and Dr. H. E. WoLTJStt. 


(Received March 4, 1921.) 

Section 1 .—Ahn of the Mesmrch, 

Since its discovery by one of us in 1883, the material now universally 
known as manganese steel, that is the iron*manganese alloy containing about 
12 to 14 per cent, manganese and 110 to 1*25 par cant, carbon has, on 
accoimt of its many remarkable properties, been the subject of many 
reaearcheB. 

2. The investigation of its magnetic behaviour in oonnection with thermal 
and mechanical treatment 1ms taken a prominent place among them, as this 
method of investigation, perhaps more than any other, promised to give ati 
insight into the constitution of steel alloys, and accordingly to show how 
their pvoperUes might te influenced in any desired direction. Manganese 
steel has not only been importaut in itself, but by reason of the light it has 
thrown upon the laws relating generally to steel alloys. 

3. Manganese steel as east or forged is nominaguetio and when this steel 
18 treated m tlie ordinary way to olitain its peculiarly high toughness and 
tenacity, that is, after being heated to lOOO® C. and quenched in water, it ia 
only very slightly magnetic, namely, equivalent to less than one part in a 
thousand as compared with Swedish charcoal iron. It can, however, be made 
to reach a specific magnetism about two-tlurds of that of pure iron by 
prolonged heating at 520° C. Cooling down te the temperature of liquid 
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air (—182® C.) had piactically no effect on this steel provided it was either 
in the non-magnetic or strongly magnetic condition, but the nifi^etism 
increased, if it was in an intermediate condition before itmnersion. 

4. Now the non-magnetic condition of manganese steel has been considered 
as analogous to that of some nickel-iron alloys. As is well known, some of 
these latter alloys may be non-magnetic at ordinary temperature, but can be 
rendered magnetic at the same temperature, by cooling them to a sufficiently 
low temperature and allowing them to return to normal temperaturti* It 
was suggested therefore, that possibly the temperature to which manganese 
steel must be cooled down in order to l)ecoine magnetic, might be still 
lower than that of liquid air. Although this view was probably not correct, 
tis pointtnl out by one of ns, it was thought to be interesting to cool the 
manganese steel down to the temperature of liquid hydrogen ( — 263° 0.) or 
even further to that of liquid helium (—269° C.) to ascertain whether, starting 
with the material in its non-magnetic condition, it could be made magnetic 
at ordinary temperatures, 

5. A preliminary experiment at liquid hydrogeti temperature showed that 

this change, txs expect<^d by some, did not occur. The question, however, 
remained for other non-magnetic manganese-iron alloys, containing varying 
|)eroentageH of manganese, with carbon of fairly constant but small 

percentages; and also the material known as Rosista,’" that is, the iron 

alloy containing about 5 per cent, of inangaucse and 15 to 25 per cent, of 
nickel. We resolved, therefore, to extend the cooling experiments to such a 
series of manganese alloys and for purposes of comparison to include a series 
of nickel-iron alloys (these also having a low and fairly constant carbon 

percentage). The analyses of the various sets of alloys investigated and 

pinpai’ed by one of the authors are shown in Table I. 

6 . As regards the nickel-iron alloys, if an accurate quantitative investigation 
had been the aim of the research, it would have been better, of course, to 
work with binary alloys as pure as possible, but for a general smwey this 
material seemed sufficiently promising. The specimens wex^ prepared in 
duplicate at the Research Laboratory of the Hadfield Works, at Sheffield, 
one set being retained for immersion in liquid air tiiere, and the other mnt bo 
tlio Cryogenic Laboratory at Leiden for immersion in liquid hydrogen. In 
the prepamtion of the specimens and in the experimental work at Hecla 
Worke the authors have been assisted by the followii^ Members of the 
Eesearoh Staff at the works mentioned, namely, Messrs. S. A, Main, B.Sc„ 
T. Q, Elliot, F.L0. fiCnd W, J. Todd, to whom the authors tender their best 
thanks for the assistaaace rendered in these researches, which have required 
much time and patieiice to .^arry out. The mm of the specimens was abotti 

0 2 
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Table I. 


i 

Mark. 

i 

j 

0. 

Aualyeia. 

Si. 

Mn. 

Ni. 


Manganese-Iron Alloys. 


2429 

Letts tlian 0*1 pet* cent. — 

1*10 


1879 B/2 1 

0*08 

..... 

8*50 


2425 

Loa6 than 0*1 per cent. 

4 *10 


1 .8426 

Less tkan 0 *1 per cent. 

6*60 


1879 0/1 

0*12 


6 *67 


2427 

Lost* fclmn 0 *1 per cent, t - i 

10 *60 


3166/2 

0*14 

; — ■ 

11*41 

, 

2428 

Less than 0 *1 per cent. 

12 *90 


2429 

Loss than 0 *1 per cent. j 

16-70 


2480 

Lese than 0*1 per cent. — ! 

19 *80 


1879 F 

0*07 

0*18 i 

22 *84 



Manganese 5 per cent., Nickel 15 per cent. 


1109 D 

0*60 

1 0-84 1 

6*04 

14*66 


Manganese 6 per cent., Nickel 25 per cent. 


1414 B j 

1*18 

1 Bet., 0 *^56 1 

6*06 

1 24*80 


Nickel-Iron Alloys. 



1287 A 

0*19 

0*81 

0*79 

0*27 

B 

0*14 

0 *20 

0-70 

0*61 

0 

0*13 

0 *28 

0-72 

0*95 

I) 

0*14 

0*21 

0-78 

1*88 

K 

o-ie 

0 *20 

0 *66 

8*78 


0*18 

0*31 

0-66 

6*89 

a 

0-17 

0*38 

0*68 

7*78 

H 

0*10 

0 *20 

0-86 

9*48 

H/1 

0*24 

1 

0-68 

10 *66 

I 

0*18 

j 0-22 

0*98 

I 11*24 

J 

0*28 

1 0-24 : 

0-98 

! 16*68 

K 

0*19 

) 0*27 ! 

0*93 

1 19 *80 

h 

0*16 

• 0*80 

1*00 

24*67 

M 

0 *14 

: 0 *88 

0*86 

29*39 

N 

0*14 

1 0-28 

1*49 

48*00 

■ ■ • - . 


1 

_ * . .. . . 

_ __ _ _ _ _ 


U*7 cm. square x 2*75 onu, and they wore iiuenched from 1000'^ C. iu water 
at atmospheric temperature. 


Skotion 2.— MetiiAxi' of Investigatwi, 

1 , hot the reason mentioned in Section 1, no complete magnetisation 
curves were recorded, nor was the saturation magnetisation measured by an 
accurate method as carried out by Hegg for pure iron^nickel alloys, but iu 
the present case it was considered sutfioient to measure the attraction in a 
noh-homogeneous held by u simple method. 

2 . At the Heola Works Laboratory the specimeus were tested magnetically 
before and after immersion iu liquid air, by the ^ttraotive force of a 6-inoh 
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band luagoet placed with lioth poles iu contact with the specimens, the force 
being measured either by a spring balance for the more magnetic, or by 
giarity for the less magnetic specimens less than abont 1 per cent. 



speoifio magnatlem, fig. 1). This method while necessarily approximate, has 
been found to give results agreeing hiirly closely with those obtained from 
satttraticni tests by the Isthmus method. Tests on the actual Leiden 
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specimens by this method alen) agmed closely with the results obtained at 
Leiden, except for a tendency to give rather lower values for the loss magnetic 
specimens. The Brinell hai'dness was also measured before and after 
immersion. 

As regards the ineasurernents carried out at I^iden, it was desirable for 
a reason explained later (Section 5) to execute the measurements not only 
before and after the immersion in liquid hydrogen and helium, but liIbo during 
the immersion. In order to determine the attractional forces on the different 
samples quickly, without losing too much hydrogen, it was necessary to 
construct a special apparatus, as it necessitates the removal of the specimen 
from the bath of liquid hydrogen, and its replacement by another, withoiit 
opening the cryostat too much, or letting the air enter. We succeeded in 
realising these conditions by the following apparatus. 

SttCTiON 3.— Appandm. 

1. Figs. 2 and 3 show the apjiaratus, which might be termed a kind of 
balance, the beam teiug rectangular in form. By placing the weights on the 
scale, S, the force which the field exerts on the magnetised bar in the box, B, 
is determined. The vacuum glass being filled with liquid hydrogen the 
exiierinieut was carried out in the following manner:—The vacuum glass with 
cap was moved down along the glass tube, G, until the pointer, P, reached a 
scratch previously made on the glass. By now raising the box, B, from the 
shuttle, Sh, by turning the handle, H, which works on an eccentric,®, it comes 
just between the apertures C\ and (jjj; the tested bar can be pushed by means 
of a specially made rod from the box B through one of the apertures C, and 
replaced by another, as iji fig, 4 (the new aj)eoimen is introduced from the 
right; immediately on the removal of the tested specimen, the cover D is 
screwed on). 

2 . Ihe vacuum glass is then moved along the glass tube G until the pointer 
marks its original position. The rubber ring, II, ustxally closes sufficiently 
tight to prevent movement of the vacuum glass, and, moreover, the point of 
P rests in a small hole. Any movement of the glass is thus entirely 
prevented. All parts of the balance were made from non-magnetic material, 
except the steel pins on which the apparatus hangs. One of 4iieee pins rests 
in a hole, the other in a slot. When the balance is j)laced in the magnetic 
field, it is mounted on a oroas-sledge for easy adjustment. When not in use, 
or when the vacuum glass is to be filled with Uquid hydrogen, or when a new 
sample is to be inserted, the Ixeamis removed from between the poles and placed 
on an auxiliary table, to spare the pins and to have more room for operating 
The vapour rising from the liquid hydrogen boiling in Q must have a vent in 
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order to obtain a quiet lioiliug; for this purpose the outlet at the top of G 
and the outlet of the vaouuni glass are connected, by means of a rubber tube, 
to a T-shaped glass tube, through which the escaping vapours may Ite con¬ 
ducted, if neceB8ar)% to the gas-holder. When the measurements are to be 



made and the balance must be free, the T>piece is naturally disconnected from 
the gas-holder. The electromagnet was the groat Weiss el^tromagnet of 
the Laboratory. 

Sbction 4.— Meamreinmts. 

To execute the measurements, the oross-eledge with the bearings of the 
beam was arranged so as to make the edge of the balance parallel to the 
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(horizontal) axis of the rnaj^^uet and thns cut perpendicularly in the middle 
l>y the [>hine of symmetry passing l)etween the poles. Tl)e ateel pins being 
adjustable, it could be so arranged that the middle of the box, B, moved in 
this plane of syuunetry, the bar contained in the box being always perpen¬ 
dicular to the plane. counterweights on tlje beam were brought into 
position to cause the lever arm vm which the scale S worked to be horizontal 
when the balance was at rest. The lower of the two screws Si and Sj, 
was raised until it only just touched the beam, the upper one was lowered 
to a few tenths of a millimetre above the beam, in order to prevent large 
oscillations. 

2. The centrti of the sample under investigation was in all oases at the 
same distance from the axis of the field, about 6 cm. The current through 
the electromagnet was then switched on and raised to 5 ampferes. The field 
intensity in the centre (distance between the poles = 61 inm.) is about 
4000 Gauss, the intensity of the external field in the centre of the \m about 
2400, and the fall of intensity (dH/dx) about 280 C.G.S. The attraction 
exerted on the bar turned the beam to touch the screw Si; by putting the 
weights in the scale it was made to rest on Sa.‘ The weight reqtiired to bring 
the U^am j\ist contact with Sg was thus determined. The distance 
l>etween the beam and Si being very small, this weight differed only very 
slightly from that needed to remove it from Si. 


3. A weight of V gramuios in the scale corresponded with an attraction on 
the bar of 0*766 P grammes, p varied for the different samples from about 
800 to 1 grin, and could l)e determined easily with an accuracy of O’l grm, 
llie attraction exerted on the apparatus without the sample was quite 
negligible. was determined for both directions of the current through the 
electromagnet, but the difference was always very slight: the effect of 
hysteresis of the samples was not appreciable. 

4. For pur])ose8 of comparison, the attraction exerted on a sample of 
material known as Swedish cliarcoal iron (S.O.I.) of the same size as the other 
samples was hIso measured. Ffvr this measurement at the Hecla Works this 
very’ pure iron was used. A specially selected batch of about 2 tons of the 
material has been used by one of us in all his experiments during the last 
twenty-five yeais, and may be taken as charaoteriatio of and representing the 
physical and other qualides of pure iron. We refer to it os S.0J/' The 
following is its percentage analysis— 


8i. a 

«S.C.L",.. 0046 0’07 0^005 

5, The results obtained at Leiden originally referred to a^rather less pure 


P. Mn. Pe Total 

(by diff.), impurititw. 

0004 tr. 99-876 0-124 
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iro», designated ‘*L." The experiinentB at Leiden having been finished, a 
sample of it was analysed at the Hecla Works. It has the following 
composition:— 

<:. Bi. S. P. Mn. Cr, Fe Total 

(by diff.). impuritieH. 

005 0‘03 0-013 0-068 Nil 0*09 99749 0*251 

6 . Under the field-conditions indicated above, it was attracted 1 per cent, 
less than tlie pure iron I'roin the Hecla Works. The original numbers obtained, 
therefore, which had reference to the “L*’ material, have been lowered by 
1 per cent. 

Skctiok 5 .—RmdiB and IHsmisnion, 

1 . OfAural Rrmnrh-B ,—The results of immersion in liquid air at Hecla 
Works are shown in Table II and figs. 5 and 6; those of immersion in liquid 
hydrogen at Leiden in Table HI and figs. 7 and 8. Heyond noting that the 
results at Hecla Works are in agreement in a satisfactory way with the results 
from liquid hydrogen at Leiden, it is not necessary to refer individually to 
them as regards the magnetism of the sj>ecimens. The irreversible i-anges 
indicated both for the nickel and manganese steels also compare well with 
those shown in the Leiden experiments. As regards the Brinell hardness, the 
irreversible change both in the iron-nickel alloys and in the limited inter¬ 
mediate range of iron-manganese alloys is accompanied by a distinct increase 
in hardness. Where tJiere is no marked change in the specific magnetism the 
hardness also does not show any marked change. 

2. Theory of Imv VHtical PcrlntB foh' the ManyaneM-Iron Alloys ,—The 
experiments show that the mn^ma^gnetic meinganese dloyH do not hemne 
magnetic eAther by imMersimi in tiguid air or 5?/ im nursion in liquid, hydrogmi; 
neither are they magnetic at the temperature of liquid hydrogen itself (Here 
and in the following discussion the importance of the measurements mode at 
the temperature of liquid hydrogen appears.) The 11*4 and 12*9 percent, 
manganese alloys may be in two different magnetic conditions at atmospheric 
tem{>erature; the latter, moreover, is remarkable in being more strongly 
magnetic after immersion than during immersion in liquid hydrogen. Appa¬ 
rently for these alloys atmospheric temperature lies between the two critical 
temperatures, liquid air temperature being below the lower critical point. 

2. If the non-magnetic condition of the higher manganese-iron alloys is to 
be explained by one or both of their critical temperatures being exceedingly 
low, there are two possibilities:— 

(a) Atmospheric temperature is between the two critical temperatures. 

(i) Atmospheric temperature is higher than the upper critical temperatui-e. 
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Table 11—Efft'ot of Immersion in Liquid Air (-182° C.) at Heola Works. 


Bpccinieiis previously qiienelied in wat«r fnun 1000'' C. 

1’ho Bpecifio rnttgiietiftm figiiree Imve reference to Sweiiisli chftrcoal iron token oe 100. 
TUe specimenH were itnmersecl in liquid air for 12 minutes. 


Mork. 

Before itnmerHion in 
! liquid air. 

1 . _ _ _ _ J| 

Specific 1 Brinell*' j 

1 uiaguetiatn. - hardneBS. 1 

1 1 

After immersion in 
liquid air. 

1 

Specific 

umguetisTTi. 

! 

Briuell^ 

magnetism. 


Low Carbon Manganese-Iron Alloys. 



i)er cent. M». 1 





2423 

I'lO 

96 

166 

95 

142 

1379 B/2 

3'60 

92 

370 

91 

804 

2426 

4-10 

90 

870 

90 

870 

2426 

6-60 

89 

870 

90 

870 ' 

X8790/1 

6-67 

86 

286 

82 

280 

2427 

10-60 

60 

894 

60 

480 

8166/2 

11 '41 

86 

870 

68 

486 

2428 

12-90 

8 

274 

20 

818 

2429 

16 -70 

1 

190 

1 

210 

3430 

19 ‘80 

0-42 

199 

0'42 

214 

1879 F 

22'84 

0-40 

202 

0-46 

208 


Manganese 5 

per cent., 

Nickel 16 per cent. 


11091) 1 

1 

O'lO 

142 { 

0-20 

188 


Manganese 6 per cent., 

Nickel 26 per cent. 


U14B 1 

1 

0-80 

138 1 

0-80 

128 


Low Carbon Nickel-Iron Alloys. 

1 

{ 

1 


per cent. Ni, 




. 1 

1 

1287 A 

0-27 

98 

166 

97 

166 ! 

B 

0'6] 

98 

162 

96 

176 i 

C 

O'tKt 

90 

160 

96 

166 , 

D 

1 ‘88 

87 

842 

98 

886 ! 

£ 

8 ‘78 

90 

864 

92 

842 1 

F 

5 -89 

86 

342 

86 

870 

G 

7-78 

88 

870 

86 

864 

H 

9-48 

87 

418 

84 

400 

H/1 ] 

10 '66 > 

87 

482 

SB 

408 i 

1 

n ‘24 

80 

486 

86 

418 

J 

16 '68 

76 

470 

75 

476 I 

f 1 

10-80 

74 

400 

78 

894 1 

L 1 

24 >87 

49 

268 

78 

870 i 

M 1 

29 89 

8 

107 

69 

882 1 

If 

48-00 

88 

129 

90 

; ^26 , 1 


• 10 Jam. boll, 1000 kgm. load. 


A$ regardd (a), if the first hypothesis is true, our experimeuts show that 
the lower critical temperature must be still lower than the boiling point of 
liquid hydrogen. In order to teat this idea, the non-^magnetio manganese 
alloys were immersed in liquid hslvwm (—269'^ t?,) for sown two €mdu holf 
Voters, hdt whm they were ogam at (Umoepheru temperatim of them 
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Table III. — Effect of Immersion in Liquid Hydrogen (—253° C.) at Leiden. 

Speoiflown* preTiously quenched in water from 1000“ C. 

The epeoifio maguetbm llgures haTC reference to Swedish clmrcoal iron taken as 100. 

^ Mark. 

i 


1 

Before immersion 
hi liquid hydrogen. 

specific magnetism. 

During immerfion 
in liquid hydrogen. 

After immersion 
in liquid hydrogen. 

i 

Low ( 

jarbon Manganese-Iron Alloys. 



)>er Hn. 




! 242a 

1-10 

97 *0 

99 *6 

97-4 

1379 H/2 

8 '50 

93*0 

96*4 

93*6 

2425 

4*10 

94 *2 

96*7 

94*8 

2420 

5*50 

92-7 

96*8 

92-7 

i 1870 C/l 

6-67 

91 1 

94*2 

91 ‘6 

2427 

10-60 

61 *9 

66*4 

58 *8 

3166/a 

11*41 

88 -6 

46*0 

46*2 ^ 

U2S 

12 IK) 

9-8 

16 *7 

17 *7 

1 2420 

16-70 

2*9 

8*1 

8*1 

1 2480 

19 *80 

0*81 

0*89 

0 *80 

1 1879F 

22 *84 

0*63 

0-69 ' 

0*68 


Manganese 6 per cent., Nickel 15 {)er cefit. 


no»D 


0-77 1 

1-74 1 

0*96 

I 

Munganese 6 per cent., Nickel 25 per cent. 


HUB 


1-49 1 

8-78 

1 67 

i 

I 

Lo^ 

V Carbon NickeUron Alloys. 


' 

per oeut. NL 




1387 A 

0-27 

96'2 

98-0 

96*4 

B 

0*61 

97 *6 

99 *4 

97*8 

C 

0 -90 

97*5 

99*9 

97-9 

D 

1*88 

94*4 

97*1 

94*7 

E 

8-78 

96-0 

97 *9 

95 *8 

F 

6-SO 

04*8 

08-8 

96 *1 

a 

7*78 

94*8 

98 *0 

95*2 

H 

9*48 

96*3 

99*2 

96‘4 

H/1 

10 *66 

90*8 

98*8 

90*0 

I 

11*24 

98 *6 

96*8 

98 *9 

J 

16 ‘63 

84*8 

88*7 

85*9 

K 

19*80 

78 *8 

86*6 

83 *0 i 

h 

24-07 

48-1 

88 *6 

79 •« : 

M 

29*39 

8*9 

7a-i» 

64*5 

K 

48-00 

71-0 

81 *0 

72*0 1 

* During a second immersion the speoific magnetism wns 78 '2. 

showed any appreciable change in tnagnetic couditwn (Table JV). The 
attraction during the immeraioii in liquid helium was not measured on 
account of the extraordinary difficulties connected with all work at helium 
temperatures. It might be asked also if it was not necessary to keep the 
samples even longer in the liquid helium to obtain the magnetio transfor¬ 
mation, since all transformations occur very slowly at low temperatures. It 
must be remarked, however, that the magnetic transfoimations seem to 
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occur rather quickly, 12 minutes in liquid air being suffident for many 
transformations (see Table II). It appears, therefore, that on hypothesis (a) 
the lower critical temperature for 15, 19*8, and 22 per cent, manganese must 
be lower than the boiling point of liquid helium ( — 269^ C ). As that 
temperature, however, for 12*9 per cent, manganese lies above the lK)iling 
point of liquid air, tohere would be aii enormous difference between the 
critical temperatures of two neighbouring alloys. 



Hoarding hypothesis (5), in this case we must conclude fi*om our measure- 
nients in liquid hydrogen that the lower critical temperature must be below 
the Ixjiliug point of hquid hydrogen, «iuoe the appear atill to be 

uon*iiiaigDetic at thnt temperature. The iutmersiou in liquid beliuiu being 
unaccompanied by a measurement in liquid helium itself does not in this 
case prove anything. 

Though hypothesis (6) tits the results of this research quite well (see iig. 8^ 
still it seems as little acceptable as hypothesis («), if we take into account 
some unpubUshed expurimouts of ono of us, and of the observations of 
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Gumlioh, who determined the magnetic critical pointe themselves by a direct 
method, and whose results may be seen from fig. 9. Moreover, there appears 
to be an explanation, as given below, which has many advantages over the 
theory of the low critical points. 

3. SuggeHtion of two Maiigamm^iron. The form of magnetism 

curve for the irou-inanganese alloys in figs. 5 and 7 is very suggestive. 
Considering only the curves representing the condition stable at low tem- 



Ij’io. 8.—Spociftf magnetism iron-nhjksl alloys. 

peruture, that is, after immersiou in li<inid air or liqiiitl hydrogen, iTom zero 
manganese to about 7 per cent., the m^netism falls in a practically linear 
manner. Ki'om about 7 per cent, manganese to about lb per cent, umnganese. 
the fall in magnetism is again approximately linear, but at a very much more 
rapid rate. 

This strongly suggests definite chemical compounds of iron and manganese, 
coutaiuing respectively at^ut 7 and 15 per conU manganese. From Ihis 
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Table IV.—Efl'ect of Immermon in Liquid Helium (—269® C.) at Leiden. 

e^oh»«ns proTiouMly quenched in water from ICXXf 0., except where otherwiee stated. 
The specific magnetism figures hare reference to Swedisli charcoal iron taken as 100. 

The specimens were immersed for about 2k hours. 




Specific magnetism. 

Mark. 

OomjKJtttion. 

1 



Before iuimerston. 

After immersion. 

2428 

Per cent. Mu. 

12*9 

17*7 

17*7 

, 2420 

1 16 7 

3*8 

8 *8 

2480 

! 19 ‘8 

0*70 

0-72 

1379 F 

22*8 

0*60 

0 *60 

j HOOD 

1 0 *60 per cent. 0; 5 ‘0 Mr cent. Mn j 

0*99 

0*98 

1 U14B 

16 per cent. * 

: 1 *18 per cent. C; 6 *0 per cent. Mn ; 

1 *61 

1 *61 


26 per cent. Ni 


Specific magnetism. 

Mark. Heat treatment. ---j-- - 

Before immersion. After immersion. 


I Manganese steel B ... As forged . i 0*13 0*12 

Mangraesc steel!) ,, 500” C. for 00 hours, then \ 0*13 0*16 

1 *20 per cent. C, re-forged and water^ * 

12 '96 per oont. Mn toughened. | 


poiut of view, the alloys containing from 0 to 7 per cent, manganese would 
consist of a mixture of pure iron, and the less manganiferous compound of 
the two; between 7 and 16 per cent, manganese there would be a mixture of 
the two iron-manganese alloys; and, above 16 per cent., of a mixture of the 
more manganiferous compound with pure manganese. From such an 
assumption, the oompounda would have a specific magnetism of about 85 per 
cent, and practically zero, respectively. 

The presence of such intemediate compounds miglit further go to explain 
the behaviour of the alloys as regards the presence or absence of critical 
points on heating and cooling. Above 16 per cent, manganese, the non¬ 
magnetic (or at most only slightly magnetic) iron-manganese compound, is 
mixed with the non-maguetic element manganese. Therefore no critical 
magnetic change points are to be expected in the range above this percentage. 
Approaching 16 per cent, manganese from the lower percentages, the pro¬ 
portion of the leas manganiferous and magnetic iron-manganese alloy (about 
7 per cent, manganese), admixed with the non-magnetic irou-inanganese 
alloy (about 16 per cent, manganese), becomes less and leas; the mean 
])roportiou oi the materiar consists of the non-*magnetic constituent, which 
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has nu oritioal points ; oouBe<)Unrit1y, the original magnetic change points in 
the material are evanescent. 

A reference to the curve of Brinell hardnesses in fig. 5 shows minima of 
hardness at about 7 and 16 per cent., passing through maxims at points 
between 0 and 7 per cent. an<l 7 and 16 per cent. This t^in would be 
in confonnity with the existence of the two compounds of iron and 
manganese refeired to, following the usual behaviour of simple mixtures. 



It is well known that, as a general rule, when two elements, and element and 
a compound, or two compounds, intermix in all proportions, the hardness of 
the mixture passes through a maximum as the percentage of one of the 
constituents is increased gradually from 0 to 100 per cent. 

The data are insufficient to justify definite oonolusions as to the existence 
of these compounds or their precise oomposirion; the specimens are 
insufficient in number, especially in the critical regions, for example 
YOU xoix.— A. V 








190 Prof. K. Onnes, Sir R. A. Hadfield, and Dr. H. R, Woltfer. 

between 6 7 and 10’5 per cent, and, again, between 12'9 and 19-8 per cent. 
The curven, therefore, which have been drawn by joining up the i>oint8 of 
obeervation, only roughly approximate to the complete cidwoh. 

The ootniwund representtMl by would contain aV)out 16*4 per cent. 

manganeBe; that represented by Fei»Mn, 7*6 per cent, manganese. FeeMn 
would contain 14*1 per cent, manganese, and would appear to be a more 
likely compound from the point of view of valency, but with a higher 
percentf^e than this, namely, specimen 2429, with 15'7 per cent, manganese, 
there is still a very small, though definite, amount of magnetism in the 
material. 

It will be understood, tlierefore, that the suggestion as regards these 
compounds is put forward in quite a tentative manner, os likely to provide a 
more satisfactory alternative to the theory that the non-magnetic character 
of the more manganiferous iron-manganese alloys is due to the progre«sive 
lowering of the critical magnetic change point of the ii'ou, even below the 
lowest temperatures practically attainable. 

It is introducing no new principle to suggest that iron, by combination 
with another element, may entirely lose its ferro-magnetic character. On 
the other hand, the tendency to associate the nlagnetic character simply with 
changes of raicrographio struotiire connected with the critical points dis¬ 
regards any physical differences which there may be betweeji inatemls 
having similar micrographic structure. 

It may be added that our results agree in many respects with those 
of Gumlich, who found for the saturation magnetism of manganese-iron 
alloys, after quenching from 800° C., two straight lines. The saturation 
magnetism in iron decreases with increasing percentages of manganese, 
linearly at first, that is up to about 7*5 per cent, maugaaese, slowly then 
from 7*5 per cent., rapidly down to zero at 15 per cent, manganese. Gumlich 
finds, however, that the decrease of magnetism up to about 8 per cent, 
manganese is proportional to the percentage, and that the manganese acts as 
a diluent only in these alloys. As regards the higher alloys, he mentions 
also the suggestion by Hilpert of a non-ferromaguetic compound, between 
iron and manganese, but his theory seems to differ from that just given. 
Gumlich observed discontinuities also in the densities and in the electrical 
resistance, though not all exactly at the same percentages of manganese. 

Micrographioal examination does not give any indication of a special 
constituent at the critical percentages indicated by the physical properties. 
This, however, is consistent with the compounds having a similar crystalline 
character to the component elements, iron and manganese. Such oases occur 
with some other elements which form compounds. 
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The abrupt bend in the curves at 7 per cent, manganese must indicate 
something special for this composition, as its critical temperatures are well 
above atmospheric temperature, and this abrupt change cannot be accounted 
for by the same explanation as applies in the case of niokel-iron alloys. 

As regards the composition of such compounds, supposing they exist, while 
the compounds already established in the case of other metals usually have a 
simple atomic proportion, there do exist several compounds in which one of 
the elements greatly predominates. Examples of these are given by one of 
the latest authorities (Gina), so that the compounds of iron and manganese 
suggested would not be unique in this respect. The same authority also 
points out that the formulee for inter-metallic compounds are not necessarily 
determined by the ordinary valencies of the separate elements, so that prima 
fade there is nothing to preclude even compounds of the type FcaMn, though, 
as mentioned, nothing really definite is suggested as to the composition of 
these compounds. If the suggestion lead investigators to study the matter 
further, or if it lead to a more satisfactory theory, it would appear to be fully 
justified. 

4. Effe4it of Carhon.-^ln view of the important effect of carbon in manga¬ 
nese steel, it was thought possible that the piesence of even O’lO per cent, of 
carbon in the iron-manganese alloys forming the subject of this research 
tnight liave an appreciable influence on the results obtained. It has been 
previously shown by one of us that by annealing manganese steel at about 
oOO® C. for several hours the carbon is deposited as a carbide, forming 
an aoicular stmcture. 

Arnold has also isolated the carbides from annealed manganese steel, 
and where the manganese percentage is about 12 per cent, he finds the 
analysis of these carbides to correspond to the form SFesC.MiiaC. There is a 
probability that in mangatmse steel containing about 15 per cent, of manga¬ 
nese or over the double carbide has the formula 2Fe8C.Mn8C. In either case, 
0*10 per cent, of carbon corresponds to over 1 per cent, of the double carbide. 

This method of precipitating the carbon as carbides suggested a means of 
rendering the alloys more pure, at any rate in respect of carbon; the carbide 
having been precipitated (fig. 10) leaves a matrix much freer from carbon. 
As, further, the carbides separated chemically from alloys containing above 
10 per cent, manganese were found to be non-magnetic, their presence would 
not interfere with the magnetic measurements except to act as a diluent to 
the relative amount by which they were present. Subject to this slight 
dilution therefore, the magnetic qualities, after this treatment, of the alloys 
above about 10 per cent, manganese represent the qualities of fairly pure 
iron-manjginese alloys, the question, therefore, as to what extent the 

V 2 



192 Prof. K. Onnes, Sir R. A. Hadfield, and Dr. H. R. Woltjer 



Fio. W. 


X600 




Ivfiumce of Low TemperaUt/reB on Magrwiic Pr^bpertie$, 193 

irreversible range noticed in the iron-manganese alloys is inlBuenoed by, or 
due to, the amount of carbon present could be further investigated. 

No inferences can he drawn, however, as to their magnetic qualities below 
about 10 per cent, manganese, as the deposited carbides are in these cases 
tnoi’e or less magnetic, and mask the qualities of the matrix. The haidnees 
over the whole range of the alloys is considerably influenced by the reinforce¬ 
ment of these hard carbides, ho that also no deductions can be made as to the 
variation of the hardness of the matrix with variation in manganese per¬ 
centage. Hardness and magnetic tests were, however, made on the whole 
series as a matter of intei'est. 

Specimens x x 2f'' which had previously been quenched in water 
from 1000° C. were heated to 500° sixty hours and cooled slowly. 

Magnetic and Brinell hardness tests were thou made at atnmspheric tem¬ 
perature, and the specimens irauierstid in liquid air for twelve minutes, the 
tests being repeated on return to atmospheric tetm)erature. 

The results are shown in Table V and fig, 11. The important result is now 
obtained that only three of the specimens now show u higher specific 
magnetism after immersion than before. 

Table V*—Kfiect on ImmcrHiouin Liquul Air ( — 182° L\) on S{>eoirnens 
quenched from 1000° C, in water, then re-heated to 500° C. for 60 hours 
and cooled slowly. 


TliO apeciSu maguetittm havt* rtU’ewsiictf <.o Swsditih charcoal iron taken iw 100. 

Site of BpecimenB: x g" x 

The 9pecim«ua were immorsecl in liquid Mr for 12 minutes. 


Murk. 

Maugaueae 

Before immersion in 
liquid air. 

After immersion in 
liquid air. 

(per cent.). 







Specific 

Brinell* 

Speoiho 

BrineU* 



nmgnetisDi. 

hardness. 

magnetism. 

hardness. 


Low Carbon Manganese-Iron Alloys. 


2423 

MO 

97 

126 

96 

126 

imu/t 

8*00 

m 

m 

92 

268 

2426 

4‘10 

86 

202 

88 

248 

2420. 

0*60 

66 

SS8 

86 

266 

1272 0/1 

8‘67 

88 

266 

79 

282 

2427 

10-50 

40 

860 

40 

I 864 1 

8106/2 

11-41 

32 

842 

84 

864 

2480 

IS-80 

7 

286 

9 

1 806 { 

2420 

10*70 

0‘7 

180 

0*80 

i 280 

2480 

10*80 

0*28 

281 

0*20 

1 260 

X870F 

22*84 

0-88 

m 

0-S6 

S46 1 

! _1 


* 10 mm. ball, 1000 kgnn. load. 
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One of these, No, 1379B/2 contains only 3*5 per cent, manganese, and ie in 
the range aftectod by the presence of magnetic carbides; the other two, 
No. 3156/2 and 2428, are those which previously indicated an irreversible 
range. It will be noted that, for these, the increase of magnetisiri after 
immersion in liqind air is now very trifling. Consequently, with the elimina¬ 
tion of carbon from the alloys, that is, leaving practically pure alloys of 
iron and manganese, it would appear that there is no irreversible range 
and that the magnetic properties at atmospheric temperature are a fairly 
fixed quantity for each alloy, without reference to their previous history. 

As regards the Brinell hardness, as mentioned, no inferences can be drawn 
as to the probable i-elation of hardness to manganese percentage in the pure 
alloys; it is interesting, however, to note that the precipitation of the 
carbide has had the effect of- making the changes due to immersion in 
li<|uid air less marked. That the minimuiu of hardness at about 7 per cent., 
noted in fig. 5, and taken as additional evidence in favour of the presence of 
iron manganese compounds, does not now appear, is probably due to the 
considerable influence of the deposited carbides in determining the Brinell 
number. 

5. oUm' Alloys .—The mafiycmcse-uickel ste/Hn (known as “ Resista ” 
steels) are moie strongly magnetic at hydrogen temperature tlian at 
atmospheric kmiperature, as generally happens in a small degree with 
ferro-magnetic, and in a higher degree with ])ara-magnetic substances. 
Their magnetism at ntiuospheric temperature has not appreciably changed 
by immersion in liquid hydrogen nor by immersion in liquid helium, to 
which latter experience they were subjected, together with the pure 
manganese-iron alloys (Table III). 

Two specimens of true manganese steel, Le., the ternary compound 
differing in its content of 1*25 per cent, carbon from the alloy 2428 
included in the series of manganese-iron alloys (Table III) in its non¬ 
magnetic condition, have been immei-sed also in liquid helium, but without 
appreciable effect on their magnetism at atmospheric temperature (Table IV). 

With regard to the iron-nickel alloys^ these sliow the well-known irreversi¬ 
bility that might l>o expected, and are in this respect in accordance with the 
work of other authors, 

\ 

. Sum/mry, 

1. A series of iron-manganese and iron-niokel alloys, with a range of 
percentages of manganese and nickel respeotively, has been tested in order 
to investigate the influence of cooling to very low temperatures (liquid 
hydrogen and liquid helium) on their magnetic properties, especially to 
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ascertain whether the iron-uianganeae alloys* which are nou*>magnetic at 
atmospheric temperature, become magnetic by so doing. 

2. With a view to the desirability of testing not only after, but also 
during immersion in liquid hydrogen, an apparatus has been constructed, 
which makes it possible to test the samples quickly one after another at a 
temperature of 20° K., with as little loss of hydrogen as poBsible, 

3. The iron-manganese alloys, containing the higher percentages of 
manganese, cannot be made magnetic at atmospheric temperature by 
cooling to the boiling point of liquid hydrogen or Liquid helium. 

4. The existence of one magnetic and one non-magnetic, or at most 
slightly magnetic, manganese-iron compound is shown to be probable, and 
the non-magnetic properties of the higher mauganeae-iron alloys may be 
explained by their means. 


The Hardness of Solid Solutions. 

By Walter Eosenhain, B.A., D.Sc,, F.R.S, (of the National Physical 

Laboratoiy). 

(Kocoivod March 22, 1921.) 

It is a well-known fact of metallurgy that the addition of one metal to 
another produces an increase of strength and hardness. In some alloys, this 
change of properties is accompanied by the formation of a new micro- 
constituent or phase, which is itself harder, and also, as a rule, more brittle 
than either of the constituent metals. In a very large and important group 
of alloys, however, the addition of the second metal, \ip to certain limits of 
concentration, does not lead to the formation of a second phase or con¬ 
stituent Alloys of this type, when they have attained an equilibrium 
condition, consist of an aggregate of polyliedral crystals, homogeneous in 
composition so far as their micro-chemical behaviour indicates, and in most 
respects entirely similar to the constituent crystals of the pure metal, which 
forms the basis of the alloy. A typical example of this kind is funiished by 
the alloys of copper with zinc,, containing up to about 30 per cent of zinc. 
Alloys of this type are generally described as “ solid solutions,*' on the 
ground that the state of intimate mixture which exists in the liquid (molten) 
solution of the two metals in one another is preserved in these alloys after 
solidification. In Continental language, such crystals are more frequently 
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termed " mixed crystale ("' Mischkrystalle **)» the present author prefers 
to avoid this term on account of a possibly misleading interpretation, 

A further fact in connection with metallic solid solutions is also well 

known, but appears to require explanation. A solid solution alloy is always 

harder ami stronger than the pui’e metal of which it mainly consists, and 

frequently this difference in physical properties is very marked. Thus, 

annealed pure copper has a Brinell hardness number of 36, and a tensile 

strength of about 13 tons per square inch. An alloy of copper containing 

30 per cent, of zinc in solid solution, on the other hand, in the corresponding 

annealed condition, has a Brinell iiardness number of 57, and a tensile 

« 

strength of 20 tons per Kf|uare inch. It is the purpose (»f the present paper 
1,0 suggest an explanation for this hardening and stiffening effect of the 
added metal in solid-solution alloys, and to show that this explanation leads 
to an inference which is in striking accoid with well-known facts. 

The explanation of the properties of solid-solution alloys which is put 
forward in the present paper is based upon a conception of the manner in 
which two metals may crystallise together in the form of solid-solution 
crystals. As a result of the X-ray analysis of crystal structure, mainly 
carried out by Sir William H. Bragg and W. L. Bragg,^ and by A. W. 
Hull,t it is now known that, in a metallic crystal, the atoms of the metal 
are arranged in certain delinite ways on a space-lattice, and that this 
arrangement may differ in detail from one metal to another, |iot only in 
regard to the nature of the lattice (cubical or otherwise) and the occupied 
points, but also in regard to the normal intei*atomic distance or spacing of 
the lattice. On the view now put forward, the crystals of a solid solution of 
metal B in metal A are built up on the same space-lattice as crystals of 
pure A, the sole difference being that a certain number of individual atoms 
of A are replaced by atoms of B. It is obvious that the extent to which 
such an arrangement will be possible must depend upon the relation which 
exists between the atoms of the two metals. If both tend to take up a 
similar space-lattice arrangement, and if their normal inter-atomic distances 
do not differ very much, a single crystal may be built up, upon the normal 
space-lattice arrangement of A, using atoms of A and B indiscriminately, up 
to a considerable proportion of B. If the similarity of the two kinds of 
atom is sufficiently great, then siich an indiscriminate construction might 
easily be conceived as being possible in all proportions between the two 
kinds of atom. In that case, we should expect to find tiiat the two metals 
could form homogeneous solid solutions when alloyed in any proportion 

* W. E. and W. h. Bragg, * X-ray« and Crystal Structure/ p. 178. 

+ A, W. Hull,/* A New Method of Chemical Analysia” * Anier. Ohem. Soc./ l»ie. 
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ranging tVom pin^ A to pure K Such coses arc> of course, well Itnown 
among pairs of very similar metals, such as iron and nickel or silver 
and gold. 

Where the similarity, in regard to crystalline habit and arrangement, of 
the two kinds of atom is less complete, it would be anticipated that, up to a 
certain concentration at either end of the series, the atoms would be built 
together indiscriminately upon a single space-lattice, but that, beyond 
certain limits of concentration, the two kinds of atoms would become 
segregated into two kinds of diflferent crystals, thus giving rise to a duplex 
structure of two distinct kinds of crystals, each consisting of saturated solid 
solution of one metal in the other. The degree of dissimilarity of the two 
kinds of atom would determine the exact concentmtion at which this 
separation occurs, and we would thus expect to find in metallic alloy systems 
all gradations, ranging from complete mutual “solid'* solubility down to 
almost complete insolubility in the solid state; it is, of course, well known 
that such gradations are found among known alloys. 

From the present point of view, however, interest centres on the deter¬ 
mining factor which governs the limiting solid solubility of metal B in 
metal A. If the mw of the structure of a solid-solution crystal indicated 
above is correct, it follows that the actual arrangement of the atoms on the 
space-lattice typical of metal A cannot exist entirely undisturbed when some 
of the atoms of A are replaced by atoms of B. The forces acting on any 
atom of A, for instance, when one of its neighbours in the lattice is an atom 
of B, cannot possibly ha the same as those acting on an atom of A entirely 
surrounded by atoms of A; tliere must thus l)e some want of symmetry in 
the forces acting on an atom so placed, with a result which is perhaps best 
expressed by saying that such an atom will be pulled slightly out of its 
proper place, ic,, that the space-lattice will be slightly distorted at such 
points. Now, it is evident that such distortion must affect the internal 
energy of the whole system, and this effect must inoi'ease with the increase 
in the amovuit of distortion which accompanies the presence of a larger 
number of atoms of B. A point will therefore be reached when the energy- 
content of the system as a whole will be less if the atoms of B are jieparated 
and arranged on a space-lattice of their own. Such an arrangement implies 
the existence of boundaries between two different kinds of crystal and the 
accompanying storage of energy in such boundaries, and it is the balance 
between the energy-content of the two geometrically possible types of 
arrangement which must determine the limiting oonoentration of the solid 
solution in each case. 

With H full knowledge of the forces at work between adjacent atoms it 
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would be possible to calculate the limiting concentration of any solid solution 
from the character of the constituent atoms; in the present state of our 
knowledge, all that can be said is that the greater the extent to which the 
space-lattice is distorted in the neighbourhood of “ dissolvedatoms (atoms 
of B *') the lower will be the limit of solid solubility of B in A. During 
the process of formation of such a solid solution, a great, deal must depend 
upon the uniformity with which the atoms of B are distributed through the 
space-lattice. If there is a concentration of the dissolved atoms in any 
region, tlien there must be a tendency for rearrangement to occur with a view 
to arriving at some symmetrical arrangement which shall correspond to the 
minimum energy-content. If such a distribution is really symmetrical, ihen 
an interesting result must follow, viz., that in a solid solution which has been 
allowed to attain equilibrium conditions, the dissolved atoms will be distri¬ 
buted through the crystals in such a way as themselves to constitute some 
sort of space-lattice of their own. This is a conclusion which is capable of 
experimental verihcatiou by means of X-ray analysis; when the result is 
obtained, however, it will be important to realise that the existence of such a 
secondary space-lattice arrangement of the dissolved atoms (B) does not imply 
the existence of separate crystals of B. The further question of how far a 
solid solution which has attained such a state of symmetrical arrangement 
approaches to the character of a chemical compound need not be discussed 
here. 

Tlie most important conclusion which emerges from what has been said 
above is tliat the solid solubility ” of metal B in metal A will be, to a first 
approximation, inversely proportional to the amount of distortion of the 
normal space-lattice of A caused by the substitution of an atom of B for an 
utonj of A in that lattice. The importance of this consideration lies in the 
fact that this amount of distortion of the spacS-lattioe of A by the presence 
of B also governs certain of the physical properties of the resulting alloy, 
particularly the hardness of the material and its resistance to mechanical 
deformation generally. 

It is now well recognised that the ductility of metals, i.e., their power of 
undergoing plastic deformation without rupture, resides in their essentially 
crystalline character. Plastic deformation takes place within the crystals of 
metals by a process of slip, occfirring on gliding or cleavage planes,* whereby 
the crystals accommodate themselves to the new shapes forced upon them by 
the deformation of the mass. It is precisely the power of the crystals to 
undergo such slip which governs the ductility of the metal, and their power 
of relating slip which determines their power of resisting deformation. If 
* Ewing and Koaenhain, ‘ Phil. Trans*,’ A, vol. U4$ (I89fl)* 
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tlm view ia collect, then anything which tends to hinder the free occumnce 
of slip on the principal planes of a crystal will increase the hardness (or 
power of i*e8isting deformation) and will lower the ductility of the material 
The application of any appreciable amount of plastic deformation (or “ cold 
work **) is known to act in this manner, and does so, according to the views 
of Beilby,* by the partial destruction of the crystalline arrangement of the 
atoms within the crystals. 

The view which it is desired to put forward hew is that any even slight 
distortion of the space-lattice of the crystals of a metal by the presence of 
** dissolved ” atoms of another metal, in the manner indicated in the earlier 
part of this paper, must serve as a hindrance to slip on the crystal planes. 
Strictly s^jeaking, in fact, the crystal “ planes have ceased to exist in such a 
slightly-distorted crj'stal. The very facility for slip which renders metallic 
crystals soft and ductile depends upon the smootli regularity with which the 
atoms are arranged on tlieir space-lattice, and if this smoothness is lessened 
by the slight distortion of the lattice, it is obvious that slip will be rendered 
more difficult, and this difficulty will increase, to a first approximation, 
proportionately to the amount of distortion existing in the space-lattice. 

Ootnbining this last inference with the one already drawn above in 1 ‘egard 
to the factor governing the limiting solid solubility of one metal in another, 
we arrive at the following conclusion: tliat since the amount of distortion 
which the introduction of a given dissolved'' atom produces in the space- 
lattice of the solvent metal governs both the limiting solubility of the 
dissolved metal and the degree of hardening produced in the solvent metal, 
we should expect to find that tJie hardening effect of one metal upon aimther in 
ike farm of a solid mhUion should, to a first approximation be inversely 
yri^ortioml to its solid solubility. 

This very general conclusion, which—so far as the author is awui'e—has not 
U)en previously suited, appears to be in good general agi'eement with 
experimental fact. There are, in the first place, a certain number of binary 
alloy systems which consist of unbroken series of solid solutions. In some of 
these, of which gold-silver and iron-nickel are good examples, the shape of 
the liquidus curve suggests that the two kinds of atoms ai*e very isimilar, 
smce the alloys solidify in a manner closely approximating to that of a pure 
metal In these cases there is very little hardening effect of one metal upon 
the other. The alloys of copj^r and nickel also form a series of unbroken 
solid solutions, but their freezing range is distinctly larger, so that the alloys 
depart further from the behaviour of pure metals. Here, where there is thus 

Beilby, “The H&id md Boti Btate in Uetnhf 'Phil. Mag./ August, 1904; al«o 
* Boy. Soc. ProtV A, vol 76, p. 462 (1905), md * Boy. Soc. A vol 79 (1907), 
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some evidence of slightly greater dissimilarity between the atoms, there is a 
distinctly greater hardening effect. Finally, in the case of the alloys of 
copper with manganese we have an alloy system still forming what appears 
to be an unbroken series of solid solutions, but the shape of the freezing 
^roint curve suggests that the system is one in which the series of solid 
solutions has only just been maintained and that a very slightly greater 
divergence between the component atoms would have led to the occurrence 
of a short range of duplex alloys. Here a still greater degree of hardening is 
found than in the systems previously mentioned. 

Still more striking evidence in support of the generalisation stated above is 
to be obtained from a consideration of alloy systems in which the range of 
solid solutions is definitely limited. Unfortunately, the ranges of solid 
solubility for alloys in true equilibrium have only lieen determined with 
sufficient accuracy in a comparatively few instances, while a detailerl knowledge 
of the corresponding mechanical properties is also lacking in many cases. For 
the alloys of copper and for those of aluminium, however, adequate data are 
available. In regard to copper, the alloys with nickel and manganese have 
already been mentioned. In the well-known alloys of copper with zinc 
(brass, etc.), solid solutions can be obtained at the copper end of the aeries 
containing up to about 36 atomic per cent, of zinc (equivalent to about 
37 per cent, of zinc by weight). The corresponding limit for alnmininm in 
copper lies at about 14 atomic per cent, of aluminium (corresponding to 
about 7 per cent, by weight), while, for tin in copper, the limit lies near 
6*7 atomic per cent, (equivalent to 12 per cent, by weight). In g(Jod oorre- 
spoudenoe with these figures are the facts concerning tlie hardening effeots 
of these three metals on copper. It is difficult to give exact quantitative 
data, since tests on the alloys in a striotly comparable condition are not 
readily available, but there can be no doubt that the hardening effeots of the 
three metals are distinctly in the inverse order of their limiting solid 
solubilities expressed in atomic percentages, as given above. Thus the 
well-known brass, containing 70 per cent, (by weight) of copper and 30 per 
cent, of zinc, is still very ductile. The ductility of the sUoys of copper with 
aluminium decreases rapidly after an aluminium-oontent of 7 per cent, has 
been passed, while, in the case of the copper-tin alloys, an addition of 4 per 
oeat. of tin (by weight) almost exhausts the ductility of the material It 
appears probable, again to a firet approximation, that the saturated solid 
Bolutions of copper oontaining any of the soluble metals will have approxi¬ 
mately similar meofaanioal properties, iodependently of which metal has 
been used to bring about saturation. Since, however, the solubilities in 
some oases are high, the physical properties of the dissolved metal itself 
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must affect «uch a concluaiou, which is none tha less broadly in oonfomity 
with the facts. 

Similar evidence is to l>e obtained from a consideration of the alloys of 
aluminium with zinc and copper. In the aluminium-zinc series, solid 
solutions containiug above 15 atomic per cent, of zinc (equivalent to a 
little under 30 per cent, of zinc by weight) can be obtained, while, in the 
aluminium-copper series, the limiting solid solubility lies in the neighbour¬ 
hood of 1*6 atomic per cent, of copper (about 4 per cent, by weight). In 
conformity with this difference in solid solubility, we find that the hardening 
effect of copper on aluminium is very much greatei* than that of zinc, 
Actually, it is much more difficult, on account of slower diffusion, to obtain 
really saturated solid solutions of copper in aluminium than of zinc, but, 
when saturation with copper has been dbtained, it is found that the physical 
properties of the resulting alloy (containing about 4 j)cr cent, of copper by 
weight) are not very different from those of a solid solution of zinc in 
aluminium containing about 30 per cent, (by weight) of zinc. 

Reference may further bo made to the alloys of iron. The solid solubility 
of carbon in 7 -iron is of the order of 2 per cent, by weight. In accordance 
with this figure, we find tli(5 enormous influence of carbon on the physical 
properties of iron, as compared with the eftects of the highly soluble 
elements, such as nickel or silicon. 
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The Tnfl^ience of Physical Conditions on ths Velocity of 
Decomposition of certain Crystalline Solids. 

By 0. N. Hinshelwood, B.A., Fellow of lialliol College, and R J. Bowkn, B*A., 

Balliol College. 

(Communicated by Prof. F. A. Lindemanii, F.K.S. * lioceived February 25, 1921.) 


The study of the velocity of chemical change has usually been confined to 
substances in the liquid or gaseous state. The temperature coefficient of the 
velocity is of special importance, since it can be used to calculate the “critical 
increment** or "heat of activation ’* of the reacting molecule. In the case of 
reactions in solution the velocity is very largely influenced by the solvent, 
but the quantitative relationships do not conform to any simple law, owing to 
such factors as the formation of molecular complexes. 

Reactions in the solid state liave not l>een much studied, although in many 
respects the solid state is niiupler, owing to the fixed arrangement of the atoms 
in a aj)ace lattice. The object of the ex])erimentft described in this paper was 
to ascertain whether simple quantitative relationships could be found for 
cases of “irreversible** decoin}X)8itions of certain crystalline solida The 
results show that*in these oases the temperature coefficient is a compli^ted 
quantity, dependent on several physical factors; and that the heat of activa¬ 
tion cannot be calculated from it. On the other haTid, a simple relation is 
found connecting the rate of evolution of oxygen from solid solutions of 
potassium permanganate in potassium perchlorate and the heats of activation 
of the potassium penuanganate in the various solid solutions. 

It was shown in a previous paper* that potassium permanganate decom¬ 
poses more slowly in solid solution in potassium perchlorate than in the 
pure state. According to the accepted view,f a molecule only decomposes 
when it possesses a sufficient excess of onorgy over the mean energy corre¬ 
sponding to the temperature of the system to which it belongs. This is the 
“ heat of activation *’ and per gramme-molecule is identical with the quantitj^ 
Q in Trautz's theorem, which represents the velocity constant k of a chemical 
change by an exponential function of the form 

k = where x = constant. 


If the heat of activation, (i, be modified by an amount q, then k will l»e 
changed to a value k* given by 


* • Pliil. Mug.,’ vol 40, p. :>«» (1»20). 
f K.g., UwiB, ‘ J.C.S.,’ vol. 109, p. 796 (1916). 


(1) 
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A» ail element of the permanganate crystal stnicture—presumably the 
MnO* ion—becomes more stable when placed in a lattice cansisting partly 
of perchlorate, it may be assumed that the heat of activation increases. If 
we assume that the difference in the heats of activation of potassium 
permanganate caused by a difference in its surroundings is equal to the heat 
given out when passing from one surrounding to another, the relative rates of 
decomposition in different solid solutions can be calculated from the heats of 
mixture of potassium perchlorate and permanganate in the solid state. 
These can be obtained from measurements of Sominerfeld, and calculation 
of the decomposition velocities from these data has been found to agree witli 
direct measurement, as described in § 4. 

Before this result could be obtained, however, a number of points con¬ 
nected with the dynamics of solid reactions had to be cleared up. In the 
first place, we have already shown {Joe, cU,) that the decomposition by heat of 
crystalline substances, such as potassium permanganate and ammonium 
bichromate, takes place only on the surface of the crystals. Hence in any 
comparative experiments it is necessary to control the surface. It is found 
(§3) that the surface determining the velocity of reaction is considerably 
greater than the apparent surface deduced from the linear size of the 
crystals, since what is apparently a single crystal really consists of discon¬ 
tinuous aggregates. 

The second complication relates to the fact that the surface may increase 
very greatly as the reaction proceeds, owing to the disintegration of large 
crystals. This was shown previously to occur with large crystals of potassium 
permanganate, the decomposition of which proceeds witli a very -marked 
acceleration. The acceleration largely disappeared wlien the crystals were 
ground up initially. The effect is illustrated by experiments on silver 
permanganate, described in § 1. 

Another effect is sometimes observed in the early stages of the reaction in 
oases where the products form a coherent film on the surface of the crystal, 
the reaction being checked as soon as the surface has become completely 
covered with this film. We have therefore to consider not only the progress 
of the reaction with time, but its propagation into the interior of the 
crystal (§2). This complication, together with the fact that the effective 
surface may vary with temperature, renders the temperature coefficient 
useless for determining the heat of activation. 

^ 1 .—AcceleraUd (of Silmr 

This substance evolves oxygen at a much lower tem^ratiire than the 
potassium salt, and measurements could be made at 110*0® C. The experi- 
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mental method consisted in heating in a vapour bath about 0*5 grm. of the 
substance, contained in a small bulb and connected by a capillary tube with 
a gas-measuring burette. Small but well-formed orystids, whose mean longer 
axis was 0'25 mm. and whose shorter axis was on the average 0*027 mm., 
decomposed in a markedly accelerated manner, while when these were ground 
so that the mean diameter of the particles was about 0*005 mm. the initial 
rate was much increased and the acceleration very considerably diminished. 
The following results represent the mean of two concordant experiments in 
each case;— 


Percentage of Total Oxygen evolved during Successive 
Periods of 30 minutes at 110*0° C. 


j Cpyatalft. 

Powder. 

0- 80 imiiutee . 

4-0 

26 '6 

80-60 „ . 

4 0 

40 0 

60- 90 . 

18-6 

29 -5 • 

90-120 „ . 

80-5 

10 0 

120-160 „ . 

1 

23 0 

8*0 


§ 2 .—Propagation of the Beaction from the Surface into the Interior. 

When a crystal decomposes, the chauge commences on the surface and is 
gradually propagated into the interior. It must be clearly understood that 
the process here referred to is an isothermal one, time having been allowed 
for the crystal to attain a uniform temperature throughout its mass. If the 
products of reaction do not form a coherent film, the change proceeds 
without hindrance, and, as already stated, may bo strongly accelerated owing 
to the disintegration of the crystal. An experiment was previously described 
in which a large crystal of ammonium bichromate was allowed to decompose 
at 212° C. When the surface had become covered with a film of chromium 
oxide the gas evolution was checked. The effect is well seen by crushing a 
oiystal in this state. With light pressure the fragments ate all found to be 
covered with the black layer; further onishing shows the interior of the 
particles to be undecomposed. 

Measurements mode at a series of temperatures have now shown that as 
the temperature increases this retardation beoomes less and less marked, and 
is succeeded by the usual fype of accelerated reaction. The curves in fig. 1 
show the results of a series of experiments with small crystals of ammonium 
bichromate. The substance was heated in glass vessels of about 10 o.c. 
capacity, connected with a mercury manometer, whereby the pressure deve- 
lo]^ was measured, the volume being maintained constant. Since water 

TOL. xoix.—a. Q 
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vapour is given off during the decomposition, the arrangement of the apparatus 
also ensured that the whole of the decomposition vessel was at the tempera¬ 
ture of the vapour bath. 



Fifl. 1.—-Decomposition of Ammonium Bichromate. Initial Stages. 

If the times necessary for a given amount of gas evolution to occur at 
two different temperatures are compared, it is clear that the tendency of the 
retardation to disappear at the higher temperatures may give rise to what is 
apparently an abnormally high temperature ooetticient. For example, the 
time required for the evolution of 1 c.c. per gramme at 200*3° C. was 18 minutes, 
while at 184*8° C. it was 330 minutes. Expressed in the conventional way, 
this means a temperature coefficient of 6*5 for 10°, which is much higher 
than is ever found for a homogeneous reaction. The abnormally high value 
results from the fact that not only does the reaction velocity increase as the 
temperature rises, but the reaction is also propagated more easily into the 
interior. 

With potassium permanganate this effect is not observed, since the 
products are not firmly retained, but in the initial stages of the decomposition 
of the solid solutions in potassium perchlorate a retardation may be observed, 
because here the decomposition products are more or less firmly held by the 
surrounding structure. Fig. 2b illustrates the transition from the accele¬ 
rated initial change of pure permanganate to the ^tarded decomposition of 
the dilute solid solutions. Solid solutions containing about 60 per cent of 
potassium permanganate give an almost linear relationship between time and 
percentage decomposition. The results plotted in these curves were obtained 
witii material ground as nearly as possible to the same state of subdivision. 
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Increase of temperature, as well as decrease in size of particles, renders t^e 
propagation into the interior easier, as maj be seen from fig. 2 a. which 
represents the initial rates of decomposition of a single solid solution at 
various temperatures. 




Fio. 8a— Solid Solution containing 60‘0 per cent EMnOf. Al, B, Cl, finely grounds 

AS, 08, small oiystols. 

Fm. Sb _Solid Solutions of Tarious Compositions. A, 100 per cent. S:Mn 04 . 

B, TO'S per cent. BlMnO(. 0,60*0 per cent KMnO^. D, 84*7 per cent. E[Mn 04 . 
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13. Injlumee of the Siae of Particles on the wUial Bate of Beotian. 

While it is quite clear qualitatively that tiie rate of reaction ineteaeee with 
the degree of subdivision, the exact relation between rate and crystal siae 
requires further consideration. If a given mass of substance the mean linear 
magnitude of whose particles is a be subdivided into particles whose mean 
linear nugnitude is b, then the surface is increased in the ralw a/b. But 
experiment shows that the velocity of reaction does not increase in this ratio, 
but in a considerably smaller one. This implies that the surface which is 
effisotive in deter oaining the rate of reaction is considerably greater than the 
apparent surface as deduced from the linear size of the particles. What 
appears to be an individual crystal is really composed of aggregates, some of 
which are solfioiently loosely held together to allow decomposition to take 
place between them. This is in accord with the resnlts derived Brom the 
consideration of tensile strength, which is always much lower than would 
be expected if the material were continuous. From this it is oonelnded that 
the tensile strength represents the force between small aggregates. 

The following is a typical result.— 

Solid solution of KMnO* in KCIO*, 


60'6 molecular percentage. 


Mean diameter of 
particles. 

0'38 mm. 

0-026 mm. 

The ratio of the velocities is 1-96. 


Initial rate of decomposition 
at 184-8 C. 

0‘0054 per cent per min. 
0‘0106 percent, per min. 


At 2081° G. the ratio was found to be 2*13. Taking the mean as 2-05, it is 
seen that this is considerably less than the inverse ratio of the linear sizes 
0-38/0-026 = 16. 


§ 4.— The Ewlviion of Oxygen from Isomorphove Mixlwres of Potassium 
Permanganate and, Perchlorate. Dependence of Beaetion Velocity on the 
Concentration <f Potassium Permanganate. 

It may be Stated at the outset that at the temperature of the experiment 
only the potassium permanganate undergoes measurable deoompoeitioD. 
Nevertheless, the stability pf the permanganate elements of the (»ystal 
structure is influenced by the presence of the perchlorate elements. It is, 
thersfhre, of interest to determine the velocity of oxygen evolurion firom solid 
solutionB of various compositions. 

It is clear that to find out how tiie stobility of One potassittin permao' 
^nate crystal element depends on its environment, the deoomporition ehoold 
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onlj be measured in its initial atages, since if it be allowed to proceed to a 
more advanoed stage complications may occur, due to the varying facility 
with which the oliange is propagated into the interior of the crystals of 
diif6(rent oompositions. In the different experiments of a series it is necessary 
to use crystals which possess the same surface. This is difficult, since the 
apparent surface is not a real index of the tnie surface, One must, however, 
employ crystals of the same apparent size and regard the results as partly 
statistical. 

The determination of the initial velocities was attempted by two methods. 
The first was to follow the decomposition to about 5 per cent, and determine 
the initial rate directly. The second was to follow the decomposition over 
its whole course and to extrapolatiC. But the changes in curvatui^ iieai* the 
oommenoeinent are so marked that the extrapolation must be regarded as 
rather arbitrary. 

The experimental method consisted in heating in a vapour-bath about 
0-5 grm. of the substance contained in a small glass bulb, and connected by a 
capillary tube to a mercury manometer in the first series and to a small gas- 
burette in the second. The oxygen evolved was thus measured, either by 
increase in pressure in the apparatus, or by direct reiwliug of its volume under 
atmospheric pressure. 

The following results were obtained. (The figures repmsent initial 
velocities in per cent per minute):— 


1 

1 

Temp. 

Mol. p.c. 
KMnO^. 
lOO p.c. 

Temp. 

Mol, p.c, 
KMnO,. 
76 ’5 p.o. 

Temp. 

; Mol. p.o. 

1 KMuO^. 

60 ’6 p.c. 

Temp. 

Mol. p.c. 
KMnO*. 

68 ’5 p.c. 

148 ‘0 

0 •00186 

183 *8 

0 01S5 

184*8 

1 

0-0106 

182-8 

0 0088 

188‘4 

0-0296 

198*3 

0*042 

193 *8 

0-0270 

192*7 

0 *0138 

m*3 

0*0660 



208-1 

0*108 1 

206-2 

0 OSfJ 

! 108 1 

0 *068 







Value deduced for 200® 

Value deduced for 2U0® 

Value deduced for 200®! Valne deduced for 300® 1 

0 091. 

0'070. 

0 048. 1 

1 

0*039. 


Mol. p.c. 


Mol. p.c. 


Mol. p.c. 


Mol. p.c. 

Temp. 

KMnO^, 

Temp. 

KMtt04. 

Temp. 

KMnO.. 1 

Temp, 

KMuO^. 


46 *2 p.o. 


88 *6 p.c. 


24-7p.o. i 


34 *8 p.o. 

198*4 

0i)86 

108-2 

0 034 

307 *3 

0*066 

220-8 

0-80 





830-2 

0*88 



Ysltm deduced tor 200® 

*.1 

1 

1 

1 

1 

Yalaed«d»«edfor200° 

Value deduced for StX/' 

0059. 

0*042. 

O-OSl. 

0*084. 


Urn efBsot of temperature varies from one solid solution to another. This 
must be attributed to a greater or lesser loosening of the ciystal aggregates 
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as the temperature rises. For this and the other physical reasons previourfy 
discussed, it is of little value to calculate the ** heat of activation ** from the 
temperature coefficient 

From these results the following series of relative values at 200® C. is found 
by plotting the logarithm of the initial rate against temperature. 


Molecular percentage 

Belative initial 

KMnO,. 

Telocity. 

1000 

100 

76-6 

77 

60-5 

53 

68-6 

32 

46-2 

65 

33-5 

46 

24-7 

34 

24'3 

37 


In fig. 3. the curve B is drawn in the most probable position through these 
points. Considerable deviations from the mean are to be expected owing to 
variations in the effective surface. 



Fia. 3.—ttelative Velorities of Decomposition of Solid Solutions of KMnO* in KOlO, 
stW. A, ImtUlKat«calcuktedfit)mheatof mixtu^^ B, Initial Bates observed. 
C, Bates estimated arbitrarily from times required for SO per cent, decomposition. 
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In the second series the whole course of the change was followed at 240*^ C. 
small crystals selected by sieving being used. Kie relative velocities as 
deduced from the times required for 20 per oent. decomposition are given 
below and in the curve C in fig. 3. This curve is steeper than A owing to 
the physical cause already discussed. 

JteUtive 
velocity. 

100 
79 
38 
34 
21 
18 


Molecular percentage 
KMnOi. 

lOO'O 

76-5 

G3-0 

60-5 

40-8 

24-7 


From the curve of initial velocities (curve B) in fig. 3 we con test 
equation (1) according to which if the heat of activation is increased by q the 
velocity constant is reduced from k to k' where 




Putting initial velocities proportional to A; we have, for an equimoleeuiar 
mixture at 200®, 

k ^ 

A' “ 52 ’ 


whence 



q St 618 calories per gramme molecule KMn 04 , 
or 309 calories per gramme molecule of the equimoleeuiar mixture. 

This has been assumed equal to the heat of solid mixture. 

This heat of solid mixture can be determined directly from the heats of 
solution of potassium permanganate, perchlorate and the mixed crystals. 
E Sommerfeld* has determined these accurately, and from hie results it is 
clear that there is a small evolution of heat when mixing takes place in the 
solid state. For 1 gramme molecule of the equimoleeuiar mixture it 
amounts to 260 calories. Since this represents the difference between heats 
of solution which amount separately to about ten thousand calories, better 
agreement cannot be expected, with the value estimated above. Moreover^ 
these measurements were made about ISO** below those of the reaction 
velocities, so that a comparison implies that the specific heats of the solid 
solution can be calculated additively from those of the components. 

V ‘ KeoM Jahrbttcii fttr Mlnaralogie,’ Beilage Band XIII, p. 44S (1900). 
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From a curve of Sommerfeld’s results the following heats of mixture per 
gramme molecule of potassium permanganate are deduced 

Per cent. Per cent. Per cent. Per cent. 


KMa04 . 80 60 60 40 

KClOi . 20 40 50 60 

Calories . 169 403 620 600 


Using equation ( 1 )» we may calculate from these figures the relative rates 
of decomposition of potassium permanganate in solid solutions of various 
compositions. These are shown in curve A in fig. 3, and it will be seen that 
the theoretical curve lies very close to the curve B, representing the experi¬ 
mental results. From this it is clear that the lowering in velocity is 
explained by tlie change in heat of activation being equal to the heat of solid 
mixture. 

The results described in this paper once more seem to confirm the view 
that no distinction can be drawn between physical and chemical fcsibW* 
The chemical forces between the atoms of solid substances are pJX)foundly 
modified by physical conditions, such as proximity to the surface, and by the 
presence of neighbouring atoms in the space lattice. Moreover, the decrease 
in potential'energy attending the physical process of solid mixture leads 
directly to incieased chemical stability in a way which can be calculated 
approximately from the heat of mixture. It will be interesting to see 
whether similar agreement can be found in the case of other isomorpbous 
mixtures, including those with a negative heat of formation. 

We have pleasure in thanking Brig.-Gen. H. Hartley for his interest in 
this work. 
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Heats of Combustion and For^mation of Nitro-Compounds. 
Part I.— Benzene, Toluene, Phenol and MeiJiylaniline Series. 

By W. E. Gabnkk and C. L Abbrnbtht. 

(Communicated by Sir Bobert Bobertson, F.B.3. Beceived December 15 , 1920 .) 

IntroduUimi. 

The study d! the explosive properties of organic nitrobodiesisnot complete 
without a knowledge of their heats of formation, for these constants are closely 
lelated to their stability and sensitiveness to impact and heat. The heats of 
formation also form the basis of any calculations of the energy liberated in 
the detonation of high explosives. The heats of detonation of balanced 
explosives such as a mixture of ammonium nitrate and trinitrotoluene 
arranged for complete combustion, can readily be determined from the heats 
of formation. Wlien there is insufificient oxygen in the explosive for the 
complete combustion of the hydrogen and carbon it is more difficult to 
calculate the heat of detonation, esfiecially as the composition of the products 
is dependent on the external work done by the gases, but from a knowledge 
of the constants of gaseous and heterogeneous equilibria it is often possible 
to obtain values with some degree of accuracy. The preliminary work 
in the production of new explosives can often be considerably shortened 
by such calculations. 

The heats of combustion of some of the members of the toluene, benzene 
and phenol series have been determined by various workers, but there are 
many gaps in the series, and tlie agreement in certain oases is unsatisfactory. 
These results are summarised in Table I. 

In order to amplify these data, it was decided to carry out an accurate 
estimation of the heats of combustion and formation of the nitro-oompounds 
in the toluene, benzene, phenol and methylaniline series, and to calculate 
both the heats due to the entiauoe of a nitro>group into members of the 
series and the heats of nitration. 

The toluene series was investigated in greater detail, since all of the 
isomers in this series were available. The oonstcmts of only the principal 
members of the other series have been determined. 

Appwratus wad ilethods of Mmipttlatwn. 

The oalorimetrio system loonsisted of a BeUrthelot-Mahler-Eroeker bomb 
jdaced in a niokel-plated copper vessel coataining 1200 c.c. of water; this 
i^UHlgllgll^suarrounded by another larger similar vessel, the whole standing 
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within a copper water jacket. A thick felt covering protected the whole 
system from outside influences, and olpsely fitting cardboard lids prevented 
air currents from entering. The air space in the inner calorimeter was 
reduced to a minimum to avoid convection currents, and the volume of water 
was 08 small as was consistent with good stirring. 

The water equivalent was determined by means of the secondary standards, 
naphthalene and benzoic acid. There is, however, some confusion in the 
literature as to the best values for the mechanical equivalent of heat and the 
secondary standards. The three main secondary standards, naphthalene, 
benzoic acid and cane sugar, have in turn been criticised by different authors. 
Their usefulness appears to be in the order given. The values of the heats of 
combustion of these substances are still uncertain to the extent of two to 
three parts per thousand. This is due chiefly U) the different values taken for 
the meohanioal equivalent of heat by German and by American workers, but 
even the ratios of the heats of combustion of different substances obtained by 
different workers are unsatisfactory. The determinations of Roth, Fischer 
and Wrede, Wrede and the American Bureau of Standards are based on 
electrical methods which have been carried out with great care. These 
together with data from other authors are summarised below ;— 


Table II.—Heats of Combustion of Secondary Standards by various 

Observers. 


No. SubffUnoo. 


Cal./gnn. 


JottlOf 
per gnn. 


Observer. 


2 Ni^bfcluilene 


2 Beaeoie f 


0624 (Both.) 40814 Wrede, * Zt. Ph^s. Ohem./ vol 76, 
' p. 92 (1910). 

— 408S4 Flsober, Akad. Wiss. Berlin,* 

Tol. 16 (1904). 

— 40860 Wre^, Swientoslawski, A. C. S.,' 
toL«, p. 3698 (1917). 

^ * Bureau of Standards Scl. 


i, * J. p.2698 

Cfl916). 

&n.,* Tol. 407, p. 137 
"^kt. Ohem,,* (II), 



. ' ;;’" 

■ y.,.' '1 




ys. Chetn./ vol. 69, 


>«{ ooaibustion is not altogether 
meat between absolute values ot 
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between the ratios of the beats of oombustion of the two sabstaiusee as has 
been pointed out by Swientoslawski {Ipe. eit.). 

The ratios for naphthalene and benzoic acid have been reoaloolated and are 
given in the following Table:— 


Table III.—Ratio of Heats of Combustion of Naphthalene «»d of 

Benzoic Acid. 


No, 

Author. 

Heat of combustion of naphthalene 

Date. 

Heat of combustion of bensoic acid' 

1 

FUchM* aofi Wrede . 


1904 

2 

Wrede ....... 

1*6288 

1910 

n 

Both. 

1 1 *6286 

1916 

4 

Stohmann ..... 

1 *6229 

1880 

6 

Dickinson.. . . 

1 1*5202 

1916 

6 

Ssrientosiihwski . 

i 1 *6282 

1917 

7 

Beseurch Department, Woolwich 

1*6240 

1918 


Of these values the highest (1) must be regarded as superseded by (2), and 
(6) ought to be eliminated on the showing of Swientoslawski. The mean of 
the four remaining values (1'52S2) is the same as that determined by 
Swientoslawski, and it seems advisable to accept this value provisionally. 
The German author Roth (see Landolt and Bornstein’s Tables) has assumed 
the mechanical equivalent of heat to be 4*189 ergs, the value of the 
‘Reiohsanstalt, Berlin, while (5) and (6) in Table II are based on the figure 
4*182 ergs, the value of Harvey and Davis, Harva|d?' 

Since the determination by the American Bureau%f Standards agrees with 
tihat of Swientoslawski and is more recent than that of Roth and Wrede, the 
16® value of 9618 cah/grm. may be provisionally accepted for the heat of 
oombustion of naphthalene, and from the above consideration of the ratios 
the most reliable value for benzoic acid is 6311 for the 16° calorie. To 
make the results in this paper directly comparable with those of Richards* 
the 18° calorie is takeh in .^s Work as the unit, making the heat of com¬ 
bustion of naphthalene 962PI|^/grra. and of benzoic acid 6817 oal./grm. 
These values are employed determination of the water equivalent of 

the system. ^ 

The mean value obtained by di^ration with benzoic acid was 
1644*8 oal./grni. The ratio of the heats' -of combustion of naphthalene 

** ‘ J. A C. S./ vol, 39, p. 341 (1917), Since tliu paper vm written BiCharda and Davie 
(‘J. A. 0. S.,’ imi. 4S, p. 1699 (1920)) have re-detensdaSd,the heats of combustion as 
follows :-Bensoic add, 6320; laphthalene, fleU GT Thsss resulu 

show that there ii still uueertainty in the 
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T&bk IV,—Water Equivalent of System, by Combustion of Naphthalene. 


8ttb«tanoa, 

No. of 

1 Beokmaun 
! thermometer. 

] 

Weight. 

Temp. 

rise. 

) 

Water equivalent. 

Sample 2— 

WLP. 80 *8-8(1 *5*^0, 

1 

No. 2 

1 

grm. 

0*4822 

^C. 

8 004 

1 

1644-41 


1 

tl 

0‘4089 

8-108 

1644-4 



1320 No. 14 

It 

OHtm 

0-8201 

2-060 

1'094 

1542 *4 
1544-6 

-1548 *9 grm. 

( 

F.T.R’/5p64 

-- 

0-8986* 

0 '8952* 
0-4066 

L,... 

2*499 

2-4746 

2*526 

1648*0 
1644 ‘8 
1646 '8^ 


^ In the two oaeei* marked wit)t an att>enak 0 ‘0046 grm. cotton-wool (heat of oombui»ttoa 
4080 cal<nrt«§ per gramme) was lued to facilitate ignition of the pellet of naphthalene. 


and benzoic acid was found to be 1'5240, which differs by 8 in 15,000 from 
the mean ratio in Table III. 

Owing to the variations in the published heats of combustion of benzoic 
acid, and the difficulties which occur in its purification, the value obtained 
with naphthalene, 1544, is considered the more accurate, and so was adopted 
as the water equivalent of the system. 

All the solid substances were burnt in the form of pellets, anA^eptifired 
electrically by platinum wire of 0’004 inch diameter, and arKfteryf'bf 
12 volts. In order to avoid overheating of the top of the bomb and too 
rapid combustion of the substance, the wei^t taken was such as to give a 
rise in temperature of not more than 1*5° 0. and 2*’ C. The bomb was 
twice filled with oxygen to a pressui^of 5 atmospheres and emptied, before 
finally filling to a pressure of 20 atmospheres of oxygen. The percentage 
of atmospheric nitrogen was thus greatly reduced, so that the nitric acid 
which did form was mainly due to the nitrogen in the explosive. The rate 
of stirring was kept constant at about seventy strokes ^gttjniuute. 

In the case of liquids such as nitrobenzene, a mocraration of Bichards’ 
method* was used. At first, the nitrobenzenj||fa8 placed in a thin glass hu}b 
at the bottom of the crucible, and ignited a tuft of cotton-wool and 
pakraffin-wax, as in Bichards’ method. Be^dnes of carbon were left on tlie 
’^p and the walls of the bomb, and, although there was no smell of nitro¬ 
benzene, the heats of combustion were irregular. Fairly satisfactory results 
. were obtained if t^he unconfined liquid lay at the 1^oi^g||Ml^i^^P^oihle and 
Bichards’ paetbod o! ignition employe(t_^J2^|^^^g||H|||^^^||[iiBg, the 
nitrobenzene wa« completely 
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observed in the products of combustion. All tlie Uquids investigated were 
fired by this method. 

The corrections applied to obtain the heats of oombustion at constant 
pressure were:— 

(i) Eadiation correction. 

(ii) Correction for calibration of the thermometer. 

(iii) Correction for the heat of formation of the nitric acid-produced. 

(iv) Correction of the gases to constant pressure. 

(i) The maximum temperature being nearly reached at the end of the 
first minute, a short method was found to give the radiation correction 
sufficiently accurately. 

(ii) The thermometer used was at first Beckmann No. 2, K.P.L. 13, and, 
later, Beckmann 1829, K.P.L. 14, both of which had been standardised to 
0‘002° C. The water equivalent was not appreciably altered by changing the 
thermometer. 

(iii) The nitric acid produced during the oombustion was estimated, and 
correction applied for the heat of formation of nitric add. 

60»+2N8-f 2HjO+Aq a= 4HKOsAq+4x lA’O kgrm.-cal. 

The correction (due to nitric acid) is about 1 to 1’6 kgrm.-oal./mol. 
fpr mononitro-compounds, and increases to 1*7 to 2*6 for trinitro-compoundt. 
The amount of nitric acid formed was somewhat variable, probably owing to 
irregularities in the rate of oombustion of the nitro-oompound. It was 
therefore necessary to determine and allow for the nitric acid produced in 
every experiment. 

(iv) To convert the molecular heat of oombustion at^netant volume to the 
molecular heat of oombustion at constant pressure, 0*64-f 0*0021 kgrut'Cal. 
is subtracted for every mol. of ga^ formed, and added for every moL of 
oxygen used up in the combustion of one mol. of substance. It is 
assumed that the whole of the water formed becomes liquid, and the error 
thus introduced does not affect the fifth figure in the value of the heat of 
combustion. 

The value 0*68 kgrm.-cal., corresponding to a temperature of 20® C., has 
been used. 

Pur^fieation of Nitro-com^porndt. 

The substances in the toluene and benxene series were supplied by the 
organic laboratory of the IbeseKroh Department, and the sdids had been 
purified untU a constant melting piJiiUiyras obtained. Hie melting points 
and some boili^ points are given in Dilde Y 
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Table V. 


Melting Points of Nitro-compouuds. 


1 

SubsUnoe. ‘ MeHtng point. 

i 

Subst&noe. 

Melting point. 

j “0. 

Bimmirotolxittiie. 62 1 

fl : 8-0i&tirotoluene . 59 *6 

2 I 4*I>itiitrotolnene . 70 *5 

2 : 5-l>initrQtolu6n« . 51 *2 

2 ; 6*]>imtroto!uene .' 64 

8 : 4-DimtrotoIuene . 68 *9 

S : 6-Dimtrotolu«n6 .' 92*8 

a-Tiiniirotolnena.1 81 *l 

jS-IVinitrotoluane. 110*9-^111*0 

^-Trinitrotolnene.! 102 *7-103 *8 

8-Trimtrotolu6ne.j 182 *0-*l 82 ‘8 

^-Trinitrotoluene. .. 96 *8 

^‘Trinitrotoluene.' 110 *0 

m-Binitrobensene .... 

Trinitrobenxene (Sjrm.). 

o-NitropHenol . 

^-Kiirophenol. 

2 ; 4‘Bimtrophenol. 

Picric acid .... 

Paranitromethjlaniline. 

BinitromethylaniUne. 

TrimtromethjlaniUDe. 

Tetryl . 

Methyl tetryl .. 

•0. 

90*(V-90*l 

122*1-122*4 

45*1 

118 *1-118*9 
111*2-111*8 
120*6-121 *1 
161 *6-161 *9 
177 *6-177 *9 
110 *4-110 *8 
128 *7-129 *1 

99 *9-101 *1 


Boiling Points of Nitro-compounds. 


Substance. 

Boiling point. 

o-Kitnytoluene .,.,. 

222 *8-222 *7 (772 mm.) 

284 *0-286 *4 (772 mm.) 

211*1-211*3 (771, mm.) 

195 *1-196 *6 

fa-Nitrotoluene... 

Nitrobenzene . 

Monomethylaniline.... 



Heat of Gombudion. 

The oolleoted results of this investigation are given in Tables VI to XIII. 
The values for benzehe and toluene are Biobards'* and are based on the 18° 
calorie, and calculated the weight of substances in vacuo. The value for 
phenol is Berthelot’s.t All other values were obtained by experiment in the 
same calorimetric system and calculated on the weight of substeince in air. 
The heats of combustion of isomeric forms are found to differ considerably, 
the differences being altogether outside the limits of error for any one isomer. 

An analysis of the results for each substance shows some small divergence 
for any given substance, and the variation was not diminished by an improve¬ 
ment in the calorimetric system. The explanation of this probably lies in the 
great rapidity with which nitro-compounds burn in oxygeit. For example, it 
was found ^ngerous to burn more than 0‘6 grm. of tetryl in the bomb, as 
spittuip; caused injui^ to the porcelain lining. A greater divergence may be 
expeoi^ among the more highly nitrated bodies, and this is borne out by an 
analysis of the Table. 

* ‘J. A. a 8..’ vol. 87, iclsie (1918). 

+ ‘ Ann. Ohim. Phya,'e, voL 10, > 488 (1887). 
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No member of the methylaniline series, except tetryl, has given trouble in 
this respect, and the widest variation amongst the results for this senes 
amounts to about 6 in 4500. 

Heat of Formatwu 

The values for the heats of formation are calculated from the beats of 
oombustion at constant pressure, both on the diamond and on the amorphous 
carbon basis, using the heats of formation given below. 


Substattee. 

ifeat of formation. 

ObAarver. 

W»4i«r. 

68 *3 kgm.>oal./mol. .. . 

Thomsen. 

Oftrbon dioxide. 

! 97 *0 ltgrm.-oal./mol. (C. amorphous) . 

Thomsen. 


94*8 ltgrm.*cal./mol. (0. diamond). 

1 ^ 

Berthelot. 


The heats of formation of the nitro-compounds from amorphous carbon 
have been employed in calculations of the heats of detonation of high 
explosives, more especially as the deposited carbon from many high explo¬ 
sives deficient in oxygen is in the amorphous form. The heats of formation 
given in Tables VII, IX, XI, and XIII refer to that phase of the substances 
which exists at 15® C. In fig. 1 the heats of formation (amorphous carbon) 
are plotted against the number of nitro-groups in the molecule. The heats of 
formation in these cases are corrected to the solid state from values of the 
heats of crystallisation given in the Tables. 

Heat of Entry of Nitro-grimp. 

The heat of entry of the nitro-group into the molecule is given by the 
difference between the heats of formation of the substance and that of the 
next higher stage of nitration, and values obtained in this way for toluene are 
to be found in Table XIV. 

Hmi of Nitration, 

The heats of nitration (Tables VII, IX, XI, and XIII) are calculated from 
the heats of formation in accordance with the ei]nation:— 

CyHn HNOs (Aq) = CtH^NO, -h HjiO + 26*3 kgrm.-cal 

+ 15*1+48-8 kgrm.-cal. +20*9+68*8 kgrm.-caL 

The values thus represent the heat which would be evolved in the nitra¬ 
tion of the substances with aqueous nitric acid. 

Fig. 2 shows the effect of the number of nitro-groups in the molecule on 
the heat of nitration for each stage, all substances being in tibe sdid form. 
In the case of the toluenes, fig. 3 gives the heats of nitration in another lom, 
which illustrates the effects of nitration in the ortho-, metar*, and para- 
positions to existing nitro-groups. 













ton 





Meats of Combustion and Formation of Nitro-Compounds. 223 



R 2 



224 Messrs. W. E. Garner and C. L. Abemethy. 

Heat of Crystallisation. 

Some of the heats of crystallisation of members of the benzene, toluene 
and phenol series are known, and these are included in the following tables; 
but no data are available as to heats of crystallisation of isomeric nitro-bodies. 

In order to determine to what extent the differences in the heats of 
formation of the ieomeno trinitrotoluenes are affected by differences in the 
heats of crystallisation, the heats for the trinitrotoluenes were compared with 
Tammann's* value (4*88) for a-trinitrotoluene by a method involving measure¬ 
ment of rate of cooling. 

The heats of crystallisation of and 7 - T.N.T. were found to bo 5-0 and 
5*4 caL/mol. respectively ; it is therefore considered that the large differences 
observed in the heats of combustion of the isomeric nitrotoluenes cannot 
be accounted for by differences in the heats of crystallisation. 

Eemlts, 

(a) Toluene Series .—The nitrotoluenes form a complete series of isomeric 
bodies and are very suitable for an investigation into the relationship between 
the internal energy of isomeric bodies and their chemical constitution. The 
heats of combustion of the isomers of mono-, di- and tri-nitrotoluenes given 
in Table VI indicate that the internal energies of the various isomers vary 
considerably; thus the total variation in the dinitrotoluenes is 7*1 kgrm. 
cal./mol and for trinitrotoluenes 12*2 kgrm.-cah/mol. The heats of com¬ 
bustion of the trinitrotoluenes run generally in line with their figures of 
iusensitiveness and stability (Table VII) so that the isonler with the greatest 
internal energy (strain) is the most sensitive. Thus, /B-trinitrotoluene is 
more sensitive than (x-triuitroluene, and its heat of combustion is found to 
be liigher. 


Table VI,—Heats of Combustion of Toluene Series. 


Subitanoe. 

Mol. 

wt. 

Oal./gnn. 
in oxygen 
uncorreotod for 
nitric acid. 
(Arerage.) 

Kgnn.-oal./mol. 

in oxygen 
unooirecM for 
nitric acid. 
(ATerage.) 

]rgrm.*cal./xnol. 
at conatant 
volume 
oorreoted for 
nitric acid. 

Toluene . 

92 





985 *9 

Monouitrotoluene ... 

1S7 





(Biohard'a value). 

Ortho (liquid) . ' 






Meta (liquid). 


WUI7 

6560 
6548 
•6667J 

AKOCl 1 

^6559 

WU V 

897 -4 
897-X 
•899-rj 

»>89B*2 

897*0 



66 SO 

esaaj 

•9527 

w4 '4 
898*2 
896-ij 

>894*2 

898*9 


♦ Tommaim, *Zeit. Phyg. Chcm./ vol. 85, p, 288 (1918). 
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Table VL— continued. 




Cftl./grm. 

Kgrin.-cal./mol. 

Kgnn.-cal./mol. 


Mol 

in ox;fgen 

in oxygen 

at constant 

Substance. 

wt. 

uncorrected for 

uncorrected for 

volume 


nitric acid. 

nitric acid. 

corrected for 



(Average.) 

(Average.) 

nitric acid. 

Hononitrotoluene ^ 

. 






Para .. 


64901 


689‘1 





64.90 ! 
649e$ 

^6494 

889 1 1 
880-0 

.880 -7 

688*6 



6601J 


890 -Oj 



Diuitrotoluene .. 

182 






2:8. 

— 

47431 


863 *2' 





4784 

k4780 

861 *6 

1.861 *9 

660 *5 



4730 


860 *0 



2 ; 4 (two namples). 

— . 

4711 i 


867 •4'| 




4697 


854‘8 





4700 

h4700 

856 ‘4 

■866-4 

868-7 



4701 


865 *5 





4698 J 


864 *0J 



2:6 . 

— 

4711 


867 *8 





4710 

^4718 

867 *2 

.867 -7 

866-1 



4718 


868 '6 



2 : 6 (two sarnplee) . 

— 

47171 


868*41 




4715 


868 *2 





4718 

[4710 

867 7 

l867 *3 

856 *2 



4706 


850 -4 





4701, 


855 -ej 

' 


8 : 4 (two Aamplos) . 

— 

47861 


861 *91 





4786 

4741 

.4730 

861 0 

863-0 

*662*4 

860 '8 



4741 


i62-8 



8:6. 


46091 


866 •21 




1 ' 
j 

4696 

I4699 

864 -6 

Isss -2 

868 0 



4708 J 


866 *9] 



Tiiuitarotoluciic . 

227 






« fji . 4 ; 6). 


86811 


824 -21 





8622 1 

iseao 

822 -2 1 





8629 


828 7 

>838-9 

822 *5 



8688 

1 

626 *8 





8628 J 


828*6 




__ 

36871 


887 *2' 



f* . 


8679 

.8684 

886 -2 

>886-8 

884*7 


i 1 

8689^ 


886 -4 



^ (8 j 4 : 61. 


8662 


828 -9' 





3664 

8664 

1 829*6 

>820-4 

827*4 



8664, 


82i)*6 



a (8 ; 4 : 61. 

_ ! 

8667 


882 -4 



w t .... 


8f;67 

.8667 

882 -5 

• 882-8 

829*9 



8666,. 


882*1 



*(2:3:6). 

.r— 

8643 


826 *91 





8646 

.8646 

827*4' 

>828-0 

826 *6 



8H65J 


829 *6 



n2 : 8 : 6). 

__ 

8647'^ 


828 * 0 ‘ 



^ .. 


8647 


828 ‘0 


1 



3648 

18647 

827*0 

• 828-0 

827 1 



8646 


827'4 




- 

8668 ., 

1 

829*2 




* Air not driTon out of bomb. Oomotiou mftde indepeudentlj. 






















Table VII.—Summary of Heats of Combustion^ Formation and Nitration per Molecule, and Figures of Insenativeness. 
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The heats of formation (carbon amorphoos) (Table VII) of this series, range 
from 15 to 31 kgnn,-caL/mol. and in general rise to a maximum for the third 
(dinitro) member of the series. This maximum in the heats of formation is 
shown by fig. 1. Thus the course of the nitration of a-trinitrotoluene is 
traced from toluene, through orthonitrotoluene and 2:4 and 2:6-dimtro- 
toluenes. The beats of formation of the liquid substances as set forth in this 
curve are corrected to the solid form. Toluene is assumed to have heat of 
crystallisation 2*4 cal./mol. and the mononitrotoluenas 4*3 cal./mol 
Some regularities have been observed in the heats of formation of members 
of the toluene series. Thus there appears to be a definite increase in the 
internal energy (lower value for heat of formation) associated with groups in 
the ortho position, and especially when the nitro-groups are ortho to one 
another, A phenomenon which may be associated with this has been observed 
by Le Bas^ who found in the case of the mononitrotoluenes that the greatest 
decrease in molecular volume was with ortho-substitution. For the present 
data for heat of formation the following expression approximately holds 
Heat of formation of di- and tri-nitrotoluenes = 30*8—1*3 {n x 4m€) where 
n is the number of nitro-groups ortho to a methyl-group, and wis the number 
of nitro-groups ortho to a nitro-group. 

The extent to which this obtains is shown in the following Table:— 


Table VIIa. 


SubfltAfice. 

Heat of formation. 

Subitanoe 

Heat of formation. 

(foUd). 

Galoulated. 

Bxporimental. 

i (•olid). 

Calculated. 

Experimental. 

I)NT— 

2 : 4 

29*5 

81 1 

j TNT— 

« 

28*2 

29*1 

2:8 

24 8 

84*3 


19 1 

16 *9 

2 I 6 

29*5 

28 *7 

y 

24 *8 

24*2 

2:6 

28*2 

29*8 

8 

20*4 

21 7 

8:4 

25*6 

24 *0 

f 

24*8 

26*0 

8:8 

j 80-8 

80'9 


23*0 

24*6 


Heats of nitration of the toluene series are calculated from heats of 
formation and are tabulated in Table VII. The heats of nitration of the 
liquid isomers are unoorreoted for change of state, and the amounts of the 
heat evolved at each stage of the nitration from toluene to the trinitro- 
compounds are given for all possible entries of the NO» group into the ring. 
Tbe heat of nitration ranges from kgrm.-cal./moL for toluene to 

p-nitrotoluene to 6*3 kgrm,-cal/mol. for 2:4 dinitrotolttene to ^-.trinitro¬ 
toluene* 

* ‘ llie Molecular Volumes of Liquid Compounds^' p. SSO. 
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ThiB Table is made clearer by reference to fig. 3. The formulae of the 
isomers are given and the methods of derivation of the substances are 
indicated. The numbers show the amount of heat liberated during the 
nitration when one NO 3 group is introduced in the ortho-, meta and para- 
positions to existing nitro^groups. The insertion of a niiro-group into the 0 -, 
m- and j»-positions relative to existing nitro-groups, and to the methyl 
group is indicated in the diagram. 

(b) Benmu Series ,—The results are 4-5 kgrm.-cal./niol. higher than those 
of Swarts but agree with those of Berthelot (Table I). 


Table VIII.—Heats of Combustion—Benzene Series. 


Subutaaoa. 

Mol. 

wt. 

Cal./grm. 
in oxygen 
uncorrecUd fot 
nitric acid. 

£grm.-oal./xnoL 
in oxygen 
uncorrected for 
nitric acid, 

]Cgrm..oaL/mol. 
corrected for nitric 
acid. 

Benxene .. 

78 




780 *4 (Richard’s value). 





Jfjtrobenxene ... 

128 

6022*^ 





6036 

6020 

6028 

6018^ 

^6025 

741-1 

j 

789-9 ! 

1 

i 

O'BinitrobenEenc . 

Ids 

41961 

4191 

4207 j 

4181* 

4186 

4178, 

41401 

4180 

4144 



*■ 1 

•••Diaitrobenxexta . 


• 4198 

708-2 

708 *8 



• 4180 

702-8 

700 *6 

iP*X)imtrobei]««ne . 







>4188 

696-2 

698 7 

4187 J 

1 : 8 1 6 Xrinitrobenxene 

1 : 2 I 4 Trinitrobeiuatie 

2X8 

3126] 
8188 
8140 J 
81771 

.8188 

667-8 

666*6 



8172 1 
8186 { 

► 8177 

670-9 

675 9 



8l74j 

i 





The heats of formation (Table IX) are lower than for the toluenes and do 
not give a maximum fluch as that obtained for the nitrotoluenes; the values 
rise from 4-5*6 for benzene to 4-26*1 for jp-dinitrobenzene. The nature of 
the rise to the symmetrical trinitrobenzene is shown in fig. 1. Of the two 
isomeric trinitrobenzenes the symmetrical has the greater heat of formation 
and also possesses greater stability and has a higher figure of insensitiveness 
than the unsymmetrioal compound (see below). This agrees with the behaviour 
of the trinitrotoluenes. 
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Table VIIlA. 


Explosire. 

Heat of formation 
(kgrm.^cal./iriol.). 

Figure of indensitive- 
ness (picric acid 
- 100). 

1 

Ga» evolution 
(c.o. in 40 hour*) 
at 120^^ C. 

1 ; 3 ; 6 trinitrobeuKene.. 

21 1 

106 

NU 

1 t 2 : 4 trinitirobdnxone.. 

10*8 

108 

0-66 








Table IX.—Heats of Combustion, Formation, Nitration and Crystallisation—Benzene Series. 
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The curve of heats of nitration is not so steep as for the phenol and 
methylaniline series, and this appears to be connected with the difficulty 
with which the nitro*group enters the molecule* The slope corresponding to 
the conversion of dinitrobenzeue into trinitrobenzene is very slight, and it is 
well known that this step in the nitration proceeds only with great difficulty. 

The variations in the heats of nitration of the isomers in the Ixjnzeno 
series is indicated in fig, 4, where the same method is adopted as in fig. 8. 
The relative order of the heats of nitration into the ortho-, meta- and para- 
positions is similar to that found for the toluene series, ortho-substitution 
taking place with evolution of the least amount, and the para-substitution 
with the greatest amount of heat. 

(c) Phcwl Sei'iti .—The heats of combustion of the phenols are very low, 
owing to the presence of a hydroxyl group. The values for o- and ^-nitro- 
phenol are of the same order as those given in Table I. It should he noted, 
however, that the o-nitro-oonipound has the higher heat of combustion. 


Table X,—Heats of Combustion—Phenol Series. 


SubtttQoe. 

Mol. 

wfc. 

CaL/grm. in 
oxygen. 

Kgrm.-cal/mol. 

nncorrecfced. 

Kgrm.-oal./mol. 

corrected. 

Phenol . 

94 

- 

- 


736 *9 (Borthelofc’s value). 

o-Nitropbenol _ 

189 

49621 





4972 


691 1 

689 -9^ 

p-Kitrophouol . 

189 

4981J 
49501 



1688*5 


4950 

^4951 

686-2 

687 *0 J ! 



4968] 



2 i 4 Iliiiiitrophenol 

184 

86401 

8546] 

• SS43 

i 

i 661 -9 

650*2 

1 

Picric acid. 

229 

1 27281 

1 

I 


i i 

1 
1 



i 2727 

^2781 1 


628 *7 1 


i 

j 

! 2743; 

1 

1 1 
! 

' 625 -4 1 

1 1 

! 1 


(d) MethyUmUine Series .—The heats of formation rise to a maximum for 
the third member, dinitromethylaniline, and then rapidly decrease, until, for 
tetryl, a heat of formation -f 7*5 is obtained* 
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Table XII.—Heats of Combustion—Methylaniline Series. 



Mol. 

Cftl./grro. 

Kgrni.-cftl./inoL 

Kgrm.*cal,/xnol. 

SubstatK'f. 

uneorreeted for 

corrected for 

wt. 

in oxygen. 

nitric acid. 

nitric hcid. 


107 

91271 




... 

OIU 

^9119 

976 7 

974 -4 



0116 J 




j»«Nitroxiiethyl&uiIine .. 

162 

60901 





6093 

• 6090 

928-8 

924 *3 



6088 J 




2 ; i-Dinttrozuethylauiline . 

197 

46041 




1 

4610 

^4607 

887 -9 

886 *5 

i 


4506 J 




2:4: 6*Trimfcrometbylaniline 

1 

242 

86621 





8668 

• 8664 

862 '6 

869 *9 



8666 J 




T«tryl . 

287 

29601 
2951 1 

1 




1 

1 





2965 ; 
2967 i 
2964J 

12065 

848*1 

845 *3 

Methyl Tefcryl . 

301 

3376 1 
j 8366J 

1-8871 

1014 *7 

1012 *1 


Table XIII.—Heats of Combustion, Formation and Nitration—Methylaniline 

Series. 


Siibetanre. 

Mol. 

in, 

Heat of oombufltion^ 
kgrm.-cal./mol. 

Heat of formation, 
kgrm.^cel./moL 

Heat of 
nitration, 
kgrm.-cal./mol. 


Conet. 

YOl. 

Conit. 

presB. 

a 

amorph. 

a 

diamond. 

Methylaniline . i 

y>-NitromethylaDiline ... ^ 
2 : 4*DinitroiaethylRui- i 
line 

107 
162 1 
197 1 

1 

974-4 

924-8 

886-6 

976-4 

984-8 

884-6 

+ 11-0 
+ 27 -9 
+ 83-6 

- 7*9 
+ 9-0 
+ 14 ‘7 

+ 86-4 
+ 26*2 
+ 11*9 

2 : 4 : O-Trinitromethyl- i 
aniline 

242 

869-9 

867-9 

+ 26-0 

+ 7*1 

+ 1*0 

Tetryl . 

287 

3ul 

1 

864*3 i 
1012-1 



t 1 ivi 


Methyl tetryl . 


+ 76 

j +6-8 

“11 '4 
-18 -8 



! XUUW o 

( 
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Table XIV.—Heat of Entry of Nitro-Group (into Solid Substances). 


Suhflkanc*. 

_ „ .. 

e-poeition. 

m-poeitlon. 

p-poeition. 

Toluene . . .. 

+ 7-7 

+ 11 *S 

+ 11 *S 

Nifcrotoluen© — 




2 (ortho) . 

2: 8-0*0 

2: 4 + 5 *9 
2:6 + 44 

2:5 + 3*6 

S (mefca) . 

2: 8-6*0 

8: 4-6 *8 

3: 6+1*6 

2-.6-0-6 

* (p»«) . 

8: 4-6‘8 

2: 4+1*8 


Binitro toluene — 




2: a . 

2:3:4- 7*4 j 

2:3:5 + l*7 

2i8:5 + l *7 
2:8:6 + 0*2 

2:4 . 

8:4:0- 6*9 

1 2:3:4-14*2 

2:4:6-2*0 

8:4:6-60 

2 : 5 . 

2:3:6- 2*7 
8:4:6- 4*6 
2:8:6- 4 2 

2:8:5-27 

3:4:6-46 

2:8;6-4*2 


2:6 .. 

2:3:6- 6*1 

2: 4: 6-0 *5 

2;S:6-5‘1 

8:4 .1 

2:3:4- 71 
8:4:5- 2*8 

8:4:6 + 0*2 

8;4:6 + 0'2 

8 : 6 . 

2:8:6- 4*9 
8:4; 6- 9*2 


2:8: 6-4*9 


Cmiclusions, 

The beats of formation of the nitro-coinpounds of the series investigated 
are markedly influenced by the position of the nitro-groups, and there 
is no regular change in these values similar to that observed in the 
introduction of the CHa group into aliphatic compounds; no empirical 
equation can be devised showing the relationships between the heats of 
formation of all aromatic nitro-coinpounds. From an examination of figs, 1 
and 2, however, it is seen tliat certain regularities exist between the heats of 
formation and nitration of the benzene, toluene, phenol and methylaniline 
series. The heats of combustion in all of the series investigated decrease 
with increase in the number of nitro-groups, but the heats of formation tend 
to a maximum for the second or third member of the series, and then 
diminish: An exception is seen in the benzene series, but here it is probable 
that the maximum is shifted to the fourth member of the series, and that 
the f ame general relationship would hold if the more highly nitrated benzenes 
could be obtained. 

It has been found in the toluene series that there is some regularity in the 
heats of formation of the di- and tri-nitroderivatives, and an expression is 
given ipn p. 227 which takes into acooui^ the lowering of this constant by 
nitrcHgToups, ortho to methyl, and to one another. 

The introduction of the methyl group into benzene, to form toluene, 
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modifies only slightly the shape of the curves showing the heat of formation 
of the nitro-compounds, but the introduction of a hydroxyl- or methylamino- 
group has a marked effect. The resemblance between the curves for the 
phenol and methylaniline series is striking; the effect of the hydroxyl-group 
on the energy changes involved in nitration is thus very similar to that of 
the inothylamino group, a result scarcely to be exjmcted. The heats of 
nitration curves for these substances are straight lines. On the other hand, 
ther(5 is no simple additive relation for the entry of nitro-groups into the 
benzene and toluene sorios. The differences betweeti the benzenes and 
toluenes on the one hand, and the phenols and methylanilines on the other, 
is apparently connected with the relative ease of nitration of these substances; 
the nitration of the former, especially to the highly nitrated members, takes 
place with ditSculty, whereas the latter are easily nitrated. 

In this connection also it may be mentioned that it is possible to nitrate 
phenol to the tctranitro-derivative, and methylaniline to the tetranitra- 
phenylmethylnitxuraiae and pentanitrophenylmethylnitramine, while only the 
trinitro-derivatives of tenzene and toluene have been obtained. 

From the results of this study of the uitro-compounds of the benzene, 
toluene and phenol series, it is clear that the nearer the nitro-groups are to 
one another in the benzene ring the greater is the strain in the molecule and 
the lower the heat of formatioti, Thus tlie o-mononitro-compounds of these 
series have the smallest heat of formation; the differences between the 
ortlio- and para- derivatives are, however, greatest for benzene and least for 
the phenol series. In the case of di- and tri- nitro-derivatives also, the 
proximity of the groups has the same eflect. 

Tl)e sensitiveness of nitro-compoxinds to impact and their comparative 
instability run in line with their heats of formation; thus /9-trinitrotoluene, 
which has the lowest heat of formation, is the most sensitive to impact. The 
stability of the unsymmetrical trinitrotoluenes and benzenes is less than that 
of the symmetrical forms. 

Certain conclusions can now be made with regard to the part played by 
the heat of formation in determining the magnitude of the heat of detonation 
of a high explosive. The large heat of formation of the nitro-phenols is a 
disadvantage from the point of view of their employment as explo'dves, 
though this is to some extent balanced by their comparatively high oxygen- 
content. Thus, although trinitrotoluene contains 29 per cent less of the 
necessary for complete combustion than does picric acid, yet its beat 
of detonation is similar, namely^ 924 caL per gramme (water gaseous)^ 
oompared with 914 cal * per gramme (water gaseous). This is to be expected 
♦ Kobertson, ‘ Trww. Ohsm. Soc.,* vol U», p. 8 (1981). 
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from the lower heat of formation of the trinitrotoluene (128 calories as com¬ 
pared with 277 calories per gramme for picric acid). In this example the 
introduction of the hydroxyl group into benzene to form phenol is accom¬ 
panied by the absorption of more energy than that of the methyl group to 
form toluene, and this is reflected in the explosive phenomena. 

From the figures that are available, the fifth member of a series, i.e., a 
tetranitro-oompouud, will be seen to have a very low heat of formation. The 
effectiveness of tetryl as m explosive is very largely dependent on its l)eing 
the fifth member of the methylaniline series and thus possessing a low heat 
of formation. The entry of the fourth nitro-group into the side-chain does 
not affect this uniformity. 

Of the isomeric trinitrotoluenes, /3-trinitrotolueue has been shown to have 
the lowest heat of formation, i.e., to contain the lowest internal energy per 
gramme, and «-trinitrotoluene the highest heat of formation, i.e., to contain 
the least internal energy j»er gramme. If on detonation these two substances 
gave the same products of deooni|K)8ition, )8-trinitrotoluene would have an 
advantage over «-trinitrotolueno of 54 cal. per gramme. For the same reason, 
the unsymmotrical trinitrobenzene should be a more powerful explosive than 
the symmetrical body. In general, the greater the number of adjacent 
groups in a molecule of a high explosive, the greater will he the heat of 
detonation, but there are often practical limitations to this choice on account 
of the greater reactivity and lower stability of the less syrnmetncal nitro¬ 
compounds. 

We wish to tender our thanks to the Director of Artillery for permission 
to publish tills work, and to Sir Eobert Robertson for the interest he has 
taken in the investigation. 
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Researches upon Brown Goals and I/ignites. Part I .—Heat 
Treatment at Temperatures below 400® (7, as a Possible 
Method for Enhancing their Fuel Values. 

By WitUAM A. Bonk, D,Sc,, F.RS, 

(Received February 10, 1921.) 
hitrod/uctimu 

Coals may be conveniently divided into four principal genera, namely 
(A) Sub*bituminou8, including brown coals and lignites, (B) Bituminous, 
(C) Semi-bituminous, and (D) Anthracitic, of which the first is, generally speak¬ 
ing, of more recent origin than the other three. According to the Report issued 
by the International Geological Congress in 1913, of the world's estimated 
total coal reserves (7,397,653 million tons), about 40*5 per cent, are sub- 
bituminous and lignitio, 62*75 are bituminous, and the remaining 6*76 per 
cent, are anthracitic. It is evident, therefore, that a large proportion of the 
world's coal reserves are of the immature sub-bituminous type whose economic 
values tts fuels have hitherto been regarded as much inferior to those of the 
geologically older bituminous and anthracitic groups. 

The world-wide economic dislocations caused by the War, and notably the 
great increase in the cost of winning and transporting the more valuable 
bituminous and anthracitic coals, have so profoundly affected the fuel situation 
generally, that the relative standing of the sub-bituminous brown coals and 
lignites has been of late much enhanced. Indeed, it may be truly said to-day 
that in many countries, including several of our Overseas Dominions, the 
question of how best to utilise their potential lignite coal resources has 
become one of first-rate importance. Already in Australia, Canada, and the 
United States, the matter is being vigorously investigated under Government 
auspices or direction as one of pressing economic necessity. It may, therefore, 
be assumed that if scientific research could disclose how the inferior brown 
coals and lignites may be *' up-graded " by a simple process into something 
approximating to the more valuable black coals, it might not only add to our 
knowledge of coal formation in past ages, but also would powerfully aid the 
solution of a present-day economic problem of world-wide importance. In 
this paper will be described the results of some experiments which have been 
recently carried out with this end in view. 

Lignites and brown coals comprise a great variety of principally tertiary 
coals wl^ioh may be regarded as intermediate between peat and bituminous 
coals. In their natural state they vary considerably in character and 
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chemical composition according to the degree of transformation of the original 
vegetable dihris (chiefly lignin) from which they were derived. From this 
point of view, further investigation may ultimately show that they include as 
many sub-groups as are known to exist among the geologically older 
bituminous (ic,, black) coals. Unfortunately, however, our present chemical 
knowledge of the brown coals is too limited to admit of anything better than 
some such provisional classification of them, according to their external 
appearances, as the following:— 

(A) Woody or Fibrous Brown Coals, such as retain a distinet ligneous 
structure; 

(B) Amorphous or Earthy Brown Coals, which are devoid of any organic 
structure; 

(C) Common or Brown Lignites, which are dark brown in colour and have 
a distinct laminated structure and fracture; and 

(D) Black Lignites, which are nearly black in colour and have a oonchoidal 
fracture. 

It is also possible that such a classification gives some index of the extent 
to which the coal formationhas proceeded. 

These sub-bituminous coals are further characterised a genus by the 
following common features, which, taken together, differentiate them from the 
older bituminous coals, namely, in that (i) they naturally contain a largi^ 
amount of water {e,g.^ always more than 10, and sometimes even as much as 
60, per cent.); (ii) on losing the same by ”air-drying” they usually 
disintegrate, either crumbling to powder or developing well-marked laminar 
cracks ; (iii) they are absolutely devoid of any coking properties; and (iv) in 
the “ dry ashless ** state they contain much more oxygen and less carbon than 
do any of the bituminous coals. Thus a "dry ashless” lignite will usually 
contain less than 70 per cent, of carbon and more than 20 per cent, of 
oxygen. 

Owing to their low carbon and high oxygen contents, sub-bituminous coals 
have, oven in the dry state, much lower calorific values than any of the older 
types; and when their high water-contents in the raw state are considered, 
together with the fact that they usually disintegrate on being dried by any of 
the ordinary methods, it will be readily understood that the problem of their 
transportation for any long distance has always presented formidable 
difficulties. 

In the raw state they are at best a low-grade fuel, burning with a very 
long and smoky flame. An4, owing to so much heat being required to 
evaporate their natural water-content, they do not give a very hot or radiating 
fire> which in boiler practice is so essential to rapid heat transmission aiid 

VOL. XOIX.—-A. S 



288 


Dr. W. A. Bone. 


efficient working. Against their obvious inferiority as fuels to bituminous 
coals may be set the consideration that some of them are capable of yielding 
on carbonisation at low temperatures a variety of valuable by-products 
including volatile hydrocarbons, fuel and lubricating oils, solid paraffins, etc. 
These latter possibilities will be more fully dealt with in a subsequent paper, 
but meanwhile attention may be drawn to them. 

As already mentioned, most of the brown coals and lignites are geologically 
of tertiary age, although some of them are undoubtedly cretaceous. Indeed, 
it has been proposed to discriminate between what have been termed true 
brown coals or lignites, which are chiefly tertiary, and sub-bituminous coals 
proper, which are chiefly cretaceous. This is, however, more of a geological 
than a chemical question, which, lying as it does outside the ambit of the 
author’s purpose, does not immediately concern him. 

Tertiary brown coals and lignites are chiefly found (i) in what may be 
termed the Pacific borderlands.” in North-west America, Japan, 
Australia, Now Zealand, and the East Indies; (ii) in regions adjacent to, 
or in continuation with, the Gulf of Mexico; and (iii) in regions north of the 
Mediterranean, including the Central European Plain. 

Economically speaking, the most important of the known tertiary lignite 
areas in the world are probably those of Victoria (Australia), Saskatchewan 
(Canada), North DakoUi (U.S.A.), and Germany, although valuable deposits 
occur, and in some cases are being worked, in Japan, India, Burma, Malaya, 
and New Zealand, as well as other parts of our Overseas Dominions. 
Cretaceous sub-bituminous coals chiefly occur in the western parts of Canada 
(Alberta) and the United States. 

A. An Eiv.perwuntal. Investigation of Morwell Brown CoaL 

The present research originated in a request, made to the author in 
October, 1916, by the Agent-General for the Government of Victoria 
(Australia), for certain assistance in connection with examining the nature 
ot the tars and oils obtained on carbonising at a low temperature tlze 
celebrated Morwell brown coal deposits in the Gippsland district, about 
97 miles from Melbourne. These Victorian brown-coal deposits are of tertiary 
origin, and, according to the Keporfc of the Government Advisory Committee, 
they consist of ‘‘a matrix of earthy brown coal with sporadic inclusions of 
lignite. . . . The matrix couaists of pollen grains, spore cases, and decom¬ 
posed vegetable matter. . . . The coal varies in colour between yellowish 
brown and black, but it always pulverises to brown powder.”* The Morwell 
deposits, which lie quite near the surface, are of exceptional thickness, and 
♦ 'Beport of Victorian Advisory Committee on Brown Coal/ 1817 , 
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repreaent an enormous store of potential energy whose economic importance 
to the State of Victoria can scarcely be overrated. Thus, in the Keport of 
the International Geological Congress upon the Coal Itesouroea of the World, 
it is stated that ** the thickness of the Gippsland deposits is shown in a 
bore-hole put down near Morwell which disclosed no fewer than seven beds 
of brown coal Three of these proved to be of phenomenal thickness, without 
parallel elsewhere/** A summary of the seams out was as follows:— 


Depth from iurface to top of seam. 

Thickness of coal. 

ft. 

ins. 

ft. 

ins. 

66 

2 

29 

6 

167 

6 

25 

8 

202 

2 

23 

0 

261 

6 

227 

10 

4B2 

4 

265 

6 

818 

4 

166 

1 

995 

ft 

2 

43 

8 

Total coal... 

781 

6 


Unfortunately, however, these Morwell brown coals usually contain in the 
raw state between 45 and 65 per cent, of water, and therefore it is diflScult 
to burn them efficiently under boilers. Nevertholess, in the year 1917, the 
Advisory Committee appointed by the Victorian Government to investigate 
the possibilities of generating electric power from them on a large scale, 
reportedf that, notwithstanding their low-grade character, it would l>e more 
economical to generate electric power for the City of Melbourne from them 
than from New South Wales coals. About that time also it was officially 
estimated that the cost of producing raw Morwell coal at the mines would 
not exceed 2«. 9d, per ton. The estimated cost of delivering Morwell coal in 
Melbourne was then 7s. M. ton, against about 20^, for black coal 
imported from Newcastle (New South Wales). And as the result of 
developments that are now taking place, it is anticipated that, in a few 
years hence, not only will the City of Melbourne derive the whole of its 
electric power from Morwell coal, but that the Victorian State Railways will 
also be worked electrically by energy from the same deposits. 

A representative sample of this Morwell cool was, in 1917, forwarded to 
the author for soientitio investigation from the Victorian Ministry of Mines, 
through the courtesy of Sir Peter MacBride, the Agent-General for Victoria 

♦ 

♦ * Coal Resources of the World,' voL 1, p. 42. 

t ^ State of Victoria Report of the Advisory Committee on Brown Coal,* Melbourne^ 
1917. 
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in London. It was consigned in six sealed tin cases, and was found to 
be a typical earthy brown coal. Its moisture-content, as it reached his 
laboratory, was 48 per cent. This water was all rapidly eliminated when 
the coal was maintained either (a) at 105° C. in a current of nitrogen, or 
(b) at the room temperature in a vacuuip over strong sulphuric acid. The 
dry coal yielded 55 3 per cent, of volatile matter when carbonised at 900° C. 
out of contact with air, and its ultimate composition was found on analysis to 
be as follows:— 


1 

Dry coal. 

Dry ashlees coal. 


per cent. 

per cent. 

Carbon . 

62 *60 

66*10 

Hydrogen. 

4*85 

6*00 ■ 

Nitrogen .. 

0-46 

0*45 

Rulphnr .. 

0*20 

0'20 

Oxygen. 

28*00 

P *26 

Aeh ... 

4 -00 



100 *00 

100 *00 


O-roBa oalorifio value of (he dry coal •> 6600 K.O.Ua. per kilognunme 


(or 10,080 B.T.Ub. per lb.). 

JSreai Treatment of the Dry Coat —On investigating the behaviour of the 
thoroughly dried coal when further heated, out of contact with air, in a 
special form of apparatus which permitted aC/Curate control of temperature 
and the measurement of the amounts of either liquid or gaseous products 
evolved, the following significant observations were made, which subsequent 
research has proved to be characteristic of brown coals and lignites generally. 
It was found that, beginning at as low a temperature as 130° C., but princi¬ 
pally between 250° and 375°, a chemical change occurred, which was 
characterised by the elimination of both steam and carbon dioxide from the 
coal substance, without any appearance of condensable oils or more than a 
quite negligible amount of gaseous hydrocarbons. Thus, in a typical experi¬ 
ment, when the temperature of 100 parts by weight of the dry coal was 
slowly raised to, and then maintained at, 375° C. until no further change 
occurred (the whole duration of the operation averaging about two hours), 
there were eliminated 5*6 parts of water and 6*6 parts by weight of gas 
( 1427 cubic feet of gas per ton of dry coal), which latter contained;— 

HaS = 1*6, COa « 88*5, CO « 41, OH* = 11. and Ng * 4*8 per cent. 
The reason for not continuing the heating beyond 376° C. was that such 
d^ree marked the limit to which the treatxnent could be pushed without the 
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coal losing either hydrocarbon oils or gasos. And—inasmuch as subsequent, 
investigation showed that for any particular lignite there is a similar tem¬ 
perature liniit (usually between 300^ and 400° 0.) up to which the dry ** coal 
substiince in like manner loses large quantities of both carbon dioxide and 
steam as the result of a chemical condensation affecjing mainly (if not entii^ely) 
its cellulosic or humic constituents, without either appreciably changing its 
hydrocarbon-yielding constituents or materially diminishing its potential 
energy as a fuel,—it is proposed to term such temperature the “ practicable 
upgrading limit ” for that particular lignite. This phrase is suggested because 
the tomiwature in question marks the practicable limit beyond which the 
concentration of potential energy in the dried fuel, consequent upon the said 
chemical condensation, cannot usefully be pushed without incurring appreci¬ 
able thermal loss. 

How far such concentration of potential heat units is practicable in the 
case of the Morwel} coal investigated may be deduced frcUn the following 
considerations, namely:— 

(1) That the 87*6 parts of '‘residual coal ” obtained after treating 100 parts 
by weight of the diy coal in the foregoing experiments was found on analysis 
to contain:— 

Per cent. 


Carbon. 68’5 

Hydrogen . 4*9 

Nitrogen . 0’5 

Sulphur . 0'3 

Oxygen . 212 

Ash . 4 6 


lOO'Q 

(2) That its gross calorific value was:— 

6,360 KC.Us. per kilogramme (or 11,450 B.T.Us. per pound); 


(3) And, therefore, that the chemical and thermal balances for the experi- 
xnents were somewhat as follows:— 



100 pttrfce of the 
original dry coal 
containing 

j- yielded "1 

87 *6 |>art8 of 
reaidual coal 
containing 

Lote. 


portA. 


parte. 

parte. 

Ourbon. 

62 -50 


60-00 

2-60 

Hydrogen . 

4 -65 


4-80 

0-5« 

Oxygen . 

28*00 


18 -65 

9‘45 

.... 

• eeo.ooo 


668,000 

2,000 
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It will thus be seen that the original dry coal had lost altogether 13-4 per 
cent, of its weight (principally as carbon dioxide and steam), but had 
retained practically the whole of its potential heating power. The loss in 
question had amounted to approximately one-third of the oxygen, one-tenth 
of the hydrogen, but only one-thirtieth of the carbon originally present in 
the coal substance. Leaving the bearing of such a result upon the chemistry 
of coal formation to be discussed at some future time, some of its possible 
economic applications may now be indicated. 

Some Hoonomic Coimderations. —It being obvious from the foregoing experi¬ 
ments that the brown coal in question could be considerably up-graded " by 
a simple heat treatment at temperatures well below 400^ C. in the manner 
described, further investigations were made with a view to determining 
whether the heat required first to dry and then to ** up-grade ” the raw coal 
could be supplied in a large power station or boiler installation at the expense 
of a portion of the sensible heat in the products of combustion from the 
treated fuel, assuming them to leave the boiler system at a temperature of 
not less than 400^ C. These investigations have shown that such combustion 
products do carry away from the boiler several times more heat than would 
.suffice for the purpose in view. Moreover, laboratory experiments have indi¬ 
cated that it would not be necessary, for the completion of the ** up-grading ” 
process, to maintain the dry coal at 375^^ C. for more than about forty-five 
minutes, and also that the aforesaid products of combustion could be safely 
employed for the purpose provided that they contain more than 10 per cent, 
of carbon dioxide. Large-scale trials of the scheme are accordingly now in 
contemplation, with a view to testing its applicability to the Morwell deposits. 

The advantages accruing from a successful issue of such trials would be 
(a) that the raw fuel would be dried and up-graded ” in situ by means of 
heat which would otherwise be lost up the chimney, or, in other words, that 
the incoming raw coal would act as an ** economiser ” in the boiler system ; and 
(J) that the “ up-graded ” fuel would subsequently give a much hotter and 
more radiant fire in the boiler furnace, thereby increasing the steam output 
and thermal efficiency of the system. 

B. Investigation of other Typical Lignites, 

As it seemed important to ascertain whether (and if so, then how far) the 
behaviour of Morwell brown coal under the aforesaid heat treatment is 
characteristic of sub-bituminous coals as a class, steps were taken to obtain 
representative samples of lignites of widely different origins. The author was 
fortunate in securing several such typical consignments, from which the 
following were selected as best answering the purpose in view 
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(1) A serieB of Italian woody lignites (Class A) from the San Giovanni 
Valdamo District 

(2) Two Italian lignites (Class 0) from Umbria. 

(3) A series of four Canadian lignites (Class C/D) from the Province of 
Saskatchewan, 

(4) A Burmese lignite (Class D). 

Details of the inveat^ation of all these samples will now be given, 

(1) Italian Lignites front tlie Vtddarno District ,—There are several lignite 
deposits in the northern parts of Italy (chiefly in Tuscany and Umbria) of 
which those of San Giovanni Valdarno are economically the tnoat important. 
In pre-war days the Italian production of lignite amounted to about 550,000 
tons per annum, of which about 75 per cent, were of Tuscan, and about 
20 per cent, of Umbrian origin. The principal Italian deposits occur in the 
mountain chain separating the valley of the Arno from that of Chianti, and 
are commonly known as the Valdarno deposits. 

According to the Report issueil by the International Geological Congress in 
1913, these Valdarno deposits occur in the lower Pliocene measures, and in the 
raw state they usually contain between 40 and 50 per cent, of water. They 
have a very woody appearance and fibrous structure, so much so that they can 
usually bo sawn into pieces without crumbling. In colour they are dark 
brown. The author was fortunate in securing through the Italian Military 
Mission in London one representative sample, and subsequently he obtained 
some others privately. 

As received at his laboratory, they contained between 25 and 40 per cent, 
of water; the volatile matter in the "dry ashless” coals varied between 
56 and 60 per cent. An ultimate analysis of one of the dried samples (No. 1) 
was made, with the following results, from which it will be seen that (as 
might be expected from its " woody ” character) the coal substance contained 
decidedly less carbon but more oxygen than the Morwell brown coal. 

On investigating the behaviour of three different consignments of Valdarno 
lignites when submitted in a dry state to the beat treatment in question, it 
was found that the highest temperature to which they could be raised without 
losing hydrocarbon or volatile oily vapours varied between 285® and 310® C.^ 
instead of the 376® previously employed in the case of the Morwell coal 
Possibly this difference may be attributed to the more woody (^.c., resinous) 
character of the Valdamo coals. In other respects their behaviour was very 
similar to that of the Morwell coal, namely, that up to the experimental 
temperature limit in question, water and carbon dioxide were freely eliminated 
from the dried coal substance without any material loss in potential calorific 
valua It should, however, be noted that the gases eliminated from the ooal 
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Valdarno No. 1. 



Dry coal. 

Dry aahled# coal 
aiibstance. 

. 

! 

per cent. 

per cent. 

1 Carbon. 

64 *90 

60‘8t) 

1 Hydrogen.. 

4-90 

6*40 

Nitrogen .. 

0‘«0 

0*66 

Sulphur ... 

1-20 

1*80 

Oxygon.... 

29-60 

32;35 

Aftii .. 

» 

8-90 



100*00 

100-00 

Percentage volatile matter yielded at 
900“ C. 

62*6 

67 -8 


Orois calorific value of the dry coal 6890 K.O.Ua. per kilogramme 
(=9710 B.T.Ub. per lb.). 


(1) Itesults of Experiments upon Italian IJgnites, 



Yaldamo (Tuscany). 

Umbria. 


1. 

2. 

3. 

Fonfciveochi. 

Poggb 

Mirteto. 

Per cent, moisture in raw coal . 

39*1 

26*4 

27 '4 

21 *9 

28*6 

Data relating to dry coal— 






Percentage volatiles yielded at 900 C. 

62 *6. 

62 '3 

63 *6 

48*5 

53 *5 

Percentage ash ... . 

8-9 

6*0 

6*7 

16*8 

9*6 

Gross calorific value (K.C.Uh. per kgnn.) 

5390 

5490 

6690 

4696 

5680 

Kxperixnental temperature limit (C"’.) ... 

“ Results of heat treatment of the drv coal— 

300“ 

810“ 

286*^ 

820* 

800“ 

. Percentage loss in weight .. 

8 0 

0-7 

7*6 

10 -4 

9*9 


Gan mo 

Qos HjO 

Gas HjO 

Gas H/> 


Cubic feet of gas at N.P.T. per ton .... 

4 '0 4-0 

4-0 6-7 

2-8 4*7 

4*7 6-7 

8-2 6-7 

808 

786 

660 

908 

624 

Forcantage composition of the gas— 






COa . 

74-0 

21 ‘0 

86-2 

79-6 

i 88 •'7 

82 *9 

A ‘A 

CO.. 

CjH,. 

1*3 
j 3'7 

lU o 

0 *8 

XS i 

2*7 
a «o 

I lu u 

i 1 *n 

w u 

1*6 

9 'H 

Nj,. 

J. -n 

1 A U 

1 A 'A 



0 w 


V u 

Gross calorific value of residual fuel 

! 6830 

6840 

6010 

i 6060 

j 

6020 

(K.C.Ds. per kgrni.) 

j 


K.O.Us. in residue from 1 kgrm. 
dry coal 

1 5366 

____ 

6266 

6505 

4425 

6445 
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during fche heat treatment contained appreciably more carlxm monoxide than 
did those previously obtained in the experiments with Morwell coal. The 
general character of the experimental results may l>e judged from Table (1) 
on p. 244. 

The gross calorific value of the carbonaceous residue obtained from the 
No. 1 sample was:— 

6830 K.C.Us. per kilogramme (= 10,500 B.T.Us. per lb.), 
and it had the following ultimate composition:— 



As obtained. 

On “ asbless ” 
residue. 

Carbon ... 

j)er cent. 

68 *0 

per cent. 

66 ‘2 

Hydrogen.. 

4-7 

6 -2 

Nitrogen and sulphur.. 

2*0 

2*2 

Oiyaen..... 

24 -7 

27 '4 

Ash . 

9 7 




• 

100 -0 

100*0 

i 


The following balance relating to the heat treatment of the consignment in 
question has been deduced from the experimental data. 



100 parts of the 
original dry coal 
containing 

I* yielded 

92 parU of 
residual coal 
containing 

Loss. 


parts. 


parte. 

parts. 

Carbon . 

64 *9 


64 *2 

0-7 

Hydrogen . 

4*9 


4*3 

0-6 

Oxygen. 

29-6 


22 *7 

6*8 

K.O.U«. 

688,000 


686,600 

2,500 


It will thus be seen that, as the result of the heat treatment of the 
particular sample, practiciilly 99 per cent, of the original potential energy of 
the coal,had been concentrated in the ninety-two parts of the residual fuel 
From the thermal point of view, the results with the other Valdarno samples 
were perhaps not quite so favourable; in these cases there was, on the 
average, a concentration of about 97 per cent, of the original potential 
energy of the dried coal in the ninety parts of the residual fuel obtained 
(2) Laminated Italian Lignites from Umbria .—Two consignments of 
Umbrian lignites from Fontiveoohi and Poggio Mirteto, respectively, were 
next investigated. They were quite different in both colour and structural 
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character from the Valdarno samples, having a dark greyish-brown appear¬ 
ance, and laminated structure with “ slaty cleavage. Umbrian lignites 
are usually considered to be of Pliocene origin, and, in pre-war days, between 
100.000 and 150,000 tons per annum were produced for fuel purposes. As 
received at the author's laboratory, the raw coals contained between 20 and 
30 per cent, of water. 

The following data for the ultimate chemical composition of tjie dry 
ashless Fontivecchi sample show that it approximated closely to that of the 
Valdarno coals:— 


! 

1 

Dry (joal. 

Dry ashless coal 
substance. | 

' 

Carbon .. 

per cent. 

61 *3 

per cent. ! 

61*8 

Hjpdrogeu ...1 

4*2 

6*0 

Nitrogen ond sulphur . 

1 *0 

1 *2 

Oxygen . 

27*2 

82*6 

Ash . 

16*8 

I 


1 

1.. 

100*0 

100*0 i 

( 


0rOB9 calorifto value « 4595 K.C.TJb. per kilogmnome (8280 B.T.tTs. per lb.). 


Further jiarticulars concerning the character of the coals, and their 
behaviour when subjected to the heat treatment in question, are tabulated 
on p. 244; it will be seen that the temperature to which they could be raised 
without losing hydrocarbons was between 300^ C. and 320° C. Up to such 
temperature limit, the dried coals lost on the average about 10 per cent, of 
their weight (again chiefly as carbon dioxide and water), and about 97 per 
cent, of ttieir potential calorific value was concentrated in the carbonaceous 
residue. The ultimate composition of this residue was as follows :— 


Composition of the Eesidue from Fontivecchi Coal. 



As obtained. 

On ‘‘ashlew*' 
residue. 

Carbon . 

per cent. 
68-0 

8*6 

1-0 

18-7 

18 *7 

per cent. 

71 *8 

4*4 

1*2 

88*1 

Hydrosen. 

Nitrogen and sulphur. 

Oxygen.: 

Ash ..... 


100*0 

100*0 


Ovoii ealoriflo valu# - 6060 K.C.U*. per kibgr»nxm« (or 9180 per Ib.). 
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The balance for the heat treatment was therefore as follows ;• 



100 )>arif of the 
original di^ coal 
containing 

^ridded 

87 '4 parts of 
residual coal 
containing 

XiOBS. 

Carbon... j 

parts. 

61-8 

,4-2 

27-2 


parts. 

60*7 

3 1 

16'8 

parts. 

0'6 

1-1 

10*9 

Hydrogen .' 

Oxjgen .. 

K.O.Ui*. 

460,600 

442,600 

17,000 

1 


(3) Canadian lignites .—Through the courtesy of the Lignite Research 
Board of Canada, four typical samples of lignites from the Province of 
Saskatchewan were sent to the author for detailed investigation daring 
the summer of 1919. Each of them weighed between 40 lb. and 50 lb,, 
and was shipped over in a sealed tin, marked so as to show its origin, as 
follows:— 

(1) Estevan Coal and Brick Co., Eatevan. 

(2) Saskatchewan Coal, Brick, and Power Co., Shand. 

(3) Bienfait Mine, Bienfait. 

(4) Western Dominion Collieries, Taylorton. 

All the four samples had a dull brown or slaty black colour, and a con- 
ohoidal fracture. They were quite devoid of any woody structure, and, 
although typical tertiary lignites of a cfiaracter intermediate between 
Classes C and D, they were certainly more mature coals than any of those 
dealt with in the preceding section of this paper. 

As received at South Kensington, the samples contained between 32 and 
38 per cent, of water. When thoroughly dried, they yielded on the average 
about 44 per cent, of volatile matter at 900^ C., or the equivalent of about 
48 per cent, on the dry ashless coal substance. Their ultimate compositions 
and calorific values (for the dry coal) were as follows;— 



1. 

2- 

8. 

4, 

. 

Carbon .. 

per cent. 
68 *8 

per cent. 
62 *7 

per cent, 
64*6 

per cent. 
61 *6 

Hydromn... 

4*2 

4*7 

4*8 

4*2 

Sulphur ^... 

o-e 

0*8 

0*7 

0*9 

Kitrogen .... 

1 on 

0*8 

0*7 

1*0 

Oi^gen ... ! 

1 24*7 

22*6 

80*6 

21 *1 

A.t . ....i 

6 1 

8*6 

0*8 

11*2 


1 

Oriori^o ralttes, X.C.TTs. per hilogrammo . 

6886 

6080 

5020 

1 6650 
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In order, liowever, that a proper comparison may be made with the corre¬ 
sponding data for the Morwell coal (q.v.), it is necessary to exclude from the 
calculation the ash contents, and to consider only the following figures for the 


dry " coal substanceitself:— 



1. 

2. 8. 

4. 

^ (5arbon.... 

per odtfc. 
68 -0 

4‘4 

26 *2 

1 

per cent. ) per cent. 

68-6 1 71-1 

5-1 ; 4-7 

24 -e 1 22 -6 

i 

per cent, 
69 -4 

4 7 

28 7 

! Hydrogen ..' 

Oxvcen .. 

1 


The average potential energy of the Saskatchewan “ coal substance'' would 
be 6330 K.C.LTs. per kilogramme, as compared with only 6830 for that of the 
less mature Morwell coal. 

The experimental heat treatmei»t of the dry coals, the results of which are 
set forth in the Table (2) below, showed that, up to a temperature limit 
varying between 320° C. and 360"^ C. (but on the average of about 350°), 
they lost about 8*5 im cent, in weight by the expulsion of steam and oxides 


(2) Results of Experiments upon Canadian Lignites. 


Description of natiipie. 

1. 

Estevan. 

2. 

Shand. 

3. 

Bienfait. 

4. 

Taylorton. 

Per cent, nioiature in raw coal as received 

87-8 

87 7 

86 -8 

31 *8 

Daf* relating to dry coal— 

Percentage volatiies yielded at 900^' 0.... 
Percentage ash. 

41 9 

6*1 

48 7 

8‘6 

6980 

41 '5 

9-2 

44*8 

11 '2 

Gross calorific value (K.O.Us, per kgrm.) 

6886 

6920 

5660 

Experimental temperature limit (C.) 

330° 

800° 

820° 

840° 

Beau Its of beat treatment of tbo dry coal_ 

PercentaKO logs in weight . 

9-8 

8-6 

7-2 

8*2 


Cubic feet of gas at N.T.P, per ton 

Gas ^ HjO 
4 0 6-8 

810 

Gas H^O 
4'8 4 2 

880 

4‘6 27 

890 

47 8*6 

940. 

Pen^entage ooiupogition of the gas. .. . 
OOa..... 

71*0 

25 *9 

1 

76 '9 

76 *7 

CO .. 

OC* u 

no 

10 '0 

28 *0 

Na ...■. . 

2 *6 

1*1 

XU V 

ft ^*2 

1 *31 



ji i 

O m 

1 ^ ^ 

Gross calorific value of residual fuel' 
(K.C.Us. per kgrm.) 

6880 

6466 

6280 

6180 

B.C.DSt in residue from, 1 kgmi, 
dry coal 

6700 

6785 

6780 

6490 
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of carbon; but, whilst carbon dioxide was still the predominating gaseous 
product, it was associated with a much larger proportion of the monoxide 
than had been found in the gases similarly obtained from any of the less 
mature coals previously investigated. Thus, for example, the ratio CO3/CO 
in the gases from these Saskatchewan samples varied between 2*5 and 3 5, as 
compared with 22*0 for the Morwell coal, and between 5*0 and* 12*0 for all 
(except one) of the Italian samples. No hydrocarbon at all was evolved 
during the heat treatment up to the experimental temperature limit. The 
carbonaceous residues obtained had the following ultimate compositions and 
calorido values, namely:— 


Ileaidual Fuels from Samples. 



1 . 

2 . 

8 . 

4. 


per cent. 

per cent. 

per cent. 

per cent. 

Carbon... 

08-0 

68*4 

67-6 

67 *3 

Hydrogen .. 

4.4 

4*8 

4*0 

3*6 

Xifcrogeu and sulphur . 1 

1*4 

1*8 

1*6 

2*1 

Oxygen . 

19 *3 

16*8 

16 -8 

14*4 

Asli .. 

6-9 

9-7 

10-1 

12*7 

K.O.Us, per kilogramme .. 

6380 

6465 

6230 

6180 


The results obtained with the four different samples were so nearly alike 
that the following composite balance-sheet for the experimental treatment 
may be regarded as substantially correct for the series as a whole:— 



100 parts of the 
original dry coal 
('ontaining 

I* yielded 

91 parts of 
residual coal 
containing 

Loss. 

Carbon. 

parts, 

63 '25 


parte. 

62 *0 

parts. 

1*25 

Hydrogen . 

4*36 


8*7 

0*65 

Oxygen . 

1 22*20 


16*6 

6*60 

K.O.Us...! 

686,000 1 


676,000 

10,000 


Thus it is seen that the dry cools lost by the heat treatment about one-fiftieth 
part of their original carbon (as CO 9 and CO in the ratio of about 3 to 1 by 
volume), between one-sixth and one-seventh part of their original hydrpgen 
(as steam), and as much as 30 per cent, of their original oxygen (the total loss 
in weight amounting to one-twelfth of that taken), but retained more than 
98 per cent, of their potential energy in the residual fuel. 
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(4) Investigation of a Burmese Lignite ,—The following details oonceming 
the heat treatment of a Burmese lignite investigated may be cited as showing 
the extent to which the fuel value of a mature lignite of Class D may be 
improved. The sample in question had a shiny-black colour and a well-marked 
conohoidal fracture. 

As 1 ‘eceiyed, it contained about 10 per cent, of moisture; the dry coal 
contained 41 per cent, of ash, and yielded at 900° C. 46’8 per cent, of volatile 
matter, equivalent to 47*7 per cent, on the “ dry ashless coal. 

It was found that the practical limit to which the heat treatment could be 
pushed was 320° C., at which temjHjrature hydrocarbon oils first appeared. 
Up to this limit the dried fuel suffered a loss of 7 per cent in weight, of 
which 4*3 was duo to gases containing 83*2 per cent, of carbon dioxide, 
11*4 per cent of carbon monoxide, and 6*4 per cent, of nitrogen. 

The following was the balance-sheet of the exj)erimental treatment:— 



100 parU of tbe 
original dry coal 
containing 

yielded ^ 

98 parts of 
residual coal 
containing 

Loss. 

Carbon . 

parts. 

! 63 -6 


parts. 

62’8 

parts. 

1*8 

Hjdroffen . 

i 4-8 


4 a 

0*7 

Oxjgon ... 

26-1 


20*4 

6*7 

K.O.U». 

612,000 

1 


604,000 

8,000 


C. S^immary and Conclusions. 

Having now investigated representative samples, obtained from widely 
different localities, of the four principal classes of tertiary brown coals and 
lignites, and having found no material difference between their behaviour on 
heat treatment within the range of temperature in question, it seemS highly 
probable that such behaviour is common to lignites as a whole. Accordingly, 
it may be concluded:— 

(1) that there is for each particular lignite a certain definite temperature 
limit (usually between 300® and 400® C.) up to which it may be heated in the 
dry state so as to effect a considerable chemical condensation in its cellulosic 
or humic constituents, with simultaneous expulsion therefrom of steam and 
carbon dioxide, together with a small but variable proportion of carbonic oxide; 

(2) that the said chemical condensation is unaccompanied, Within the 
temperature range in question, by any other change productive of either 
hydrogen or hydrocarbons; 

(3) that the consequent loss in weight experienced by the “ dry ashless 
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coal substance up to the temperature limit in question may amount to any¬ 
thing between 8 and 16 percent, of its original weight; 

(4) that such loss in weight occurs principally at the expense of the 
oxygen-content of the dry coal, which is diminished by between one-quarter 
and one-third of its original value; 

(6) that, substantially, the whole of the potential energy of the fuel may 
he correspondingly concentrated by suitable heat treatment (within the 
prescribed temperature limit) in the resulting carbonaceous residue, which 
may therefore be burnt with gi^eater calorific intensity than the original 
coal; and 

(6) that, accordingly, such treatment constitutes a possible means of 

up-grading’’ brown coals and lignites generally, thus improving their fuel 
values. 

It is not proposed, at this stage of the inquiry, to discuss the possible 
bearing of the experimental results on the question of coal formation, though 
obviously they may prove to be of considerable interest in such connection, 
as showing how the cellulosic or humic part of a consolidated deposit of 
vegetable d4h'is would probably behave if subjected to the quite moderate' 
degree of heat contemplated in the paper. At temperatures between 
300® C. and 400® C., the chemical condensation in question rapidly reaches 
its end-point for that temperature; as a matter of fact, it would usually be 
completed within one or, at the most, two hours. At lower temperatures, it 
would, of course, proceed more slowly, but it would tend to the same end-point. 

Before, however, entering upon the discussion of such larger questions, it is 
proposed to carry out further experiments, yvith the object of ascertaining 
more precisely (a) the influence of pressure, as well as temj)erature, upon the 
speed and course of the chemical condensation in question, and Qj) the cause 
of the variation in the proportion of carbonic oxide evolved. These and 
other aspects of the question are now being investigated under the author's 
direction at South Kensington. 

In conclusion, the author desii^es to express his best thanks to Sir Peter 
MocBride (Agent-General for Victoria), the Lignite Utilisation Board of 
Canada, the Italian Military Mission in London, Mr. W, R. Wood and the 
Underfeed Stoker Company, and other friends, for their courtesy in sending 
him a large number of samples of lignite, from which those dealt with in 
this paper have been selected. He also desires to thank Messrs. C. Godfrey, 
A.B.C.S., and W. E. King, A.RC.S., for their valuable assistance with the 
experimental part of the work. 
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(hi the Tramformation of Integrals. 

By W. H. Young, Sc.D., F.E.S., lYofossor of Mathematics in the 
University of Wales. 

(Received January 21, 1921.) 

§ 1. It is known that, if 

it =:x(u, v\ y = y (w, -y), 

be one-valued continuous functions of (w, v), possessing continuous differential 
coefficients, while/(a;, y) is any continuous function of (cc, 

y) I ^ / {* («.»). y («. ®)} dm dv. (I) 

where the integration on the left-hand side is taken over the area of the 
plane curve, C, which is the image in the (a;, y)-plane of the rectangle 
(a, h; c, d) in the (u, v)-plane. Here it is tacitly assumed that C divides the 
vplane into two distinct parts, a limitation which, however, disappears when 
we employ the definition of integration over an area which I have found it 
necessary to introduce into analysis,* 

§ 2, If we denote by y) one of the indefinite integrals of/(a:, y) with 
respect to a;, and by 

a; = a:(<). y=y(0. 

suitably chosen equations of the curve C, the surface integral on the left- 
hand side of (I) may be replaced by a contour integral {loc, cit.). In fact, we 
may then write (I) in the form* 

[x dy(() = £ /{.T(u, V), y(u, v )} dudv, (II) 

an identity which holds good however the curve C outs itself, provided only 
the function y (/) has bounded variation, or, as I have elsewheref phrased it,^ 
provided C is a semi-rectifiable curve, 

§ 3. The whole of the theory of the transformation of the variables in 
multiple integrals may he said to depend on identities of the forms (I) 
and (II), The problem of determining the most general conditions under 
which they hold good must be regarded as one of the most fundamental in 
the whole range of enalysji. 

♦ See tk recent paper by the author On Integration over the Area of a Curve an^ 
Tranafonuation of the Variables in a Multiple Integral/* 1920. To appear in the * Proc. 
L. M, S.’ 

f Address to the Congr^a de Math^maticiens at Strasbourg, 1920, 
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B&aploying a method explained in my paper On a Formula for an Area/’* 
I iwently obtained {he* eit. prim,) such a set of oonditioaa. Still more 
recently,! I have constructed a new method of dealing with these matters, 
and I propose in the present communication to obtain by means of it a 
second, perhaps still more strikingly, general set of sufficient conditions, 
involving the notion of associnUd which I had occasion some 

years back to explain to the Society.J This method seems of itself sufficiently 
remarkable to merit attention, not only for its own sake, but also for the 
numerous applications of which it appears to be capable. 

The set of conditions (III) obtained is as follows:— 

(i) x{u^v) nmd y(u^ v) each ahsoliUely continnom ftinxiUmn of mch of th* 
variables u and v iief>arcUdy :— 

(ii) their partial derivaies dxffky, dyfdUf and dyfdo have abeoiuieiy 

eonverymt Xebesgue double iniegi^ln^ ami ei/Ae>vS— 

(iiia) in each of the pairs of fanctiom one 

function k bounded^ or else — 

(iiib) tbc. functions in emh pair have amooiated summabilUm, 

§ 4. It is of importance to remark that the theorem just stated does not 
cease to hold when /(a*, y) is no longer continuous. By employing the 
method of sequences, we can successively i*eplace /(», y) by functions of 
increasing degree of generality, and obtain, for example, the theorem that the 
integral of any bounded function / (x, y) over a generalised area is expreeaible 
in the form (I), For the details of the argument we refer to the paper first 
cited above.ll It is not necessary to repeat it here, as the reasoning does not 
depend on the particular form of the conditions hypothecated for the 
functions x(u, v) and y(u, v). 

In what follows, we shall accordingly suppose ./‘(a?, y) continuous. 

§6. We l)egin by supposing that y(u, v) possesses the property of having 


♦ * Proc. L. M. a/ Ser, 2, voL 18, pp. 239-374, 

f A New Method in the Theory of Areas," 1920. To appear in the ‘ jProc. L. M. S/ 
t “On Classee of Stunmable Functions and their Fourier Series,” 1912, *Boy. Soc, 
PfW/A, voj. 87. 

% Conditions (iiia)«and (iiih) refer to each pair eeparat^ly, thus, for instanoe (iiia), may 

hold for and (iii^) for Moreover,^n different intervale these 

alternativeB may vary, and the flummabiJitieH may also vary, provided they remain 
associated, 

II See the paper on “A New Method ...” (foe. where Q(«, v) is need for what 
is here designated Q(a, v), 

YOh. XCIX—A. r 
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partial differential coefficients which are continuouB f auctions of (w, v), while 
x(v., v) has only the properties stated in III. Writing 
1 fu+h pp+i- ri ri 

Q (w, V) = I 1 “ J I ^-’(«+^iA. v + tJc)Mi dit, 

and therefore 

we see that Q {v, -?;) has precisely the same properties as those we are 
retaining for y{u, v). Thus (II) holds, if on the right-hand side we replace 
n(u, v) by Q(w, v), and at the some time make the corresponding change 
Qf to Q(0 on the left-hand side. 

Tt^Now, if x(tt,v) is a continuous function of (w, -y)* we can determine 
constants ho and ko, so that for all values of j7i| 2 and of |A:| 

10? (w + tih, V -f toh)^x (w, v) I s €, 
ti and /j lying hetwam 0 and 1, whence also 

|Q(w, v)^x{u, i0|:£€. 

In this case, .r (u, t) is the uni^xe douUe limit of Q(w, v) when (0,0). 

If, however, as in our conditions, x(u, v) is only assumed to have the 
prQi.H3rty of continuity wdth respect to each variable u and v separately, we 
obtain similarly oc (u, v) as the repeated limit of Q (w, v), when either A 0, 
then iS* -* 0, or when first k 0, then A 0. Also, whereas in the former case, 
the approach to the double limit was seen to be uniform doubly, now it is 
uniform with respect to each variable in turn,* and we may still assume that, 
for all values under consideration, 

as h and k approach their limits in the given order. 

§ 7. Taking then the equations we have obtained 

[‘F mt),y (0! dy (<) = I' I/ j Q („, „), y „)} dv, dv. (1) 

where 

Q(0 = Q('a. r) = [ [ (2) 

Jo Jo 

'’*■ For instamio, taking ^-►0, we have for any chosen value of jfc a value 4^ 
de{>eQding on hut independent of A or q, such that * 

Also we can chooHt; our value of i; to be hos than a certain for which 

k(w, v)l <j|t, 

v)l <€, 

(Q(w, v)-4r(«, v )\<•. 


and, therefore, 
^and 
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for valuoB of (w, v) on the perimeter of the rectangle (a, b\ c, d), and 

IQK 'v)^x(u, v)Is 6, (8) 

We have now to carry out and to justify the prooeBsion to the limit 
(tepeated limit, A -♦ 0, 0 or -♦ 0, /t -*• 0) under the functional and integral 

aigns, 80 as to obtain the equation (II). 

§ 8. We commence with the left-hand side of (1). 

We have, since F (x, y) is continuous with re8j)ect to (x, y), 

\^{Q (0^ y (0} (0» y (011 ^ W 

where e is any chosen quantity, provided, iu virtue of (3), e be chosen con¬ 
veniently smalL Therefore the left-hand side of (4), as we proceed to the 
limit considered, tends uniformly to zero, and, therefore, we may integrate 
term-by-term with respect to the function of bounded variation y {t). 

• Hence the left-hand aide of (1) tends to the required form, namely, the 
left-hand side of (II). 

§ 9. We now proceed to discuss the right-hand side of (1). We break up 
the discussion into two parts, taking each term of the Jacobian separately, 
and proceed first to show that 

n*• 1}( 5 ) 


We may write the integrand here as the sum of two terms; 




{ 


3Q__3k1 
du 3u J 




(«> 


Now I have already proved in " A New Method in the Theory of Areas *’ 
that the double integral of the first of these two tefms tends uniformly to 
sero, if the factor /(x, y) be omitted. The proof, which only assumes that 
X and y obey the conditions (III), is not affected by the multiplication of the 
function hyfdv by the continuous function / {x («, v), y (,u t>)}. The new 
function is, in fact, still independent of h and k, and has the same 
summability properties as 0y/3v. Thus we may assume the proof, and write. 

The secpnd term in («) is the product of dQ/du. dy/dv into a factor 
{/(Q. y) “■/(»! y) } which, in virtue of (3), is numerically leas than e,—since 
/(*! y) is continuous with respect to (x, y), —^provided e be chosen conveniently 
small When integrated, therefore, the result is nutperloally 




<e 


<e 


HHt 


^x{u+tth, v+tjc) I dtidti, 

0 10 I 

^ ^ a: (m 4-AAi. v + tjc) du dv, 

r 2 
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where we are justified in changing the order of integration, since the quad-' 
ruple integral exists by reason of the association of the eummabilities of By/Bn 
and Be/Bu* Moreover, by the fundamentalf theorem in the theory of such 
pairs of functions, the inside double integral is less than a finite oonstant B 
for all the values of (h, h) considered. Hence, since e is as small as we please, 

^ . I {./(Q. y)-/(a^.y)} dudv^Q. (7) 

By (6) and (7) the double integral of («) tends to zero, which proves (5). 

Similarly the second term of the Jacobian may be treated, whenoo, oom- 
bining the two terms, the required result follows, namely, the right-hand side 
of (1) tends to that of (II). 

We repeat once more that the limit we have here taken is, with the 
conditions imposed on x (u, v) in (III), the repeated limit, when first h-» 0, 
then i -• 0, or when first Jc •* 0, then A -* 0. 

$ 10. We have already remarked that the theorem borrowed frtHn ** A Kew 
Method in the Theory of Areas” holds good when neither x mr y have 
continuous differential coefficients, but the conditions (III) bold good. We 
can therefore repeat the argument, and deduce the truth of (II) for the 
general case from that just proved, in which one of the pair (x, y) has conUnnous 
differential coefficients. All that is necessary is to make a certidn change in 
dealing with the left-hand side of (II). 

For this purpose, we remark that the left-hand side of (II) may be written 

where G (x, y) is an indefinite integral with respect to y oi/ix, y). Here the 
function with respect to which we integrate satisfies conditions (III), while the 
other function y (w, v), involved implicitly in the int^prand, has continuous 
differential coefficients. Thus, replacing y(«, «) by 

11 (m, v) = ^ I* l^y («, v) du dv, 

and carrying out precisely the same argument as in § 9, the proof of onr 
theorem is completed. 

* ly “ A New Method in the Theory of Areas.” 

+ Ikid., proof of Lemma 3. Theorem originally given in “ On Clneeea of SnmmaMo 
Function! . . loc, eit., p. SS6. 



On the Moving Striations in a Neon Tube»^^ 

By T, KiKaoHi, Cavendish Laboratory. 

(Oommnnicated by Sir E. llnthorford, F*B.S. Keceived April 22, 1921.) 

The following paper is the continuation of the account of experimeuts on 
the moving striations in neon tubes already communicated.f In the previous 
experiments the discharge was excited by an induction coil, but in these 
diiwt current was used and the magnitude of the current was under control. 

Three Geissler tubes (A, B, C) were used, diameters of the capillary 
parts were respectively 2'2 mm., 1*41 mm. and 1*27 mm., their lengtlis 
beiitg 10*8 cm., 7 cm. and 8*5 cm. Tliese tub(^ (A and B) had auxiliary 
platinum wire electrodes at the ends of the capillary parts of the tubes to 
measure the drop of potential along that part. 

The rotating mirror and the telescope were set practically the same as in 
the previous experiments. The distance from the tubes was about 2 metres 
and the rotation of the mirror was 200—1000 revolutions per minute. The 
method of measuring the velocity and the arrangement of the pump, etc., 
were the same as before. 

A cabinet of 500 small accumulators was used as the source of the current 
with an adjustable water rheostat in series with the tube to control it. 

Oare was taken to obtain the neon gas as pure as possible, but in the gas 
used there was some evidence of mercury vapour and traces of hydrogen. 
When these impurities were less tlian a certain amount, no appreciable 
<iid^renoe in the behaviour of the moving striations seemed to result from 
their variations. It seems probable that the effect of the impurities is rather 
secondary and the main results are the same as in pure neon. 

Tiis Three Types of Movintf Striations, 

In the case of tubes used there are three typical forms of striations all of 
which move toward the cathode. 

The first type is what was observed in the previous experiments with an 
induction coil The striations are very distinct and distant from each other, 
if., in the case of tube A, about one striation per centimetre, and for tube B 
two or three striations per centimetre. They move with fluctuating velocity, 
forming a wavy pattern when observed through the rotating mirror. Also, 
when the current is small their mean velocity is not constant; it is less near 

♦ This paper wa» {srepared by Mr. T, Kikui^hi befoi'r hU fatal ft. 

i * »ey. Sac. Proc.,^ A, val. 98, p 50 (1920). 
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the anode end, but when l-he current increases the mean velocity becomes 
nearly the same throughout the tube. Their velocity decreases as the pressure 
of the noon increases, but it is in general nearly independent of the current. 
In smaller tubes when the pressure is relatively low the velocity seems to 
decreaise at first as the current increases and then l^ecomes nearly constant. 
In general the velocity is larger in narrower tulles, It is usual for this type 
of striation to develop when the current is large, the pressure high and the 
diameter of the tube conumratively large. The order of velocity is 
2—6 X 10* cm./sec. 

The second type consists of slow moving striations with velocities of the 
order of 0’5—l o x 10* cm./sec. They are quite distinct but not so clear os 
the first type. There are about three striations in tube A aud four or five 
striations in tube B per centimeti-e respectively. The distance between the 
striations is not constant, but seems to increase with increase of the current. 
The velocity is uniform throughout the tube so that they look like straight 
j)arallel lines when observed through the rotating mirror. Their velocity 
increases as the current increases, in many oases roughly proportional to the 
square root of the current, but it is nearly the same for the same current in 
tubes A and B. This type of striation is developed when the current and the 
pressure are moderate* 

Striations of the third type are very faint and close together, moving very 
fast (7 or 8x 10* cm./sec.). The velocity of this type seems to decrease as 
the pressure of the gas decreases. The small current, low pressure, and 
narrow tube are favourable for their appearance; but as they are faint it is 
difficult to study them in detail. The electric force in the capillary part of 
the tube A was about 20 volts per centimetre, and in tube B it was about 
:»0 volts per centimetre, and as the current was increased the electric force 
decreased a little, but no distiontinuity was detected. The electric force was 
nearly independent of the pressure used in this experiment. 

7%e EdtUion of the TKret Types of StruUions. 

Take the case of fig. 1, i.^., tube B, neon, 5 mm. Hg pressure. When the 
current is less than 1 milliamp^re the third type of moving striations is seen 
nearly throughout the tube; at about 1 milliamp^re the second Igrpe of 
striations starts from the cathode side, and the current increases, the 
striations fill the whole length of the tube. At about 4 milliampftres the first 
type of moving striations sets in from the anode side, and as the current 
increases, the region of the first type expands until the second ^jrpe can no 
longer be seen in the tube. 

This is the usual phenomena when tihree kinds of striatioiis aie seen 
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together, but as the pressure increases (above 5 mm. Hg) the third type does 
not appear at all and the first type begins to appear at a smaller current than 

xio*» 



Fia. 1. Fio. 2. 


before (see fig. 2). When the pressure is still higher (above 20 mm. Hg), the 
second type of striations also vanish. When the pressure becomes lower, the 


third type seems to develop. Fig. 3 shows 
the appearance when the first type and 
the second type are observed together 
through the rotating mirror. 

In tube A the effect of the larger bore 
is nearly the same as the increase of 
pressure in tube B. But the current at 
which the first type of striations sets in 
is nearly the same for tubes A and B, so 
that the current density is much larger 
in the narrower tube. In tube C the 
effect is as though the pressure is de¬ 
creased in tube B, so that the third type 
of striations is observed still at about 

It 

100 xhm. pressure. In narrower tubes, 
especially at low pressures, some irregu¬ 
larities were observed. For instance. 



die velocity of the second type was Fio. 8. 

not very uniform throughout the tube, 

abd showed somewhat wavy form in the rotating mirror, and their 
velocity increased fasten than the square root of the current, and also 
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the nidan velocity of the first type decreased at first as the oticwttit 
iticreasSd. 

J'he Effect of Liquid Air md live Magnetic Fidd. 

Lookiag at the tube with a prism, the mercury lines become fainter or 
disappear near the anode end, and it was thought that, as the first type of 
moving striatious sets in from this side, the mercury vapour might be 
re8|>on8iblo for the second type of striations. Therefore, for three hours 
during discharge, liquid air was applied to a side tube. The mercury lines 
l>ec!atno very faint, but there was no change in the behaviour of the striations, 
showing that either mercury has nothing to do with the striations or a vefry 
small amount is effective. 

The tube was placed between the poles of a small electro-magnet, to observe 
the effect of a magnetic field. When the pressure was about 5 mm. Hg, the 
magnetic field made the second type of striations much fainter, but the first 
type was not affected. Above 10 mm. Hg pressure there was no effect on 
either type of striation. 

The Effect of Teinpercdure, 

The tube C was put inside a metallic cylinder and was heated to about 
C* When this experiment was tried at pressures such that a slight 
change of pressure produced a large effect, it was clear that for the fitst and 
second types, when the pressure was kept constant, the raising of the 


xto^ie 



teinj)erature produced an effect similar to a slight decrease of pressure, and 
when the volume was kept constant, the effect was similar to a slight increase 
of piessum The third type showed an increase iii their velocity when the 
temperature was raised. 
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Fig. 4 showa the case where the volume was kept oonstant. In this case 
the change of the behaviour of the moving striations when the tenqierature 
was raised was conspicuous. 

The author wishes to express his hearty thanks to Prof. Sir Ernest 
Kutherford and Br. Aston for their kind interest and guidance. 


The Magnetic Spectrum of the ^-Rays Excited hy y-Rays. 

lly C. I). Eiiliis, B.A., Coutts-Trotter Student of Trinity College, Cambridge. 

(Communicated by Sir Ernest Kutherford, F.R.S. Keceived April 22, 1921.) 

In lecent year's, the photo-electric effect of light has been worked out in 
considerable detail, especially as regards the dependence of the velocity of 
the ejected electron on the frequency of tJie absorbed light, but veiy little 
knowledge exists about the analogous phenomenon in the region of higher 
frequencies. A very simple method of investigating the velocities of the 
yS-rays was used by Rutherford, Robinson, and Rawlinson.* They found 
that the y-rays from radium B and C, when passed through heavy metals, such 
as gold or lead, catised the emission of seveial groups of electrons, each group 
consisting initially of electrons of the same velocity. They showed that this 
fact alone gave information about the connection between the /S-rays and 
y-rays of radio-active bodies, but, in addition, they made the interesting 
observation that the velocity of the electrons liberated from gold had 
1 to 2 per cent higher velocity than those from lead. 

This fact receives a simple explanation if it be assumed that the energy of 
the emitted electron is equal to some energy characteristic only of the y-ray, 
minus the energy necessary to remove the electron from the atom. The 
difference in the energies of the electrons ejected from gold and lead by the 
some y-rays is then explained by the difference in the work of removal of thest^ 
electrons from their respective atoma Since the geneml relation of the gold 
atom to the lead atom is known, it should be possible to deduce from the 
experimental values for this difference in the work of removal, from what 
part of the atom the electron ori^nated, and then values might be obtained 
tor the energy characteristic of the y-ray. The work to be described was 
undertaken with these pomts in view, the experimental determination 

> *FhiL Mag.» (2), p, 277 
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consisting in the measurement of the energies of the electrons ejected fiom 
various metals by the 7 -rays of radium B and C, with the special object of 
measuring accurately the diflerencies of these energies from metal to metal. 
As wide a range of metals as was practicable was used, in order to test amy 
explanation of those energy differences. 

, The. Method. 

The experimental method used was identical with that of Rutherford, 
Robinsou, and Rawlinson (te. cit.}, in which the eneigies of the elfectrons are 
measured by bending them in a magnetic field. By a method to be 
descrilkid later, a line source of the electrons to be investigated was obtained. 
This source, S (see fig.), was fixed about 3 mm. from the end of a lead 



block, L (10'5x4'5x3 cm.). A* comparatively wide slit, D (4-7 mm.), 
was arranged vertically above the source, and the latter was usually alxmt 
3’6 cm, below the slit. A photographic plate, AB, is fixed in position on the 
top of the lead block. The whole apparatus is lowered into a brass box and 
exhausted to a low vacuum. The box is then placed between the poles of a 
large electromagnet, which are so adjusted as to give a nearly uniform fifeld 
over the space between them, the magnetic field being parallel to the source 
and the slit. In the uniform magnetic field, electrons of a definite velocity 
describe circles of the same radius, and, even with the wide slits used, tlie 
circles intersect the photographic plate along a curved line of comparatively 
narrow width. The existence of a group of electrons of definite velocity is 
thus shown by a line on the plate. 

The general appearance of the photographs was the same as described by 
Rutherford (foe. eU.); the outside edges of the lines were sh^, and tite 
radius, p, of the circular path of the rays forming this part of tba trace was 




268 


Spectrum of the fi-Rays Bxdted hy y-Rays. 

determiniid by the fomula p = v/(l>^-f rt®), where 2a is the distance ojf the 
source from the slit and 2J) k the distance of tlie outside of the line lioin 
the vertical through the top of the source, 'fhe dimensions of the apparatus 
are larger than that used by Rutherford, p varying betwe<m 3 and 4*5 cm., 
since, although this diminislies the absolute intensity o( any line, it increases 
the contrast agamst the general background. Also, slightly more elaborate 
screening arrangements were adopted, screens FjF^FnFi of lead being used to 
cut down stray radiation. 

The source of 7-rays, S (see tig.), was a small tulie alxuit 10 mm. long 
and 0*7 mm. diameto, tilled with radium emanation. A thin sheet of the 
metal to be investigated was wrapped tightly round the tube. Radium B and C 
are deposited from the emanation on the walls of the tube, and the 7-rays 
from tljese passing out of the tube traverse the metal and literate high-speed 
electrons fromdc. In this way an approximately line source is obtained, and 
the nearness of the radiator to the radiation gives the maximum intensity. 
Five elements were investigated, IJr, Pb, Pt, W, and Ba. Pb, and Pt were 
used in the form of foils, 0*3 mm. thick, as described; the other three were 
taken in the form of oxides. In this case the emanation tube was covered 
with a silver sheath, and a layer of the oxide was fixed on to the silver. 
Special experiments showed no intense lines were ob^ined from the silver. 

The values of H, the magnetic field, weie determined by taking photo¬ 
graphs with the same apparatus of the natural )8-ray spectrum of radium K, 
and using the values of Hp for these lines found by Rutherford and 
Robinson.* In place of the usual active wire, a plate source was U8e<l 
(1x0*3 cm.). If this is tilted so that a line perpendicular to its plane 
passes somewhere in the region of A (see the fig.), excellent focussing is 
obtained. Such a source is far more convenient to prepare than an active 
wire. 

Hp is determined experimentally, ^and the energy corresponding to this is 
obtained by means of the relativity formute. It is found very convenient to 
cbaraoterise these energies by stating the potential difiereiioe in volts an 
electron would have to fall through to acquire this energy. 

The region investigated is that corresponding to the main /3-ray emission 
of radium B, that is, to vS-rays of speeds 0*8 to 0*6 of the velocity of light. 

EicpeTwienUal Emtiis, 

With each of the elements, tungsten, platinum, lead, and uranium, a group 
of three main lines wta found Other fainter lines were present, but these 
strong lines will be coniridered first. Each group had the same general 
• ‘ Phil Mag.; voL 86, p. 717 (1013X 
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appearance, the only diflerenoe being that each of the three lines froih a 
metal of smaller atomic number were shifted by the same amount in the 
direction of increasing energy in relation to the corresponding lines from 
a metal of higher atomic number. This can be seen from Table I, in which 
under each element are arranged the energies of the three lines comprising 
the gi’oup: corresponding lines for different elements are in n horizontal row. 


Table I. 


. 

.Hariuin. 

TuDgsteiK 

Ptatinuoi. 

lioad. 

tTranium. 

^ jitomic No. 

56 

74 

78 


1 ne 

1 

; Knorgim in toIU k 10“*^ 


1-66 

1 '68 

! 1*49 

1*22 

1 

2*53 

2-20 

2*12 1 

2*08 

1 *74 ■ 

; 

1 

i 1 


3-76 

2*69 ! 

1 

1 2*00 

i 

3*81 


Thus the tungsten lines are all about 8000 volts higher energy than the 
platinum lines. Only one line was measured for barium, so it cannot be used 
in this connection. 

It is clear from this that there are three distinct 7 -rays acting, each bdng 
responsible for one line, and further that the energies observed chn All be 
included in a statement as follows;— 

If E s= energy of the ejected electron, 

Wi, W*, W3, represent energies characteristic of the three 7 -ray 8 and 
independent of the atom acted upon, and 
W, represent an energy characteristic of the atom, 

•tlien for any one element 

E = W.-W„ « » 1 , 2, 3 . 

For another element Wo will have a different value, and a fresh group of 
lines will be obtained. 

The obvious interpretation of W« is that it represents the energy neoeseary 
to remove the eleotrau in question from its position inside the atom to the 
surface. From the magnitude of the change of W, from atom to atom 
(8000 volts between platinum and tungsten) it will be seen that the eleOtnms 
giving these lines must come from the K rings. The energy neoeesaiy to 
remove an electron from the K ring is obtained from the wave-length X of the 
K absorption band by the quantum relation £ » hef'K, and is expressed in 
volts V by the relation V a E/c, where a ie the rieotronio charge. 

The experimental values of the wave-length* of the K absorption 
and the corresponding energy in volte are shown in ThWe II vntti the 
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Table II. 



\ in A.U. 

V in volta. 

Referencea. 

B»riutn.. 

o*Hfm 

0 *378 X IQI 

Siegbahn and Jdni*on.* 

Tatigst«-n .1 

PUiniQiii.. 

0*1781 

0*098 

Duane and Fattewon.f 

0 1578 

0*782 

Sieg and «T. 

TitfuiA I 

I 0*1885 

0 *891 

8ief and 

Sieg and J. 

Uraniuni . 

0*1048 1 

1 *178 1 


• ‘ Phy». Zeit.,’ vol. 20, p. 251 (IBW). 
t • Phyi. p. 626 (DeoemW, 1020). 


To each of the energies of the ejecsted electrons (see Table I) is now added 
the enei^ necessary to remove an electron from the K ring and the values 
obtained are shown in Table III. 


Table III. 


Barium. | 

Tungsten. 

1 

Platinum. | 

Lead. j 

Uranium. i 

j 


2*35 

2*86 

2*88 

2*40 i 

2*90 

2 *89 1 

2*91 

2*92 

2-02 


3*46 1 

8*46 

8*40 

S'48 ! 


* 


The numbers in a vertical row represent respectively Wi, Wj, Ws, the energies 
characteristic of the 7 >ray 8 , and so the numbers in a horizontal row should be 
constant This is seen to be the case with fair accuracy, but the variations 
are mostly in one direction. It is difficult to be sure of this as the variation 
is within the limit of error of measurement, and in addition there is a strong 
possibility of a systematic error doe to the tungsten lines all being weaker 
and less sharply defined. In any case, unless the whole phenomenon is 
radically different from that pictured, this steady variation, if it exists, would 
be due to a slight dependence of Wi, Wt, Wg on the atom in which they wore 
absorbed. These results show definitely that the main /S-ray emission under 
these conditions is due to three main 7 -ray 8 , and that the )9-ray8 emitted 
come from the K. rings. 

Before treating the fainter lines it is convenient to consider the natural 
/3*raff spectrum of radium B. Eutlierford, Bobinson and Bawlinson (foe. ct<.) 
showed that the magnetic spectrum of the / 3 -rays excited in lead was identical 
with the natural ^-ray spectrum of radium B. This result was repeated in 
the present work. Since radium B and lead are isotopic, and as has juet been 
dhoirn, the emission is due to the ejection of electrons from the electronic 
system of the atom, this is in complete agreement with Butherford’s theory of 
the oenmeotion between the / 8 -ray and 7 -ray emission of radio-active atoms. 
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Aooording to his view the primary phenomenoa is the emission of a jS-particle 
from the nucleus. It may happen, through some mechanism at present 
unknown, that this /S-particle gives rise to a 7 -ray. This 7 -ray in traversing 
the electronic system of the ^tom may be absorbed and eject a high speed 
electron. It is these last electrons which constitute the ) 8 -ray line spectrum. 

As a result of this present work it is possible to amplify this theory in soma 
<letails. The evidence just brought shows that the three main yS-ray lines 
originate in the K ring due to the action of tliree 7 -rays, and proceeding in 
this way it can be shown that all of the faster lines of the ^-ray spectrum of 
vadium B, both strong and faint, can be accounted for by supposing that there 
are six 7 -ray 8 , each characterised by a definite amount of energy, and that 
each of these 7 -ray 8 ejects electrons from one of two definite levels in the 
atom. The first of these is the K ring and the second the JS! level* which is 
one of the L group. To explain the finer details of the L lines in the X-ray 
spectra of the elements it is found necessary to assume the existence of four 
distinct levels. In the Older of increasing energy they are called LL' AA'. 
Absorption bauds con’esponding to these levels have been obtained and their 
existence seems assured. 

For atoms of atomic number 82 (lead, radium B) the wave-lengths of the 
L and V absorption bands were found by Do Broglief to be 0*^5 A.U. and 
0*811 A.U., and the corresponding energies to remove an electron from these 
levels are 0131 x 10®^ volts and 0152x10*^ volts. For the present purpose 
the L' and A levels can be considered identical and the difference of energy 
between the A and A' level is found from the magnitude of this A doublet in 
the line spectnim (SommerfeldJ). The energy of the level then comes to 
0*157 X 10 * volts. The calculation of the radium B / 8 -ray spectrum now* 
proceeds as follows. The values of the 7 -ray energies that are assumed are 
shown in column I of Table IV, column II gives the wave-length in 
Angstrom units deduced from the quantum relation. The justification of 
this is given later. 

From each of these 7 -ray energies is subtracted in turn the K absorption 
energy (0*891x10* volts) and the A' absorption energy (0*167x10* volt^), 
and the results are shown in Table V. 


♦ Sonunorfold, * Atombau un<i SpektralliDien,’ p. ISO. 
t Sommerfeld, ivc. cit.^ p, 306. 

I Sommerfeld, lor. ci>., p. \m. 
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Table IV.—y-rays of liCaB. 



II. 

Kuergies in toUs. 

A in A.IT. 



4 -000 X 10* 

0 0808 

I 8 -639 

0*0889 

8-498 

0 *0884 

8-918 

0 •0428 

8-689 

0*0488 

2-88.6 

0*0619 


Table V.—/3-ray Spectrum RaB. 


1. 

II. 

Origin of lane. 

Intensity 

A' 

/■ 

A' 

in.ft. 

A' 


K 

r.f. 

f} 


K 

v.ff. 

A' 

m. 

A' 

m.«. 

K 

»>./», 

K 

in.#. 

K 

i>.#. 


in. 

TV. 

norgy observed. 

Knergy cnlcnlated. 

rolts. 


:j *851 X 10^^ 

a *843 K 10 ' 

3-478 

8*482 

8 *388 

8*885 

3 -103 

8-109 

2-750 

f 2*761 

1 2 *748 

2 -008 

2*601 

2*364 

2 *872 

2 -227 

2*228 

2 031 

2 *027 

1*646 

1 ‘638 

1 *494 

1 -494 


Column I shows the origin of the line, column II the relative intensity, 
column III the observed energj', column IV the calculated energy. The 
observed energies are slightly different from the values given in the original 
paper, since newer values of the constants liave been used. They were 
calculate afresh from the experimentally determined i^’s. 

The. agreement is seen to be well within the experimental error (1/300), 
also all the lines are given without any gaps and no extra ones are predicted. 
Of course, three of the y-rays are the same that gave the groups of lines first 
discussed, but the values obtained from the radium B lines will be used, since 
these measurements are more accurate. 

This explanation of the radium B /8-ray spectrum might seem forced in 
one particular, in that half of the lines are supposed to originate in the A' 
level, a level that from X-ray work seems one of the less important of the 
main L group. But evidence can be brought to show that under certain 
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circumstanceB the A', L', and L levels can all be detected, and that the Imes 
originating in the level are the strongest* This evidence is obtained from 
a study of the low velocity yS-iays from thorium D* These lines have been 
measured by Hahn * who found a strong line of velocity 0*29 and a weaker 
line of velocity 0*38. It is possible to obtain much greater detail with the 
focussing arrangement, and seven lines have been measured by the writer in 
this r^on. There are three main groups, each group consisting of a strong 
line with companions. The values obtained are shown in Table VI; column 1 
gives the value of Hp, column 2 the intensity, column 3 the corresponding 
energies, column 4 the level from which the originate, and column 5 the 
calculated energies. Three 7 -rays of characteristic energies 0*412 x 10^ volts, 
0*532 X 10*^ volts, and 0*564 x 10^ volts are postulated, and the values for tlie 
energies of the A^ U, and L ring are taken as those for a body of atomic 
number 82, that is, respectively, 0*157 x 10^ 0*162 x 10*, and 0*131 x 10* volts,! 


Table VI.—yg-rays ThJ>. 


1 . 

2. 

a. 

4. 

C, 

Hp. 

Tnieafeity. 

Kuergy obeerred. 

Origin of Hne. 

ICnergy calonlated. 



TOltt. 



54 a 

v.n, 

0 •264 K 10» 

A' 

0-256X 10* 

m 

1 

0*261 

1/ 

0-860 

670 


0 *280 

1 h 

0*881 

668 

1 : 

0 *875 1 

a! 

0-876 

674 

1 «• 

0*400 


0*401 

680 

1 

0*406 

A' 

0-407 

686 

m.jT, 1 

0 *412 

1 

! 

1/ 

1 

0 *412 


The agreement is seen to be good, but there are several points to notioe. 
Firstly, the lines from the A', L', and L levek are in the order of decreasing 
intensity, thus the third line from the hardest 7 -ray was not found, probably 
because it was too faint Secondly, these 7 -rays are too soft to eject 
electrons from the K ring, but all the levels of the L group have been 
found (the A level would be quite indistinguishable from the 1/ level). The 
reason why the L' line was not found in the 668 Hp group is because the 
extreme intensity of the 663. line would mask a close companion line. 

These measurements are given here to show, from the point of view of the 

♦ ‘ Fhys. Zeit,,’ voL p. m (leil). 

f It in not known whether these ^-ray« are emitted by ThC(68) or T:1 iD( 81). la 
either case there ia no doubt that the eleotrons originate from the levels given. 







269 


Spectrum of the ^-Raya Excited hy y-Rays. 

ejection of electrons by 7 -rays, that the A' level is the most important one of 
the L group, and, therefore, the position given to this level in the explana¬ 
tion of the natural ^-ray spectrum of radium B is justified. 

From the results given, it is seen that the magnetic spectrum of the 
high-speed electrons excited by y-rays in metals like platinum or uranium is 
exactly similar to the natural ^-ray spectrum of radio-active bodies, the only 
difference being tliat the same rewiio-active atom which produces the 7 -ray 
also probably absorbs it. Further, the main lines of the phenomenon are 
sufficiently described by combining with the known electronic structure of 
the various atoms, the assumption of certain 7 -rays characterised by definite 
amounts of energy. 

The faint lines, previously mentioned, that were observed from W, Pt, Pb, 
and Ur, all fall under this scheme, but it is difficult to make the measure¬ 
ments accurately, owing to the faintness of the lines, and it is not considered 
worth while giving the values. 

Discxtssim of Beaidis, 

Evidence has been brought to show the existence of several 7 -rays, each 
7 -ray characterised by a certain energy which is set free when it is absorbed. 
On the basis of the quantum theory, one would expect this energy to be hi/, 
where v is the frequency of the radiation. In this way the wave-lengths of 
these 7 -ray 8 can be calculated, and the values obtained are shown in column 2 
of Table IV. These wave-lengths are shorter than any measui'ed by 
Rutherford and Andrade, but 7 -rays of higher frequency are known to be 
present. Rutherford,* from considerations of the absorption coefficients of 
7 -rays compared to absorption coefficients of X-rays generated at high 
voltages, showed that the wave-lengths of the main y-rays were much 
shorter than had previously been supposed, and that the hardest 7 -rays of 
* radium C might be of the order 0*007 A.U. His general results also pointed 
to the fact that the groups of ^-rays are due to the transformation of the 
energy of the 7 -rays in single quanta, according to the relation E = hv. 

It is seen therefore, that there is good evidence to believe that the wave¬ 
lengths are right, but it should be pointed out that small corrections may 
have to be applied in the light of later work. In this deduction it is assumed 
that the law 

Energy of the electron = hp^W(^ 

is exact This has been proved to hold with considerable accuracy for light, 
^ but in the true equation there may be small correction terms which, while 

* * Phil Mag./ voi. 34, p. 153 (Beptsmbsr, 1917). 


von. XOIX.—A., 


x; 
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quits negligible for low frequencies, may liave an effect when the frequency 
is ten thousand times greater. It may be that the phenomenon is not 
correctly described by an energy equation at all, and owing to the small 
variation of atomic number that was practicable, these experiments were 
unable to test this point. It is always possible, owing to the simpler 
relations that all dynamicaL quantities bear to each other at low speeds, 
compared to the same relations at high speed, that the enei'gy expression 
might be quite accurate at low frequencies but in error at high ones. These 
points could be tested if the wave-lengths of the 7 -rays from thorium D could 
be measured, and, although they are short, this should be possible by Euther- 
ford*s transmission method. If the values calculated from the characteristic 
energies obtained from the ; 9 -ray spectrum agreed with the values found 
directly it would show that the corrections considered above are not serious. 

Owing to the meagre material it is not thought advisable to discuss the 
numerical values at this stage, but it is interesting to note that part at least 
of the 7 -radiation is monochromatic. It has been found possible to connect 
these 7 -rays of radium B with the 7 -ray 8 measured by Kutherford and 
Andrade by the crystal mlthod, and by means of this fact it can be shown 
that it is probable that the quantum dynamics holds for that part of the atom 
from which these 7 -rays come. This evidence will be given in detail later. 

The different intensities of the lines present points of great interest, for in 
all cases it is the most firmly bound electron which gives the most intense 
lines. The hard 7 -rays of radium B are much more absorbed by the 
K electrons than by the L group, and the peripheral electrons have a 
comparatively negligible effect. This is seen very clearly in the thorium D 
lines, the strongest lines come from the A' level, the next strongest from the 
L' level, and the weakest from the L level. Even these much softer 7 -rays 
appear to have little effect on the outer electrons. 

The results as a whole suggest that the chance of an electron absorbing 
7 -radiation depends on the relation between the energy of the binding of the 
electron and the energy characteristic of the 7 -ray, and that the probability 
of absorption becomes very small when the eneigy of the binding is small 
compared to the 7 -ray energy. 

It is intended to continue this work by investigating the magnetic spectrum 
excited in metals by the hard 7 -ray 8 of radium C and the softer 7 -rayB of 
radium B. 

When this work was completed my attention was directed to some recent 
publications of De Broglie* on the velocities of electeons set free from metals 
by X-rays. Quantitative results have not yet been given, but apparently the 
^ ‘ Comptes Bsndus,* Nos. 5, 9, and 12, vol. 172 (1921). 
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effects observed are of the same general type that have been described in this 
paper. 

Suvwiary. 

1 . The magnetic spectrum of the ^-rays excited by the y-rays of radium B 
in Ur, Pb, Pt, W, and Ba, has been measured. 

2 . It is shown that the main lines are formed by electrons ejected from 
the K ring by definite 7 -rays, each 7 ^rays being characterised by a certain 
energy. 

3. The magnetic spectrum of the /9-rays of radium B is accounted for on 
this basis. 

4. The magnetic spectrum of the low velocity of /S-rays of thorium D has 
l>eeii measured and is explained in the same way as the radium B /9-ray 
spectrum. 

5. On the basis of the quantum theory the wave-lengths of the y-rays of 
radium B are calculated from the characteristic energies found, 

6 . Evidence is given to show that the greater the energy of binding of 
an electron the greater is the probability of it absorbing this hard 7 -radiation. 

In conclusion I would like to express my indebtnesa to Prof. Sir Ernest 
Rutherford, who suggested the problem and the method of attack, and 
directed the whole course of the work. My thanks are due to Mr. G. K. Crowe 
for the preparation of the active sources used. 
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The Vibrations of a Spinning Dish 

By H. Lamb, F.R.S., and B. V. SouTiiWBtL.* 

(Received April 6, 1921.) 

1. This paper treats of the transverse vibrations of a circular disk of 
uniform thickness rotating about its axis with constant angular velocity. 
The problem has a practical bearing, as throwing light on the occasional 
failure of turbine disks. In an impulse turbine blades are fitted to the rim 
of a thin disk, and steam is admitted to them from nozzles wliich are usually 
arranged symnietrioally, but not always continuously, round the i>erii)hery, 
The failures apj^ear to be sometimes due to the blades coming in contact with 
the adjacent parts. This points to transverse vibrations, and there can be 
little doubt that the phenomenon is one of resonance between the periodic 
forces exerted by the steam jets and the periods of free vibration of the disk.f 

For a thorough investigation it would be necessary to ascertain, to a 
reasonable degree of approximation, the free periods of a symmetrical disk 
of any given profile. This may form the theme of a subsequent investiga¬ 
tion by one of the authors. In the meantime the study of the simpler 
case now discussed illustrates the physical aspects of the problem, and has 
suggested an important simplification in method. 

2. The 8j)ecial difficulty of the problem arises from the fact that centrifugal 
force and flexural rigidity ate both operative, and that the normal modes 
of vibration de})end on their relative importance. The vibrations of a non¬ 
rotating disk were fully discussed by Kirchhoff in two well-known })apers.| 
In the other extreme, where the disk is so thin and the rotation so rapid that 
the flexural forces are negligible, the problem admits of a very simple 
solution, as follows:— 

When an elastic disk rotates in its own plane, in relative equilibrium, the 
principal tensions are along and perpendicular to the radius vector. If a be 

* My attention was -drawn to this question by Prof. Gerald Stoney, who showed we 
Home pretty experiments on a rotating india-rubber membrane. This led to various 
calculations. I found subsequently that Mr. Southwell had become interested in the 
same problem, and a comparison showed that the methods and the results were closely 
parallel. This paper is accordingly a joint production, but it should be stated that the 
important remark that the formula of §4 gives not merely an approximation 

but a loiver Imit to the frequency is due to Mr. Southwell.—H. L. 

+ A paper by K. Baumann, read before the Institution of Electrical Engineers on 
March 15,1921, gives examples of failures which have been traced to this source. 

J “Ueber die Sohwingungen einer elastischen Scheibe,*’ ‘Crelle's Journal/ voL 40 
(1850), and ‘ Pogg. Ann./ vol. 81 (1860X 
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the radius> p the density, and the angular velocity of rotation, their valuoe 
at a distance r from the centre are* 


P a= r*)pe>*, 

Q = (Aa»-Br‘)po», 

(1) 

respectively, where 



A = K3 + «r). 

B = i(l + 3cr), 

(2) 


(T denoting Poisson's ratio. These values are obviously unaffected by a small 
displacement (?<’) normal to the plane of the disk. 

The equation of transverse motion of an element of area whose ]»olar 
co-ordinates are (r, 6) is, under the condition stated, 


or 


r^\ dr! 7^d6^ 


(3) 

(4) 


Assuniing that w varies as co8«^co8y>i^, where $ is integral, we find 


+ - ^)_2Ar.g-+^^ + a»B—^ 


»»Aa*\ 


W =: 0. 


(5) 


This is readily integrated by a series. Assuming 



we have 

C*+a 

C* {(&+2)»-s='}A ’ 

or, if we write 


^ + 8*B = m(m+2)A, 


( 6 ) 

(7) 

( 8 ) 


Ck*a _ (k'-~m')(k+m+2) / q . 

C* (^•4-2-«)(*+2+s)' ^ 

The solution which is finite for r :» 0 begins with (rfay. Hence, inserting 
the factors temporarily omitted, 


w 


C/-Y r 1 I (s—m)(s + m+2) r» 

\«/ L 2(2«+2) a* 


The series in { } is hypergeometric. In Gauss’s notation, 

10 = C ^F fi, 7, ^ COB s6 cospif, 
where u os ** J(s+<ji’+2), 7 ” <+!• 

* Lore,*Elasticity,* 


( 11 ) 

( 12 ) 


X 2 
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The expansion is obviously convergent for r < a, but since 

7 = “+A (13) 

it becomes, by a known theorem, logarithmically infinite at the edge r s= a, 
unless it terminates.* Hence we must have 


where « is a positive integer. 


m = s+2n, 
Thus 


(14) 


w 


\a / 1. 


n(n + s+l) ^ 
l(s4-l) a* 


-«— ) cossOcosM ( 16 ) 
1.2(s+l)(«-h2) a* J \ / 

Arbitrary constants may of course be added to 0 and t. 

The mode of vibration thus found is characterised by n nodal circles and 
8 equidistant nodal diameters. The corresponding frequency is deter¬ 
mined by 

(16) 


^ = (« + 2»i)(s4-2n+2)A-s»B, 


where A and B have the values (2). That this ratio should be independent 
of the diameter and thickness of the disk might have been anticipated from 
the theory of dimensions. 

The modes for which = 0 involve displacement of the centre of the disk^f 
and are therefore not relevant to the case of a disk mounted on a shaft. 
The latter remark applies also to the mode where s s=s 1, w 5s= 0; the disk then 
remains plane in form, but is slightly untrue to the axis. The most inter¬ 
esting modes, and the ones most easily realised experimentally, are those in 
which there are no nodal circles. Putting n == 0, we have 

w s: c(^ Qm80OO(ipit, (17) 

with ^ ^ i(l-<r)5>-hi(3 + <T)«. (18) 

When 5 5= 2, we have two nodal diameters at right angles, and 

^ = H5-cr). (19) 

For an india-rubber membrane we may put o' =» practically, whence 
p/a> — 1*5. 

♦ Of, Kayleigh, ‘Theory of Sound,* §336. 

+ It may be noticed that if we put the formula (15) may in thi» case be 

written 

w « CPn (cog 0) cog 

where P« is the zonal harmonic of order n. 
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Writing (16) in the form 

Pi^ = ( 20 ) 

the values of X for various modes are given in the following table, on the 
hypothesis <r 0*3, whicli corresponds fairly to the case of a steel disk. The 
mode for which w. = 0, « = 2, is the most important from the practical point 
of view, since it is the gravest type of free vibration if we exclude (for the 
reason already given) the case of n = 0, « = 1, 


n. 

.-I, 



0 

1 

2’36 

4 06 

1 

j 6-96 

1 8'96 

12-8 

2 

1 14*2 

18 '86 

23 -85 

3 

26 -76 

82 06 

88'7 


It is to be observed, throughout this paper, that the vibrations considered 
are vibrations relative to the undisturbed disk; in particular, the nodal lines 
in the modes investigated are in reality lines of rest in the disk, and are 
accordingly carried round by the rotation. The results may, however, be 
stated in a different fonn. By superposition of two normal modes of the 
same type, with a suitable difference of phase, we can construct wave-forms 
which travel round the disk with the angular velocity ±pils. The preceding 
results would, in fact, have been unaltered if we had assumed that w varies 
as COB {p\t^a6) instead of cospifcoss^. The corresponding angular wave- 
velocities in q}(ice are Thus, in the case n = 0, « = 1, where pi = o>, 

by (16), the wave-velocities are 2o> and 0. In the latter alternative, the 
membrane merely rotates in a fixed plane slightly inclined to that which 
we have taken as the plane of reference, 

3. The preceding may be regarded as results which arc approximated to as 
the speed of rotation is increased. In the other extreme, where the influence 
of the rotation is negligible, and the flexural rigidity predominant, we may 
have recourse to the investigation of Kirohhofl', The results are of the form 




( 21 ) 


where E is Young’s modulus, h is the half-thickness, and ^ is a numerical 
coefficient depending on the particular mode of vibration and (to some 
extent) on the value of cr. The results are actually presented by Eirchhoff 
somewhat differently. He gives tables of frequencies of various modes 
relative to that of the gravest mode of all as a standard, first on Poisson’s 
hypothesis of ir as and secondly for o* as The gravest mode in question 
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has two nodal diameters and no nodal circle. The frequency for this is 
given by Kirchhoff in serai-vibrations per second, viz., 

and 1-02357. (23) 

for a = i and <r = respectively. 

An independent calculation for the case of <r = 0’3 gives the following 
values of the coefficient in (21). The number of nodal diameters is 
denoted, as before, by s, and that of nodal circles by n* 


n. 

«-0. 

1. 


*"8- 

0 



10 ei 

66 *S7 

1 

29 -67 

164 *3 

448-0 

1040 

2 

577 

1222 

8824 

4285 

8 ! 

2988 

5286 

8674 

1 

18287 


4. When the centrifugal tensions and the flexural stiffness are both 
effective, the difficulties of an exact solution are much increased. The 
equation of motion is 


3^* ?’ 3r \ 3 ^ 3 ( 1 — 0 ^) 




(24) 


and the boundary conditions are as given in Bayleigh*s ** Theory of Sound/' 
§ 215. If we assume that w varies as oos sff cos pt, as before, the equation 
can be integrated by a series, but the relation between successive coefficients 
consists of three terms, and the deduction of general results would not appear 
to be easy. 

Approximations which are adequate from the practical point of view can, 
however, be obtained by Rayleigh's method of an assumed type,t at all 
events, for the more important modes. The procedure is equivalent to this, 
that we calculate the potential and kinetic energies on the basis of an 
assumed form of and determine the frequency so that the mean energies 
of the two kinds shall be equal. Since the frequency thus determined is 
stationary for slight variations of the type, a good approximation can be 
found in this way if the type be suitably chosen. It is known, moreover, 
that in the case of the gravest mode of all, the frequency obtained will be an 

* The authors are indebted to Mise B. S. Gough for assistance in the rather laborious 
calculations. 

t ‘Theory of Sound,* §§88, 88. 
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m 


upper limit to the true value. In the present problem, this statement 
obviously applies also to the gravest mode having any assigned number s of 
nodal diameters. 

The potential energy of the centrifugal forces is 

where P and Q have the values (1), and the integration extends over the area 
of the disk. 

The potential energy of flexure is, in ('artesian co-ordinates,^ 

E//» 

Si 




(2ft) 


To transform to polar co-ordinates we have 


2 I 


1 (^ W 




Wt 


jfjf 


The kinetic energy is 


If, then, we assume 


r dr do 7^ dO ) dr^ dO ^ r dr/ 


V} = (f> {r, $) coapt, 
the method referred to leads to a result which may be written 


P 


“ T(^) ’ 


(27) 

(28) 

(29) 

(30) 

(31) 


where T(^) differs from T in that dwfdl is replaced by <f). 

In estimating in this way the fi*equency of the gravest mode for a given 
value of 8, it is sometimes convenient to adopt for <f> a form containing a 
variable parameter, and to adjust this afterwards so as to make the fraction 
in (31) a minimum. This reduces the upper limit referred to. This plan is 
adopted, and illustrated by numerical examples, in § 5 below. The work is 
somewhat intricate, but the formula (31) suggests a simpler process, which is 
probably adequate for practical purposes, having regard to the fact that the 
elastic constants E and a- for a given disk are not likely to be known to a 
h^h degree of accuracy. 

It is evident that if precisely the right form be given to if> the formula (31) 
will be exact. Now, on account of the stationary pro^xirty referred to, the 
true value of <f> would give an approximate value for viz., 

T(^)’ 

* * Theory of Sound/ §Sil4. 


(32) 
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In the same way the true value of ^ would give an approximate value for 
viz., 

Moreover, by Eayleigh's theorem, these estimates will in the case of the 
gravest mode having an assigned number of nodal diameters be too high. 
The second member of the equation (31), when ^ has the correct value, is 
therefore greater than Hence in the case supposed the formula 

p* —(34) 

where p\ and p% are the values of p on the two extrema suppositions of infinite 
thinness, and infinitely slow rotation, respectively, gives an approximation 
which is of the nature of a lower limit to the true value.* 

The property here inferred may bo generalised as follows. If the restoring 
forces which control the vibrations of an elastic system can be separated into 
two or more groups which affect the potential energy independently, and if 
the gravest frequency of vibration be found on the assumption that each 
group acts separately (the inertia being unchanged), then the sum of the 
squares of the frequencies thus found is less than the square of the greatest 
frequency which can occur when all the groups act simultaneously; it is 
less than the square of the gravest frequency natural to the system. 

As a numerical example, suppose that 

E = 2 X 10“ p == 7‘8, a = 60, = 1, w ^ IOOtt, 

in C.G.S. units. In the gravest mode with two nodal diameters we have, on 
the hypothesis that <r = 

^ = 2-376 X 10*. ^ = 2-16485 x 10«, 

TT* TT* 

from (19) and (22). The formula (34) gives 

£ a _ 213-07, (35) 

7r TT 

as a lower limit to the frequency. 

6. We proceed to illustrate the application of Bayleigh’s method to the 
problem. 

We assume 

w = ooBtffoospi, (36) 


* Bm footnote on p. 27S. 
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where /3 is a constant to be afterwards chosen so as to make the inferred 
frequency a minimum. We find 


J irpw^a^h j^' 


s+1 ^ «+2 


(37) 

(«+2)(8 + 3) J \ / 


(«+2)(8 + 3) J " 

+/9»(8+1)(s»-2)}.]co8V. (38) 

T = <=>*> 

Equating the mean value of Vj + Va to that of T, or expressing that the 
total energy is constant, we have 

== L4-2M;3h-N/3^ 

^ /-f2my9 + n/3»’ ^ ^ 

where L, M, N, /, m, n have the values given below. We have to choose /3 so 
as to make this fraction a minimum. 

The stationary values of are given by the quadratic 

+ = 0, (41) 

and the corresponding values of /8 by either of the equations 

p ^ = Ji-ieL u2\ 


We write for shortness 


N mp^ — M 

^ pa*' 


so that f (like co) is the reciprocal of a time. The coefficients in (40) have 
then the values 

L — (^"b2) A— ^2^ 4g^(g-*»l) ^2^ (44) 

S + 1 3 (1 -f- O’) 

^ .(. + 2) A-^B iC, (45) 

8 + 2 d(l + ff) 

XT _ (8»+4«*+48+4)A--s*( 8+2)B , 16(8+l)+4(l-<rK8+l)(8»-2) „ 

(«+2)(s + 3) 3(l-«r») 

(46) 


We have specially in view the case of 8 = 2. Adopting the value J for a, 
we have 

A 13 T, _ 7 

^ “ 32’ ® ~ 52- 


(48) 
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Hence 




24 15 


160 16 


, 111 
/ = -. m=-. « = ^. 


As a partial verification of the method we not6 that when a> s 0 the 
quadratic (41) reduces to 

15|'|!J_]9712^+212992 = 0, (51) 


the lower root of which is 


This makes 


t * 10-8955. 
= 1-05069 f. 


This is higher than the correct value (22), as was inevitable, but the error 
is less than J per cent. 

To illustrate the case where the effects of centrifugal force and flexural 
rigidity are comparable, take the numerical data given at the end of § 4. 


These make 

w* = 9-86960 X 10*. r* = 197847 X 10«, (63) 

L = 1-62549 X10*. M = 1-85223 x 10» N = 619182 x 10‘ (64) 

The quadratic (41) becomes 

0-00417p<-1 12959 x10V-+-5 <)0850x 10“ = 0. (55) 

The lower root is 

f = 4-50890 X 10», (56) 

* 

whence, for comparison with (35), 

^ = 213-74. (57) 

TT 


This is probably very close to the true value. In any case the upper and 
lower limits which we have obtained differ only by about ^ per cent. For 
practical purposes the approximation (35) would probably be sufficient in all 
cases, for reasons given above. It is, of course, obtained with much less 
labour than (57). 

The value of ^ corresponding to (56) is —0169. 
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A Liquid Oxygen Vaporiser. 

By Edgar A. Griffiths. 

(Communioated by the Tyndall Mining Bequeat Committee. Received March 21, 

1921.) 


Liquid oxygen can be used for a variety of purposes in place of the com¬ 
pressed gajB, When the weight of the apparatus for the supply of the oxygen 
is an important factor, as in the case of 


breathing apparatus, there is considerable 
oconoray in carrying liquid oxygen instead 
of compressed gas. 

For most purposes a steady stream of gas 
is desired, so means have to be provided for 
vaporising the liquid at any specified rate 
from the container. Since the most efficient 
form of container is the Dewar vacuum 
vessel, the problem resolves itself to devising 
a method of controlling the heat input into 
the liquid when contained in a vessel of this 
type. An electrical heating coil affords one 
means of doing this, but the weight of the 
necessary batteries for supplying the current 
is a serious drawback when a portable 
apparatus is desired* 

In the course of some experiments on a 
liquid oxygen apparatus for mine rescue 
work the author found that it was possible 
to control the heat conduction into the inner 
vessel by bringing a small area of the wall 
of the outer vessel into contact with that of 
the inner vessel By varying the area of 
contact any desired rate of evaporation of 
the liquid, within certain limits, could be 
obtained. 

In practice the apparatus is constructed 
as shown in fig. 1. The double-walled 
vessel is made of copper and the bottom of 



Fio. 1,—A, absorbent material; 
O, tube through inner vessel 
containing cocoa-nut charcoal; 

a copper block ; D, corrugated 
ver diaphragm ; N, screw and 
nutoontrolling position of blockB. 


the outer vessel is out out aud replaced bj a flexible diaphragm of silver (D). 


This diaphragm has soldered to its centre a copper block (B) shaped to fit the 
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contour of the inner vessel. A screw and nut (N) is arranged below the 
diaphragm in order to adjust its position, in or out, thus enabling the block 
to be brought into contact with the inner vessel at will. Two turns of the 
adjusting screw are required from “off'* to "full on" and this arrangement 
varies the rate of delivery of the gas from the natural rate of the flask 
about J litre per minute) to 12 litres per minute measured at normal 
temperature and pressure. 

The variable rate of gas emission is due to the fact that the copper block 



Fig. 2,—Undereide of flask showing silver diaphragm 
and adjusting nut. 


Fio. 3* 



does not come instantaneously into contact with the inner vessel over its entire 
surface but accommodates itself more and more as the screw is released. 

The adjustment is perfectly continuous throughout the range, and any 
desired rate can be obtained within the limits; the usual setting being 3 litres 
per minute when used for breathing apparatus. The delivery of the gas in 
response to a change in the adjustment is surprisingly quick and when once 
set has the convenience of remaining sensibly constant for many hours. 

The silver diaphragm and adjusting nut can be seen in fig. 2. 
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The vacuum vessel used in the experimenta bad a capacity of about litres 
of liqifid but was filled with an absorbent packing of asbestos wool to ensure 
non-spilling when carried. The capacity with absorbent filling was slightly 
over 1 litre of liquid or 850 litres of gas at N.T.P. The oxygen is delivered 
through a few turns^of copper tube so as to warm up the gas before delivery 
to the breathing bag. 

A simple flow meter is inserted in the circuit (see fig. 3) which indicates 
at any instant the quantity of gas being supplied. This instrument consists 
merely of a small vane pivoted so as to swing against the restoring force 
of a hair spring. The gas enters by way of a wide bore jet and the momentum 
of the stream causes a deflection of the vane. 

The apparatus described was developed in the course of an investigation 
carried out with the Tyndall Mining Besearch Studentship of the Koyal 
Society, and the author desires to record his indebtedness to the Tyndall 
Besearch Committee for their kind encouragement, also to Sir Joseph Petavel 
for the use of some of the facilities of tlie National Physical Laboratory. 


A Simple Apparatus for Approximate Harmonic Analysis and 
for Periodicity Measurements, 

By W. Lawrence Balls, M.A., Sc.D. (Cantab.), Late Fellow of St. John*s 

College, Cambridge. 

(Communicated by Dr. F. F. Blackman, F.B.S. Keceived May 2, 1921.) 

The apparatus described in this paper was devised in order to test an 
extensive series of engineering data for the existence therein of a suspected 
periodicity. In the fimt instance, we applied the periodogram method* 
but found that the time needed for adequate examination by this method 
was prohibitive. Several other devices were tried before we arrived, as a 
development from a suggestion made by Mr. G. Udny Yule, F.B.S., at the 
present apparatus, which was found to be not only satisfactory as a method 
for detecting periodicity but was also useful as an harmonic analyser. The 
apparatus has the advantage of being simple to construct, and inexpensive. 
Further, the construction is such that there can be no change of zero during 
its use, and while the reduction of the observed results to absolute measure 

* ^ Edinburgh Mathematical Tracts,* No. 4 (London, 1916), G. A. Carae and G. Shearer, 
“ A Course in FouriePa Analysis and Periodogram Analysis.” 
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requii'es the employment of corrections, these corrections are mainly based 
on simple geometry. 

In its simplest form the process of periodogram analysis consists in 
averaging some considerable number, say 2n, of ordinates taken at a constant 
interval k along the curved to be analysed, and repeating this averaging for 
successive series of ordinates starting at .r = 0, = A, s= 2A, x ^ 3A., and 

so on. If A is exactly equal to any period existing in the curve (or to a 
multiple of it) and there is no other period, the average ordinate y so 
obtained will show a periodicity of the same amplitude. As h departs 
from the period, to a greater or less extent, the amplitude of the curve 
given by y falls off. The existence of a number of periods in the curve 
to be analysed does not alter the general character of the result; in any 
case y shows a maximum amplitude when h is equal to a 2 >eriod. The 
problem of periodogram analysis, from the mechanical standpoint, thus 
reduces to the problem of adding or averaging a number of ordinates on 
a given curve. 

Starting with the idea of effecting this addition from a template cut out 
to represent the required curve, Mr. Yule suggested the employment of a 
series of coupled springs to effect the addition. The employment of such 
springs, however, introduces serious constructional difficulties in making 
them adjustable for various trial periods, from which difficulties the present 
arrangement escapes. Owing to the appearance of the apparatus, it is 
commonly described in our laboratory as The Harp.'* 

Description of Apparatus. A. Essmtial Parts. 

The general appearance of the Harp is shown in plan, and, as a sectional 
elevation, in fig. 1. A board of triangular shape, 10 feet in length, on a 
three-point support, is placed with its wider end just overhanging the edge 
of the table on which it rests. At this wide end of the board are two groups 
of pulleys {pp), each group being spaced at intervals of 26 mm. on a common 
axle by means of collars with set screws and intermediate washers; meccano 
parts are quite suitable for the purpose. The innermost pulleys of the 
two groups are separated by an interval of 50 mm., where the two axles 
abut in a common support. The four ends of the two axles lie on the arc 
of a circle struck from the small end of the board, and thus, in view of the 
small angle subtended by these pulleys {9^ of arc), they may be considered 
effectively as rotating each in a plane which passes through the centre 
of the circle thus struck, while in number there are effectively nineteen, 
spaced at equal intervals, but with the centre one missing. 

Over each of these pulleys, passes a strand of sewing cotton, bearing a 
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weight made of ^-inch lead piping, and weighing about 80 gnn., which 
hangB down outeide the edge of the table. The weight on each one of these 



strings of the Harp is the same, thus keeping all tlie strings under the 
same tension, except for accidental variations in the static friction of the 
pulleys. 

The other ends of these strings converge to the neighbourhood of a 
common meeting point, each one being inserted into a separate hole 
arranged for it in a yoke of thin sheet brass at the small end of the board. 
This yoke (y, figs. 1, 2a, 2u), is drilled with two rows of nine holes tmch, 
which alternate. Each string can thus be brouglit to and threaded through 
its appropriate hole, then taken back and knotted on itself in a wider part 
of the board {k), so that, although the eighteen strings are actually in 
contact laterally, any one may be lifted vertically without disturbing its 
neighbours. 





The brass yoke (y) is soldered firmly to the apex of a triangular loop 
of otoel piano«wire (w), 0 01 inch thick (figs. 2a, 2 b), the ends of which are 
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fastened by screws to the board after being bent to a right angle round a 
support of glass rod {g), as shown in the figure. The yoke (y) is thus free 
to move in a vertical plane under the influence of very small forces, on 
account of the flexibility of the thin wire, while at the same time it is 
constrained against horizontal movement or twisting movement. Any 
such movements of the yoke are magcified and observed by means of a 
2-cm. concave mirror, fixed on the yoke in a convenient position by a cork 
support. A ray of light thrown on the mirror is reflected up to a plane 
mirror on the ceiling, and thence down to a scale suitably screened by black 
cloth; this scale may be placed in any convenient position, either by the 
side of the Harp when the apparatus is being used by a single observer, or 
elsewhere when two observers are concerned. 

Operation of Bmntial Parts, 

Tlie arrangement of strings and yoke thus far described constitutes the 
essential portion of the apparatus. Considering any one string, this may 
be regarded as connected to the flexible steel triangle by a hinge at the 
yoke. Further, the steel triangle is, by virtue of its flexibility, effectively 
hinged (for movement in a vertical plane) where the steel wire (ic) touches 
the gloss rod(^). Under the load of the lead weight hanging from the 
pulley the yoke hinge lies on a straight line (the weight of the mirror 
and yoke being negligible) drawn between the upper side of the glass rod 
and the upper side of the pulley. 

Considering all the eighteen strings together, the angle of divergence 
between the outermost strings is so small that for the purpose of the 
apparatus they may be considered os effectively parallel to one another at 
any point along their length. If the angle between the outermost string 
and the centreline is 0, the outermost string exerts an effective component 
pull on the yoke of / cos d instead of the pull / exerted by the central 
string. As 0 is only 4°, cos 6 is 0*995, and the difference of one-half of 
1 per cent, is quite negligible. Further, at any such point any number 
of the strings may be raised above the zero position to any extent required, 
increase in length of the working portion of the string being permitted by 
the rise of the weight, the pulley turning to permit this rise, and the tension 
being unaffected. 

If, now, all the eighteen strings are raised to the same extent at some place 
along the board {eg,, by placing a straight edge underneath the strings), the 
wire with its yoke and mirror will bend until a new straight line position is 
assumed, so that the yoke hinge lies in the plane which contains the top of 
the glass rod and the straight edge respectively. If, on the other band* only 
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half the strings are thus raised, and this irrespective of the individual strings 
chosen, the yoke hinge will rise by only lialf the previous amount, and the 
movement of the spot of light reflected from the mirror to the reading scale 
will also be halved. This strict proportionality will, of course, only hold good 
so long as the deflection of the mirror is not great enough to be affected by 
the stiffness of the wire (?/;), but in the actual operation of the apparatus, 
this deflection cannot exceed 4° of arc, and is not usually more than 2°. 

Similarly, for any number of strings lifted from the neutral position bo a 
given height above it, the position of the mirror wiU change in proportion to 
the number of strings lifted. 

Again, for any one string lifted, the deflection of the mirror will be 
proportionate to the amount of the lift, and similarly, again, for any number 
of strings lifted to varying extents. For small deflections, those lying 
within 1® of arc, the deflection of the mirror is practically in direct 
proportion to the average deflection of the strings above their zero position. 
For larger deflections of the strings, the movements of the mirror fall ofi 
somewhat, but not sufficiently to hamper the use of the appliance. 

Having shown the means whereby the spot of light on the observing scale 
is enabled to indicate the average position of all the eighteen strings, it 
remains to describe the accessory parts by wliich the instrument is made 
convenient for actual use. 


Demiption of Apparatus, B, Airessory Parts, 

The triangular board is scaled off to make a series of trial periods by 
utilising the divergence of the strings. Underneath each string a straight 
line is ruled, radiating from the common centre below the yoke, and on each 
of these lines, at regular intervals, a series of steel pegs is driven, as 
indicated in fig. 1. These pegs thus form a series of rows across the board, 
l)eginning with a row whose members are 5 mm. apart, and increasing tliese 
intervals by J-mm. steps up to 23J mm. near the pulleys. These pegs serve 
a double purpose: in the first place they act as sounders in combination with 
the click arrangement, to be described shortly, while in the second place they 
serve to roister the positions at which the template may be passed under the 
strings. 

The template is passed under the strings by attaching it to a frame which 
slides on a carriage (c, fig. 1). This carriage is not fixed to the board, but can 
be placed thereon at any one of the positions defined by the rows of steel 
pegs. In fig. 1, it is represented in position for testing a trial period of 
12| mm., and the line of movement of the template ie indicated by an 
,awow.' 

▼01. X€1X.-~A. 


Y 
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This carriage consists of two parts, namely, a comb, and also the guide in 
which the template slide moves. The comb consists of a large number of 
etoel needles, about 8 cm. in length, obtained by breaking the heads off 
ordinary drapers’ round-headed bonnet pins, which are then set up in a row 
and soldered on to a strip of ^-inch brass to form a comb with about eight 
teeth per centimetre, and of sufficient length to cover the greatest spread of 
the strings at the wide cud of the board. Tlie object of this comb is to 
prevent any strings from beitig pushed sideways out of their proper position 
by friction with the template passing below them. The effect of its use is 
necessarily to disturb the exact identity of the intervals between the strings, 
but the error caused thereby is not serious; thus in fig. the comb and the 
strings are drawn diagrammatically to scale for an interval between the 
strings of 10 mm. In order to enable this comb to be placed rapidly over 
the strings at any position along the board, it is mounted on a hinged frame 
shown in fig. 2 d, in such a way that when the c<unb is lifted up, its points 
swing clear of the strings; in this position, the whole carriage can be 
transferred to any other part of the board and placed between two other 
rows of pegs, whereupon, on lowering the comb, the points of the needles 
deflect the strings slightly to the right or left if necessary. The Inction of 



the strings on the teeth of the comb introduces a slight error in the nominal 
equality of tension obtaining between all the stringB, but this again is not serious. 

The comb also serves to define exactly the position of the edge of the 
template, since the template leans up against the front of the comb while 
sliding across the ca.rriage. In fig. 2 d, an end elevation of the carriage, is 
shown one of the V-shaped notches fixed on the end of the wooden base of 
the carriage, in which the template holder slides. This holder may be of any 
convenient form, such as a straight bar of metal to which is fixed a wing 
of tin plate (A in fig. 2c), against which the cardboard template can be 
clipped. The ends of the slider may be equipped with spools on which to 
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coil up portions of the template not under examination, in addition, this 
sliding bar bears a clicking spring (figs. 2c and 3, h), so shaped as to make 
contact with each one in any row of eighteen pins, already described as 
fastened to the base board, and to emit an audible click on leaving each pin. 
This slide should be tested in the Harp with a straightedge as a template, 
to detect any periodicity in the slide. 

When the carriage is to bo moved to another part of the board for 
examination of a different trial period, the slide, with its attached template, 
is turned over (past its dead centre on the strings) until it rests on two 
projecting arms (fig. 2, r) so as not to foul the under side of the strings while 
the carriage is being moved, 

Operation of Accessory Farts, 

A smooth template having been prepared, it is fixed on the slide with its 
lower edge in oontaet with the bar thereof. The scale of the template being 
such that there is reason to expect the occurrence of a period of length lying 
between 6 and 23 mm., the carriage is then placed on the board, with its 
base fitting between the 5 and mm. rows of steel pegs. Tlie slide with its 
attached template, is then passed under the strings, and placed with its bar 
resting on the V-notches of the carriage. The template is then rotated in 
the notches until it makes contact with the strings, and, passing the dead 
centre, is stopped by contact with the comb as well, where the strings are 
5 mm. apart. The slide is then pushed along slowly by hand, thereby causing 
the strings to rise and fall as they follow the outline of the curve. At every 
fifth millimetre of this traverse the click is heard. Meanwhile, the operator 
or another observer is watching the movement of the spot of light. If a 
period 6 mm, in length actually exists in the template as plotted, the spot of 
light will oscillate in synchronism with the clicks. 

If no such synchronism is noticed between the clicks which are heard and 
the light movements which are seen, the template is turned down on to its 
nests, the comb swung up and back, the carriage lifted and replaced at the 
next interval, and the operation repeated to test for the existence of a period 
at 5^ mm. Similarly, all periods are tested from one end of the board to the 
other. The full search over this range, from 5 mm. to 23 mm., by J-mm. 
steps, does not require more than a quarter of an hour to complete, 

A trial period having thus been found at which the click and the 
movement of the light are synchronised, the length of the period is at 
once shown by the position of the template on the board. The amplitude 
and the form of the periodic curve can be measured at this setting as 
follows, preferably by two observers co-operating:— 

Y 2 
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The slide carrying the template has a millimetre scale marked on it, by 
means of which the ponition of the slide is advanced by small and eq^ual 
successive steps, while the position of the spot of light is recorded for each 
step on millimetre-squared paper. The height of eacl) ordinate, representing 
the average position of the strings at each step, may either be chosen 
arbitrarily, and subsequently corrected, or may be chosen in agreement with 
a scale previously prepared to show the actual deflection of the spot of 
light for a given mean movement of the strings at this particular spot on 
the board; in either way, a value for the amplitude of the periodic curve 
may be obtained, which is usually within 3 per cent, of the true value. 

Preparation of Templates. 

One or two simple devices which have been found useful are possibly 
worth mentioning. The paper employed for the making of templates 
requires to be in long strips not more than 3 inches in width, and the most 
convenient way of obtaining this is to have three rolls of paper, such as 
those from a Burrough’s adding machine, pasted together to form a flexible 
cardboard. 

This paper is, of course, not squared for plotting, but curves drawn on 
squared paper can easily be transferred to it by tracing through typewriter 
carbon paper. 

The scale of the curve should be so chosen that in the forward direction 
there should be no sloj)e exceeding about 46®, since a steeper slope than tliis 
will tend to wedge the strings against the comb, and prevent them from 
rising and falling smoothly. 

If the template, after being traced, is merely cut out with scissors and left 
thus, the rough edge will tend to make the strings vibrate, and cause an 
inconvenient flicker of the spot of light. This can be obviated by waxing 
the edge of the template after cutting, preferably with a hard wax, such as 
that used for making phonograph records, and finally running a hot iron 
along the edge, to smooth the wax down to the edge of the paper. 

Bearing in mind the necessity for avoiding steep slopes in the curves, the 
scales to which the curves are plotted should be so chosen as to give a total 
range of about 3 cm. between the highest and lowest portions, for although 
the instrument as here described can accommodate curves with an amplitude 
of 6 cnu, it is obvious that the advantage from greater movement of the spot 
of light will tend to be counter-balanced by excessive distortion of the 
strings. Again, if any preliminary indication exists as to the probable 
length of the |>eriod, the scale should be so chosen as to make the period 
fall in the neighbourhood of the middle of tlie board, for the same reason. 
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In the event of the search requiring to be continued beyond the limits of 
6 mm. and 23 mm. on the scale chosen, the curve must, of course, be 
re-drawn, and a new template cut to a larger or smaller magniiioation. 
While the dimensions here given for the instrument are convenient in an 
ordinary laboratory, there is no reason why they should not be exceeded by 
increasing the length of the board, so as to give a greater range of search on 
any one template, since this range at present is such as necessitates the 
templates being cut at four-fold magnifications and reductions. In this 
event, it should be borne in mind that the sensitivity of the instrument 
decreases as the distance of the template from the mirror increases. 


Uses of the Apparatus. 

We have already described the method of using the apparatus for deter¬ 
mining primarily the length but also the amplitude and form of any 
periodicity existing in a curve. It will be seen that, by suitable choice 
of templates, the same procedure can be applied to Harmonic Analysis, 
the single curve being plotted repeatedly on the template until a sufficient 
length is available to pass through the instrument, the length of each 
period being made about 40 mm. In this way, the first four or five harmonics 
can be detected on the same template, and their amplitude measured by the 
same procedure as before. 

Another occasional use for the apparatus is in the smoothing of curves, 
which can be passed in template form under the strings at any desired 
setting, wd with any number of strings in use, according to the number 
of points which we require to include in the smoothing, while a second 
observer plots the readings of the spot of light as tlie template moves 
forward. 

Summary. 

An account is given of a simple and inexpensive means for constructing 
and using an apparatus by which periodicities can be determined, harmonic 
analysis effected, and curves smoothed. 

The results obtained (both with respect to length and to amplitude) are 
only approximately correct, but the error involved need not exceed 
3 per cent. 

The outstanding advantage of the apparatus is the speed with which 
determinations may be made. Thus,* in the case of determinations of 
periodicity, some fifty trial periods can be examined in less time than is 
required for the computation of a single trial period under the periodogram 
arithmetical method. ' 
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I have pleasure in acknowledging the assistance of Mr. Q*. Udny Yule, 
iMiS,, while the extensive use of the Harp, which enabled its utility to be 
fairly judged, has been in the hands of my assistants, Miss E. Lanigan and 
Mr. H. Hancock, in the Experimental Department of the Fine Cotton 
Spinners* Association at Manchester. 


MtdtenioTis and Differential I7ivaria7its. 

By Alkx. McAulay, M.A., Professor of Mathematics, University of 

Tasmania. 

(Communicated by Mr. W. B. Hardy, Sec.B.S.—Received May 13, 1920.) 

§ 1. Preliminary Eoeplanatiom, —Since multenions appear almost to have 
been designed by Natme to serve as an algebra dealing with such matters as 
differential invariants and relativity, I have thought it desirable at the pi’esent 
moment to present a summary of their properties. Towards the end I 
propose to enter into more detail in applying them to differential invariants, 
and to point out some of the special properties of multenions when n, the 
vector complexity of the system, has the particular value 4. 

Clifford first, I believe, applied the subject to elliptic space of three 
dimensions. His bi-quaternion g'-f o>r, where = 1, is the general member 
of a sub-algebra of multenions when w = 4. In the form of multenions* 
suitable to deal with real questions of Relativity Hamilton's bi-quaternion 
presents itself in a precisely similar manner, and of this I shall 
have more to say towards the end of the paper. Joly's ‘ Manual of Quaternions' 
has its last chapter devoted wholly to multenions. I believe the most 
elaborate attempt at development is my own papqr in ‘ Proc, Roy. Soo., Edin./ 
1907-8, p. 503. 

The notation used below is based as closely as possible on quaternion 
notation. It is practically identical with Joly's so far as the latter goes. It 
differs in several respects from the notation of my own former paper, Tlie 
changes are all in the direction of simplicity, and back towards quaternion 
rules. The same applies to changes in terminology. These obauges, which I 
believe are all for the better, are in the main due to friendly advice received 
from Prof. Knott in connection with the former paper. 

Law I. Besides the unit scalar 1 there are given n generators, which will 
generally be regarded as representing n unit mutually orthogonal vectors in a 
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EacUdiau space of n diniensious, iu H* ... 4* Thewe are sucli that all the 
ordinary laws of algebra exempt the commutative law of multiplication apply 
the general integral expression q, called a multeiiion, where 

q =: + ( 1 ) 

where every x is a scalar. Since any x may be negative we understand this 
statement to include the ordinary algebraic uses of the signs 4- and ^ ; but 
we do not understand that any assertion has been made about the use of tlie 
sign -f" [?-♦-'/* can later be understood to be an alternative for 

Law II. Scalars are commutative not only with each other but with 
each of the n primitive unit vectors. [Thus scalars are commutative with 
multenions.] 

Law III. [ii^ means h 4> etc,] 

== = i/ ^ ... = 

Tiaw IV. Ill a product, called a primitive vectorium, 44--, of primitive 
unit vectors, if two adjacent different vectors be interchanged, the product 
merely changes sign. 

Such are the assumptions. The rest is development, aided of course by 
suitable terminology and symbolisation. 

Def. 1. A primitive unit means any one of the following: (1) the scalar 1, 
(2) any primitive unit vector 4i (3) any other primitive vectorium 44...* 
[Strictly (3) includes (2) and in a sense (1).] 

u 

Def, 2. An expression of the form p = 2 i«c4 where each x is a scalar, is 

' 0=1 

called a vector, or a Vj or a »Vj, 

Def. 3. Any multenion is obviously capable of expression in the form 
'HLdait,.., iii whore 4. 4, 4 are m different primitive vectors and m ranges 

from 0 to n, m being given Y^q means the sum of all parts of the multenion 
for tliat value of m. Thus 

9 = Vo2’+Vij'+Vi^+... + V,j. 

Yaq is said to be the part of q of honu^eneity a and is called a Va or a ,Va or 
a homogeneous multenion or a hyper vector. [These alternatives are intendcxl 
to invite suggestions for a settlement of the name. 1 should have preferred 
“an a-vector” but this clashes with relativity meanings of 4-vector and 
6 -veotor, In multenions with « = 4, there are two kinds of 4-vector 4 V 1 
and tV,.] 

Y^ will generally in woi'ds be called the scalar part of q but in the present 
connection we must- not use S 9 as an alternative for Yoq. In applications we 
very decidedly need to be able, in one system of multenions (n ss 4) to make 
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ao change in the quaternion notation but yet to use both the quaternion 
notation and the full rnultenion notation as applying to one symbol q* Thus 

Sy = \V/-f Yq = Va^. 

Endless confusion would result from allowing Vo to be represented by S. 

Def. 4. If uu ^ 2 , ».• «fl are any a-veotors then Vaai«a*-atf ia called a 
veotoriuni. [Hence we have already called such an expression as a 
primitive vectorium.] 

Def. 5. A linear rnultenion function of a rnultenion is called a multeuiou 
Unity. Similarly for a vector Unity or a *Va Unity, etc. An extended vector 
Unity is a special kind of rnultenion Unity, 4?, defined from a given vector 
Unity, <f>. Its fundamental property is this: If aci, ... «« are any a-vectors 
whatever, a itself ranging from 0 to n, then 

’ ( 2 ) 

[It is not obvious that this remark covers a possibility in general. The 
definition, which will bo modified below, is given here as a hint of the 
importance of vectoriums and extended Unities in our subject.] 

Dmal NotcUmnn, 

Scalars (Vo): c, o, g, h, k, I, lUy n, ( =: time), :'> J ( = \/[-“I])i 
^ ( = arc), TT. 

General nuiltenions : p, q, r, s. 

Hyper vectors (homog. mult.) and voctoriuuvs: 



V. 


V, 


v. 

Homogeneities . 

a 

h 


» 

t 

Hyper vectors . i 

H 

V 

W 1 

XV 

w 

Vectorium*. 

h 

1 

it 

XV 

w 


(Thwfi conventions ahonld be noted and remembered. tThey immensely simplify the reading 
of formnl® by their property of minimising number of suifixea, etc.) 

Vectors (Vi): fy, g, €, f, X, fi, p, o', r. 

Linear functions; t?, \ or, v, 

Vectoriums : a, 4, t, o, p, v, d>. 

Differential ayinbols; S, A, H. L, d. dp, d'p,,, d<i„, dx, dh. 

Selective linities, etc.: K, P, Q, R, S, T, U. V. 

Def. 6. Complexes of vectors, hypervectors, maltooions, etc., are sufficiently 
illustrated by multenions. If y,, ja are a given multenions, then all 

a 

multenions of the form S are said to form a complex. If g,, j,,... g» 

c » 1 
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oau he made linearly dependent on b and no fewer, then b is called the com¬ 
plexity of the complex. Thus the complexity of the complex of all vectors 
is n, of all multenionR it is 2", of all multenions of homogeneity a it is »Ca* 
I)ef. 7. A unit vector or a unit vectorium is one, d, such that d* s: ±1. 
[The square of eveiy voclorium is a scalar, but is a scalar in general only in 
the four cases when a = 0, 1, n —1 or a.] Thus all the primitive vectoriums 
are unit vectoriums. 

Dei 8. Two vectors, a, are said to be normal to one another when 
Vo«y8 = 0. Two veotor complexes are said to be completely normal to one 
another when every vector of the one complex is normal to every vector of 
the other. 

Every one of the symbols Ya is a multenion Unity. They are all commuta¬ 
tive with one another. They a»e all idempotent, tlmt is Va* = Va, and they 
all satisfy the equation YaYb — 0 when a 

There is another system of multenion Unities of great utility and simplicity. 
They are 2” in nunvber. They are all commutative with each otlier and with 
each of the n-^1 liuities V^. Let Pa be that definite Unity of a geneml 
multenion, q, which simply reverses the sign of every which occurs in the 
expression (1) for q. From the well-known properties of Unities a product of 
the P’s such as Pir 2 Pa simply reverses the sign of every ii, and i$. These 
Unities are (1) unipotent, that is, if 

<^ = PaP6...Pik, (3) 

then ijb’* = 1; (2) they are proscriptive, by which is meant that 

<i>{qT)== ( 4 ) 

where q and r are any two multenions. It is convenient to use P for the 
product PiP,... Pn of all the Unities Pa, so that P reverses the sign of every 
primitive vector. 

K is defined, consistently with its quaternion use, in the following manner. 
Kj is a Unity of a general multenion, q, which reverses the sequence of the 
primitive unit vectors in every primitive vectorium I, of q, and also reverses 
the sign of every primitive unit vector. Thus 

. K(fit8t8) = ( —f3)(—tj)( —fi) * 

K is (1) unipotent, that is K* =* 1; (2) it is commutative with every V and 
every P ; (8) it is retroscriptive, that is K (qr) = KrKj. [To prove ( 3 ) first 
prove it when q and r are two primitive vectoriums and then generalise. 
Snob a method of proof is very often applicable and may be referred to as 
proof by reduction to primitive units.] 

But from these pre^rties not only is 

K (qr) m Kr . Kq, 


(5) 
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but if (f> be given by (4), K<f>(i=^<f>K)]m also retroaoriptive. More generally, 
if qb, 'f', •••» multcnion Unities, every one of which is 

either proscriptive or retroscriptive, then also is the product, x* 

proscriptive or retioscriptive; it is proscriptive when the number of 
which are retroscriptive is oven, and it is retroscriptive when that number 
is odd. 

The special retroscriptive PK (= KP) is of sufficient importance to have a 
symbol appropriated to it. We shall call it Q. Thus the product of any two 
of the three P, Q, K is equal to the third. 

A caution to users of present methods inielativity and hyperbolic geometry 
seems desirable. It relates to the discussion of real questions by aid of the 
imagery 

( 6 ) 

Let us illustrate by anticipating our mode of treatment of real questions in 
relativity. We begin with the multenion system based on the primitive 
generators ti, Then we put 

^4 — J*. (7) 

liud drop out of moat of our subsequent work all reference to the original ^4 
and Jj, using i instead with its property « 1, as opposed to 4* s= — 1. 
Questions in relativity are then treated by aid of the multiplicative combina¬ 
tions of such expressions as 

Ml 4- -h ziz+cU, (8) 

whereby, so long as all the scalars thereby introduced are real, we shall be 

dealing with real questions in relativity. The general multenion thus 
couatnicted contains 16 and not 32 independent real scalars, t is for practical 
relativity purposes real. We shall call such a multenion system semi-real. 
Now return to the meaning above assigned to K. 

and also K (iiiitBc) =s 

but whereas K (iimu) = ( 4 w 4 )“'\ (9) 

it is no(» true that the corresponding equation holds wheix we replace h by l 
I have therefore refrained from making the definition of K depend on such 
equations as (9). It is, nevertheless, a perfectly easy theorem to prove that 

Ki « i-\ ( 10 ) 

when 4 is any product of our m'iginal generators i\, h, ... 4* This ceases to 
be true when * takes the place of 4 simply because is - J and not -h J. 

It may be noted, however, that there is always a reprosoriptiive « E to 
be found, which is such that for every semi-real vectorium 4 R* ^ 
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Thus, suppose we replace 7„+i, ... by 4+i •••4 
where 4 = J4 and therefore 4“ =1, c = «+1, a+2, ... /*. (11) 

Then R = KP„+i ?„+»... P« = QPiP*... P«. (12) 

is easily shown to have the required.characteristic. 

We now obviously have 

P = P,Pa...P,. (13) 

Pm = (-)“«, Qm = (-)‘»(“-»>M, K?/, = (-)*“<«+‘>7/. (14) 

Further if we put 

'/» = V^, « = 0, 1,... n, (15) 

Vq = q»—iji + qi—q9+... 

!*(»)!? = i(^+1’)? = ?»+?»+5''» +••• (16) 

P(i)? = J(l’-t’)? = ?l + «8+?S+... j 

Q? = ?o + 9i—y»—!78 + 24 + ?&—(17) 
Ky =9o—2i—2a+2»+2'‘~?»~-"> (16) 


Clearly, we might introduce Qo, Qi, and Kn, Kj, corresponding to P(o) and P(i). 

All the linities recently considered (Vc, <f>, K^) may be referred to as the 
capital linities. 

§ 2 . Theorem of Independetm and Allied Algdyraie Features. — If 
qiqa ss —qaqi, then q\ and qa are said to be anti-commutative. In the 
following enunciation, a product of a difierent multenions from among 
2 ii ?», • • ■ qm is said to be odd-formed or even-formed, according as <i is odd 
or even. 

^f 2i, Js, ••• qm be m niultenione such that q^, ... 2m* ore all scalars 

differing from zero, and each pair is anti-commutative; then, if mis even, the 
2 ’" multiplicative eosnbinations are linearly independent; and, if m is odd, they 
are independent unless <Ae product q\qa ,. .2« of ail of them is a scalar, and, if it 
is a scalar, 2'"~* and only 2"~* of the eondnnations are independent, and these 
'2"“* independent combinations may be taken as the odd-formed eonibinations, or 
instead as the evenfarmed, combinations, or instead as the. eonibinatimts from 
which one assigned m/uitenion, such as q„, is absent. The theorem is true of 
linities as well as of multenions. 

Thus, if n is even, a general multenion cannot be expressed by fewer than 
2 " Independent soalars. In the case of n s 4, it cannot be expressed by 
fewer than sixteen independent soalars. In the case of n sa 3 , it can be 
expressed by four independent soalars, the some number as in the case of 
n at 2 . [But to express it thus, we have to impose the oondition that iiigia 
is a scalar such as —1. This is practically Hamilton's prooedure in 
Quaternions.] Either of these oases might be regarded as tbe case of 
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Quaternions. I prefer to view Quaternions from another side, namely, as 
forming the subalgebra of even homogeneities for the case it «= 8. 

In general multenion theory, it is convenient deliberately to prescribe for 
the case n odd that the 2" primitive vectoriums shall be independent 
This is equivalent to saying that the product v ^ iii 2 in of all the 
primitive vectors is (itfined as independent of the scalar 1, even when 
n is odd. 

Whatever be the value of Hy multenions with even homogeneities only 
form a subalgebra with 2*”* units. When n is odd, this subalgebra can 
always he identified with the next lower multenion system. 

When n is even, the numlw of independent scalars, 2", is a perfect square. 
In this case the algebra is the equivalent of an algebra of Unities with the 
same number. The characteristic equation, therefore, satisfied by a multenion, 
may be found. When n is even, the degree of the characteristic equation is 
21*. When n is odd, the degree is 

In the case of n = 4 or 3, the characteristic function may be written in a 
variety of allied forms, of which the two most important are 

{q^'x) . (2Vo-.l) [{q^x) K (q^x)] (1) 

^{q-^x)q{q^x) . (2Vo^l)[(j-ir)Q(j^a:)]. (2) 

The poeffioient of every power of is a scalar which it is not difficult to 
write down in full. Suppose these scalars are w, m'", thus 

rhf^{x) = a;*—m'.'T-f (3) 

This defines the scalars m. We now have the identity 

+ m = 0. (4) 

In the case of the semi-real system suitable to relativity, cW(0) is 
positive or zero, never negative. The positive value of its fourth root is the 
natural generalisation of the quaternion tensor I have been 

uncertain whether to denote this positive scalar by Tj, thus 

Tj = + . (2V,-1) . (?Kg)}n 

= + . (2Vtt-1) . (sQy) J ■ 

An objection to doing so is that this is not Hamilton’s meaning in the case 
of his biquatemion q -f Jr. His tensor is then imaginary, namely, one of the 
valuesof [(j-f Jr)K(g’-f Jr)]*, In our form below, this amounts to saying 
that the tensor consists of a Vo part+a V 4 part. 

It suffices for our purpose to consider that q only has a tensor when qK.q is 
a scalar (Vo). For our semi-real, relativity case this must be a real scalar, 
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and in iiiat case Hamilton’s meaning, and ihe meaning given by (5), ooalesoe. 
[If yKj is a scalar, then 

?% = (2Vo--l) . yKy, 

and therefore IV above = 

The general value of q for which (jK^ is a scalar is 


q = M'P where (1 + K)jp = 0. (6) 

The following theorems will now be easily proved by any reader slightly 
familiar with quaternions. 

y = vav-v«sf-'v„,Vy, (7) 

p= S = S ic''Vu4p, (8) 

r ^ I C JSS 1 

V« (y V,r) = V« (rYS = V„ (V«yV,r), (9) 

Voyr s= Vory, (10) 

whence the cyclic form 

Yi)iliqs...qm~iqm — V(,y«yjya.,.y,*-i, 

V„(yKr)= V„(r%), (11) 

Vo(yKRr) = Vo(rK%). (12) 


Here R is any capital retrosoriptive and KB any capital proscriptive. 
Thus, for the capital Unities, not only are they all commutative, but they are 
all self-conjugate. Conjugacy is defined and tested as in quaternions. 
Formally, if qb is a given multcnion linity, its conjugate, <^', is the unique 
Unity for which 

Y,q<l>r = V«r^V. (13) 


q and r being arbitrary. When ^ if> is self-conjugate. More 

generally, for any <ft, + the self-conjugate part and 

is the skew part. More general kinds of conjugate present themselves 
occasionally. For instance, let E be any one of the capital retroscriptives. 
Qb, the E-oonjugate of <f), may be defined by VoyE<^r * VorE^iiy. With 
these meanings of the conjugate, <!>', and the E-conjugate, of <f>, we have 
(<l> + rlry ss ((^i^)'ss (if,yssift 

(<^ + ^)u =S ^B + V^Ri (<^'^)» = (^b)b =* 4 > 

=s E^'E, (fi' — E^bE 

The general meaning of a conjugate, <t>e, of ^ may be taken to be that it is 
a unipotent retrosoriptive linity of the linity <f>. Thus is a Unity 
function of the linity ^: (1) unipotent because (^')' * ^; (2) retrosoriptive 
beoauie (^^)' » ! C®) because (^+^)' = I have before 
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me in MS. a full analyaie of fche properties of such a conjugate, but must not 
give it here. [Rq stands to y as <f>' stands to The capital Unities are 
self-R-oonjugate as well as self-conjugate. If ^ = pqr, then 

<^V/ = ryp, 0Ry r= Ep . y . Rr, (1*^) 

and similarly if <fiq = piqn -f . 

Frequently, as in proving the above, we require 
if Vopr = V^,yr, then p = y, (16) 

r being arbitrary, and again 

if Voap = Vo^p, then a = (17) 

p being arbitrary, and similarly for a »Va instead of a general iiuilteuiun or a 
vector. 

When in a semi-real system R is chosen so that Rt =s for every I, we 
have that if y = Ixi and y' = Saj'f, then 

VoyRy' = Snt*', 

and in i>articular VoyRy == 

§ S. The Commutation Thcoreyn ,—If is of homogeneity a, and k of homo¬ 
geneity h, and if there are exactly c piimitive vectors common to the a vectors 
of 4 and the h vectors of 4 it is easy to see that 44 ie of homogeneity 
a 4- —2cJ, and that 44 = (—) ®*‘*®44. Hence 

( 1 ) 

[Obviously true when = 4, 5 = 4 as we see by considering separately tho 
two oases a: = c, x c. It is therefore true for u and v. This is a case of 
proof by reduction to primitive units.] 

(1) may be called a first form of the commutation theorem as it shows us a 
first effect of commuting u and v in uv, (1) at once leads to what may be 
called the full form 

UV = (\ a+* + Va+/,~3-h ...-bVo-.fr) W 

= (-)‘^(Vo+fr^Vo.,fr-3*f...-b[--?Vo-.fr)m L ^ (2) 

The following are easy deductions 

J [mu+ (-)<>»««] - (Va+4 + V«+i -4 + V„+4_s+ ...) KV 

J [»«>—( — )“*»«.] S£ (Va+4_»+V«+4-8+...)«» 

and thaae may be written in the reverse order with (—)**■*■* in place of (—)“*. 
From (3) 

§(m» + »m) = (Va+, + Va-*)M« s= (V,+* + V,_j)»tt 

J (««#■—(DM) = Va , UO) ss —Va • 





Multenions and Differential Invariants, 301 

which has important applications to infinitesimal rotations. Other special 
cases are 

,/2 = .{V« + V4 + V«+...)w^ (5) 

+ (6)^ 

a/iJ = (Vo4-Va) = (V«-^ V,) /3«, (7) 

Vo«/3 = Voi8«. (8) 

i NootfS = I -f (9) 


§4. Rotatwif^ of Three Suppose we find % multenions pi,p* 2 ^*-Pn 

such that for all purposes of I-aws I to IV they may take the place of iu ia . - 
are we to call the substitution of the multenions p for the vectors i a 
station ? In Euclidean space of three dimensions we should not always so 
affirm. If j, h should represent, as sometimes in quaternions they do, three 
dii'ections in a rigid body we could not move the body so that i became — t 
and j and k remained unaltered; but they would continue to satisfy the 
conditions of the laws. We should call the transformation a perversion or 
reflection rather than a rotation. As the algebra of multenions is (71 even) a 
full Unity algebra, or (n odd) a sub-algebra of such a Unity algebra, we will 
assume that given j', y can be obtained uniquely in general so that 
ss: 1 sc (though in certain singular oases we have to say instead that 
r/o can be found so that — 0 In the general case we will say that 

(I is vertible (ie., it has an inverse in the singular case that 5 is non- 

vertible. 

Theorem concerning multenwn rotation. (1) Wfien 7 is a giveii vertible 
m^dtenion, tlmh in the four fuiuiwnxjeviol laws the primitive vectors i\, ... t„ 

7nay he replaced respectively by 

Pi ^ ... , Pn == qin(r\ (1) 

and the effect of the replaccmmt is to change any niulteiiwi 7 * to 

T* s= qrq^^, (2) 

(2) Co7vcersely if Ph Pa • • • Pti nudtmions such that 

-1 ssp,* = ... (3) 

a7\d every pair is aivti^imtiinuiativCy tfcat is 

pipa+papi = 0, etc., (4) 

and when n is odd 

PjPs-./^h — (0) 

then there exists a vertible rmdtenion, q,/or which ( 1 ) mid ( 2 ) are true; r now 
meaning the multenion obtained from the given multenion r by replacing 
kf *ti — in by pi,p% ,..pn respectively. 



302 Prof. K McAulay. 

This kind of rotation is scarcely what we seek. iTor instance, it does not 
in general leave unchanged, that is, it is not in general true that 

( 6 ) 

Multenion rotation is operation l)y a multeuion linily ^ 
such that <^'(/) = 1 = and conversely. 

Next, imposing the condition that (6) is to be satisfied, we find that q must 
be the product of any number of vectors, and that if it is such a product ( 6 ) 
is satisfied. We may next find what is the effect of infinitesimally changing 
the vectors and attempt to build up the finite continuous group of which that 
infinitesimal transformation is the element. The infinitesimal rotation is the 
transformation effected by changing q to (? +J (wj—S'co), where to is infi¬ 
nitesimal and the corresponding finite rotation is c"( where to is finite 
(0 is a perfectly arbitrary »Va, infinitesimal of course for the first case. Wlien 
to is not singular = 0 ) its general form may be put 

to (h\€^i -f + ..., 

where ci, ea, eg, €4 ... are orthogonal unit vectors 

s (cos a + €ye 2 sin a) (cos 6 +ejSi sin ft).,. 
and the factors here are commutative. Putting the last iu the form 
= ei(ei'"^cosa-heasina)€a(e 8 “^ cosft-f e 4 8 inft) 

we see that e" is the product of an even number of vectors. The general form 
of to when it is singular is not simple, but I have a complete solution before 
me iu MS. 

To show that the infinitesimal rotation is as stated will not occupy too 
much space. Suppose 

r' = . r . sss 

where the vectors a, 7 , ... am assumed to be unit vectors, as that does not 

aflect the transformation. Let a, (i, ... change to .. still 

remaining unit vectors. 

dr' = d{'pr2r^) == . r'* 

That dpp^^ is a rtVa is straightforwardly proved thus 

dpp^'^ = , ^ 77 “^ . +..,. 

Every term here is a nVa; for example, consider the ihiixl term. Since 7 and 
y+dy are unit vectors, Y<fiyy'‘^ =s 0, and therefore ^ 77 ”^ is a nVj. It follows 
that the third term is a ^Va. If we put % to' for r, r' and J dto for 

du' 5 = ^ (flJont'—w'dft)) =B Vf2imu\ 

This is the very simple, very useful form in which true mfiuitesimal rotation 
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presents itself in our present subject, A rotation of vectors p is a Unity 
of p such that = 1. 

When without qualification we speak of rotation we shall understand it to 
mean (a continuous group). 

The skew part of any vector Unity, <^, is of the form of an infinitesimal 
rotation, Tims, introduce the f notation of quaternions,^ by which 

F(r,r)= ir(4 4), (7) 

c « I 

where F is bilinear in its two members. We have 

p - -fVorp, (8) 

^fVopC^r. (3) 

The skew part is 

U<f>-<l>lp = - W (10) 

Her^ we have assumed that 

V](Vaa/3)7 = aVo/ 37 —^Voya, 

much as in quaternions. This is not difficult to prove, and we shall in § 7 
enunciate much more general theorems of which this is a })articular case. The 
pure part does not similarly reduce. We have 

=■■ (11) 

§ 5 . Ve.dmmm. Let 

«(“> = = 7J73.-.7e- 

Then in the expression V^+j+e it is obvious by reduction to 

primitive units that witliin the brackets we may at will write either «<*> or 
and or V6/SK‘), and or VeT*'*; the value of the expression is 
unaltered by such insertion or removal of V., V», or V*. The statement, of 
course, is in general only true of this particular part, Vo+*+c of the product 
of highest homogeneity. Next, it is similarly evident that if we change, say, 
to x«j4*y«a' we simply alter the corresponding vectorium similarly, that is 

Va«i(.7:«a+yaia') + 

Again, if in the veotorium we interchange two consecutive members such 
as aa> «i8 we merely change the sign of the whole. For we may successively 
write instead of «i«8 

«a«8i Vjrtsag, — Vjasat*, —«8«8. 

Finally, by a familiar simple prooess we may interohange any two members 
by Bucoesaive interchanges of neighbours, and as a final result, again, the 
veotorium ohangea in aign merely. Thus Vo«W is “combinatorial.’' The 
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* See * Utility of Quaternione.’ 
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common simple properties of a combinatorial multilinear function are 
probably well known to rny readers and may be assumed. [Grasamann appa¬ 
rently first, in a perfectly general manner, appreciated the value of, and fully 
established these properties. Indeed, is both algebraically and geo¬ 

metrically identical in meaning with Grassmann's combinatorial “ product.** I 
should like for a second time to express my unbounded admiration for 
Grassmann*8 great pioneer work, though I cannot help believing that the 
actual form of the matters he dealt with has been put out of court l>y later 
developments.] 

We may note the following theorem in passing. It is our form of one of 
(irassinanii’s products. If p is a vectorium of homogeneity, g, then 

Of 7/, V, w the middle one, 7\ may be passed over from the first to the second 
bracket-pair. 

The following is wanted immediately and is constantly in request. It may 
be thought of as a passage into or out of the operation of a Va() [whether as 
pre-factor or post-factor] of either v or We have 

Also, if 'Pn is auy uiultenion of homogeneity, n, p^ = xv, and, therefore, in the 
present process, p^ behaves exactly as does v, that is 

~ ^ • pn ^ * 4jP«* 

Suppose there are n given linearly independent vectors ai, « 3 , ... Let 
be the product of any a of them, and at"'"®) the product of the rest in 
such sequence that always retains the same value. Let 

a = V«a<«) 

[By a convenient, strictly speaking indefensible, custom, since 
really = oo , we mean by *«<“>«<"-") 

There are 2" linearly independent [proof of linear independence here 
omitted] values of n, and they will be called the 2" vectoriums formed from 
du ... a». [The term may, of course, be used when ai, aj, ... «« are not 
linearly indej^endent.] The 2" corresponding values of 4, which are also 
linearly independent, will be called the normal reciprocals of the vectoriums, a. 
They are so called because 

V,flS=:l, Vo(ll4 = 0, 

di \miig a second (not corresponding to &) A [Thus, when n = 4, theie ai'e 


I- 


( 1 ) 
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sixteen equations of the typo Vo<ii = 1 and 240 equations of the type 
Vo<iiA — 0,] Both equations are proved quite simply from (1) by passing 
out of the operation of Vo in Vooi. 

Let now q = %Poa = From the normal reciprocal relations we at once 

get X = Vq^A, y = Voya, Hence 
q = 2AVo(?4 = 

^ JAVor/a = SV(>(yV«a<«)) . 
the last result in the first line coming from a new application of the 
theorem. If in (2) we put q = u, getting a more particular result, we should 
at once see that (2) is analogous to the quaternion theorems 
pSay97 = aS/97pq-... = Vj 87 S«p+ .... 

A particular case (a = 1) of (1) is 

ax =:s ^aiag... 

== — = etc. 

This is clearly the solution of the problem. Given 
SacUy, = 1, =s 1, 2, ... n, 
i^aiac “ 0, c = 1, 2, ... 

what are the vectors in terms of the vectors etc? And, of course, we 
have a precisely similar solution for «c in terms of Ac It appears, then, that 
the relations between the quantities a and the quantities A are symmetrical. 
No doubt we have here established this if only it be evident what is the 
precise significance of the word “ symmetrioar* in this connection. The 
need of the caution may.be illustrated thus. If we put a ^ V^aiaa ... 
we are tempted to say that A must be VaAiAa ... Ao, but we shall find that we 
do not thereby always obtain SAA = 1. The true value of A is 

A = VaAoAa-i...5x = QVaAiAa...Att 
when a = V«aia3,.,«a 

If the etc are taken as the it is obvious that the a are the primitive 
veotoriums, and, from the normal reciprocal relations, it is then obvious that 
the A are also the primitive veotoriums (with different signs in accordance 
with) 

A = KA. 

Eetum to the f pairs of (7) of § 4 Let F(j, r) be bilinear in two 
multeniona From the definition of it is easily seen that 

F(V,f,5a...r«, == « I th\L ia) = ! 2F(4, 4"^). 

Abbreviate thus 

== 1 * a'. 





( 6 ) 
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[Thus 0' = ], l'= — 1, 2'= — l/2!j 3'= +1/3! etc., the signs running 

+-+ 4 --+ + 

Thus t¥ (4, 4- >) = «'F (V.f(“)). (6) 

Froin (6) n = S4Vom 4'’ = aX?'"’ • Vowi:<“). (7) 

In (6) put the second Tims, 

aT(V„r<“>) = «'X (¥„{;*«)Vo4{:<»>. 4) = SF(5, 4). 

We might have modified the first instead of the second. Thus 

collecting results 

a'F(\4?(«). = SF(4, 4-‘)'| 

= SF(4, 4) = SF(4. 4) J ^ 

(,Ca terms in each summation.) 

Just as in quaternions F(f, <f)^) = F(«^'f, f) so now if is a »Va Unity 

a'F <^V,.?<»)) = <t'F(.^'V»?("). . (9) 

If ^ is a multenion Unity 

i a'F(V„?W <f,V„f<“))= S «'F((^'V„?'“). (10) 

« « 0 « =5 0 

For n = 0 we must put a' = 1, and for each we must also put 1 [see (7) 
above]. 

§ 6. Hxiend&l Vector JAnities. —The theorems of §§ 6, 7 find continuous 
applications in the multenion treatment of differential invariants. Such 
treatment may be considered to begin in § 8, and is explicitly introduced 
in § 9. 

Let <t>he & given vector Unity. The extended Unity (a multenion Unity) 
which may for most purposes, but not for all, also be denoted by is here 
defined thus, i^et 4 = v* ••• ’J any primitive unit of homogeneity, a, 
a itself being arbitrary. Then 

Now change the n primitive vectors ii, 4, ... to any other n vectors by 
such steps as replacing 4 by xii+yi^ (or, if t'l, 4 have already changed 
to eii «». the change should be from ei to asei+ysj). Such a change simply 
multiplies each side of the defining equation (when 4 occurs in it) by x; the 
meaning is therefore unaltered. It follows that = Yai4>»y^'> where a 

is arbitrary and the vectors a are arbitrary. If, then, (^), (■^) are the 
extended Unities of if), we see that (^)(Vr) is the extended Unity of 
if)ir, for 

(^)(^) Va'44-".4 ~ (^) Ya'^eif^lni),,i= 

From this again it follows that the extended Unity of is (^)“*. 
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Let US use either {(f)) or (f> for the extended Unity of tf) for the present. 

What we have just proved may be put 

(0)-> = (<#,-•). 

We are now about to prove a similai’ proposition concerning <j>' the conjugate, 
namely 

(if))' = (f). 

By (7) of § 5 wo have 

(j)V = 

or = Vouch (1) 

Ijit u, M() be two arbitrary multenions of homogeneity a. Operate on (1) by 
VoMo ( ) 

VoWo {(f)) n = «'Vo«o (.#.D<''>VomC<"’- 

Modifying the left by the fundament rule of the meaning of (<}>)', and modify 
the right by the rule F (C, <f>ti) = F (^'C, f) applicable to a vector Unity. 
We obtain 

Vo«(<A)'uo = u'V„«or<")V„u(,#,'0<“>. 

Since u is arbitrary, by (16) of § 3 

{(f>y'Ho = a'V„(<#>'C)<“>V„»««C<“>. 

which by comparison with (1) proves the assertion that {<!>)' — (</>'). 

The following theorems are also true 

<]l)Va+jMU = 'Va-)b<l>U<f)V, (2) 

(f)Va-l,UV = (3) 

wl^n (f) is non-vertible we must change v to <f>'v. An alternative, less 
convenient than (3) generally, is thus 

<f)Y„-t,U(f)'v = Ya-l,tflUV, (4) 

but this alternative is true without qualification. 

{/ having its usual moaning {k, ij,... it is easy to see that = mi where 
m is the determinant of Putting u s= il in (3) and (4) we obtain 

v~^<f){vv) — nt(f)'~^v 

or v~^^{v(f)'v) mv 

[Added Febrmry, 1921.—Closely connected with the extension in § 6 from 
vector operation to multenion operation, of a given vector Unity, is a second 
kind of such extension. If ^ is the extended (or, as 1 now prefer to say 
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eximisive) form of of § 6, its fundamental property, showing its dependence 
(ill a ‘multiple manner) on 0, is that 

Similarly, if yjt,. is the new extensive form of its fundamental property 
showing its dependence (in an additive manner) on is that 

i/r«Vaaia:i...a„ = VaC-^ai) +Va«i('^«3) «3.,.(Xrt +- (-) 

The dependence is called multiple or additive because 

(<^<I>)k + + (3) 

We may speak briefly of <f}^ as the extensive of <}> and yftg as the suboxtensive 
of (using extensive and subextonsive both as nouns and adjectives; 
compare offensive and defensive; compare also Whitehead's translation of 
'* Auadehnungslehre ” as Calculus of extension 
For both kinds of extensive it is true, when a-i^d yjr^ operate on a mere 
vector, that 

= irp, (4) 

80 ohat quite frequently it is convenient to use <j> for and on other 
occasions to use yfr for yjr^. [We should very rarely with a given <}> want on a 
single occasion to use both </)b and <f>e, but if we do we must have some mark 
to distinguish them, since they have diverse meanings.] 

Altliough the properties of a suboxtensive Unity may be derived directly 
from its fundamental property defined above, they may instead be derived 
from those of an extensive by the methods connecting an infinitesimal with 
a finite transformation. Thus we may put 

!][) ^ 14" ^dt = 14* 

+ = <)!>»= il’±^dt)ii = l-^^|r4d^ 

where dt is an arbitiary infinitesimal scalar. Thus from former results we at 


once have 

= ifr.V, = Y^ylr^Yc. (G) 

(t.)' = (to.. (7) 

. V 4- (8) 

if'eYa^hUV = , V^V^jr^'v), (9) 

= ^i.Vortr. (10) 

yjr.V = -V,(Vot?? • ^Y.^iylt^vX (11) 

=: + ^ (12) 
the last being obtained by putting = u in (9) above. 
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If ^ and ^ are given vector Imities then is a subextensive that 

is it is the subextensive of For by (11) 

by applications of both the equations [see (2) and (3) of §6], 

If <f> is of assigned dimensions, <f>e is of the same, but not <^k* so 

far as its diinensiois depend on <f>n and not on w, are a times the dimensions 
of fj 

§ 7. Formul>m Analogom to th& Quaternion Fonriulm for YeiY^ and 
Yu^y ,—Let «!, «a,«,*+/» be a-\~b given vectors and let be the product 
of any a of them and the product of the rest in such a sequence that 
always has the same value. Then u being as usual 
V,. , u) = lY,cii^yY,ui^*hi. (1) 

Note that occupies the middle position throughout. If in this we put 
h = a—'d it easily leads to the last form of (2) of § 5. 

'u and V being as usual and p any vector, 

VH.(a^6) . uYb^ipV = . r-f ( —»Va.6W/?], (2) 

Vi+ (a./.)(V«+iMp . V) = + ( —(3) 

(a^oyi^p'^ = Vi +(rt*/,)[Vrt-iv^p . — 

Ya^h-i^^pf^ = [ V«-i«p . vd- /4V6+ip/.’ + ( —)“pV„+&if4r] 

rr Ya^h^ilYa^iup . ?; + V«+?///r] 

To make practical applications of multenioiis it is absolutely essential that 
facility 8ho\ild be gained in using these formula}. The following commexits 
are to aid in the acquirement of the requisite facility. I do not attempt to 
work without a list of at least the four equations (4) and (5) before me. Each 
of those four generates two others. (2) and (3) are those two derived from 
the first equation (4). If the second tenu ou the right of this equation (call 
it (4a)) is removed to the left it can be made to merge with the left and 
equation (2) is produced. Similarly, if the first term on the right of (4a) is 
removed to the left equation (3) is produced. Now as after a little practice,, 
with (4a) before the eye, the whole of this process can be gone through mentally 
and the desired modification of an expression under treatment can forthwith 
be written down, (2) and (8) are strictly speaking not required in the working 
list. Each of the four equations (4) and (6) is similar in the points described 
to (4a). The reader who desires to acquire this fecility could not do better 
than begin by writing out all the twelve equations implied. 
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Attend now only to (4) and (5). If the two equations (4) are added 
together one reaches a mere identity almost immediately. Therefore, either 
of the equations (4) madily follows from the other. Exactly similarly either 
of the equations (5) follows from the other. To obtain one of (4) from one of 
(6), place iJ as a post factor to one of (5) and then pass it into the various 
operators ) till it reaches v, noting how those operators must be changed 
in the process. When v has come to juxtaposition with v, change vv into w 
so that n~-b ss: c and get rid of h, leaving a and c. The completion of the 
verification is simple. I have verified that it is possible to prove either of 
(5) by reduction to primitive units. I have found no simple proof. Actually 
I established one of the twelve eciuations by taking p to be one of the vectors 
say in (1). Perhaps this is the simplest method. 

Bec*au8e the space I liave assigned myself does not permit othei'wise, I must 
now oniit several chapters in the MS. treatise from which I have been 
summarising, but I find one matter requires insertion before I pass to the 
}>art of the subject lending itself to applications to differential invariants. 

If ^ is a multenion Unity its characteristic function is a certain 

4-ic in the arbitrary scalar symbol x. Anotlier name for it is that it is the 
determinant of a?—(jb,and from the point of view suggested it may be denoted 
by |a;—In our present notation this is given by the identity 


~ — m i./'” ”” 1 + ,,. 4. ( —. )«r/^ 


(C) 


[n' is the same function of n as a' is of a in (5) of § 5, that is n '« 

Mn here and in quaternions is generally written as m]. Several forms derived 
from (6) are useful in the present subject. They are expressions for nia of 
which it is to be remembered that is a specially important case. There is 
(1) a fundamental form in (2) a form involving n given linearly independent 
vectors «i, aj, ... (3) a form dependent on the general expression for, <f> 

(l>€ = -“AVoeai~j8aVo€«a—... = —2^V(,ex, (7) 

ami (4) the particular case of the last for which 


<f>€ == - Voev- 

In the order mentioned, these forms are 

= 2 . Vn[V„(<!>«)<«) , 

« 2 . V„Vrt«(«)KVay9<«> 


( 8 ) 

C9) 



Multeniom and Differential Invariants, 311 

The last three are ail dediicible from the hrst. Another form could at once 
be written down from the first, involving the vectors a and the vectors a. 

For our applications below the fourth form is important. For this case 

F(f.0r)==F(VnO- (10) 

From this Vor<^i: = V«V€, Vaye, (11) 

II = == n'V« . V„y(12) 

{Added Fehruary, 1921.—The formulee analogous to tlie quaternion formula 
for YaY^y are liere greatly generalised and reduced to a form in which they 
live easy to remember and to apply in particular cases. 

In accordance with (3) of § 3 let 

\[uv^{-^)^vu] = Va+6-4+ 

( —)«'W] = + 

The parts of Auv, and Aar itself, may be said to be concordant with 
those of A'uv concordant with Similarly, let tlie parts of 

wmo^ as follows, 

Anvw 
= A^uirn 

be called concordant with Vo+^+c and Va+b+c-a respectively, [That Anvw} as 
defined by (2) is the same as (Va+6+c +Va+ft+c-* 4 -f wiay be proved 

from the properties of K. 

K(avw) = 

Hence 2A{mm) = {1 +( - } m^w]. 

It is important for present puiq) 08 eB to note the various forms of such an 
expression as 

(A or A') , n {A or A*) 'iyw, 

obtained by mere commutations, and especially what are the commutation 
factors in the various cases. There are two standard cases from which all 
others may be readily derived. They are 

, Am as (—)«*Aw, A (Aw. a) =: ( —A(/aAw), 

and we express them Ijy saying that (—)«^ is the commutation factor of Am, 
and that (—is the commutation factor for u and Aw in A(tiAw), The 
addition of an accent to any A clearly multiplies the commutation factor 
by-1. Thus 

A'w = —(—)«* A'w, 

A(A'w . v) = —A(t/.A'w), 

A' (A'w . n) =a (iaA'w), etc. 
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Thuft, if z, y, are indepeiideutly equal either to 0 or l,and if we put 
A(^) for A or A' according as x is 0 or 1, and similarly for A^^^ we have by 
commutations four forms of * /(A^hw, namely, 

=: • /^) == ( —. // ). ( 3 ) 

It is cleiir that for all present purposes u, v, w may be generalized in 
moaning. Hitherto they have meant multenions of the forms V«^, V^r; 
but they may here be extended to mean inultenions concordant with Vn, V(., V«, 
that is 

tf = fVi-f V/,+.i-h V/j-t-i-.Vp+4-f ...)r 

Let now Nq stand for any a miglc selected part, which is concordant 
with A^; and VV/ for any single part which is concordant with A^q. Then 
the following 8 statements aie identities, and each of the 8 has 64 variants 
obtained by such comimttatious as we liavc just been considering. Thus,, 
given u, v, w, there are in all 512 variants, and in each of these V, of V', has 
in general a multitude of values. In each of the 8 identities we may add 
together the individual parts indicated by the V or V', which means that V 
or V may in every case be replaced by A or A^ respectively. For standard 
reference forms fhose written seem preferable. Tlie identities are in meaning 
(not soi>arately, but taken all together), though not iu form, symmetrical in 
u, V, w. This will api>ear in the course of the proof given later. 

V (At/v . to) = V (/^Awr + C— 

= Y {ff A'im-^{--y^'vAuiv), 

V . 7/’) = Y {tf Aviv^{^)'^vAuvj) 

= V (// A'lnv —(— y^i7A^uw), 

Y'(Av. v . «7) = V' {;i(.Atnvv A tm) 

= V' (uA^tno + (—A'7/'w^), 

Y' {A'lf.o . w) z= 

= V\tfA'i7W-^{^)^^vAtm) 

The following remarks will probably render these easy to reummber and 
apply: (1) Counting the accent of a V' only once when it occurs in an 
equation, the number of accents in each of the eight eq\iations of tlrree terms 
is odd, that is, it is 1 or 3. (2) In these standard forms the sequence u, % to 
is adopted as far as practicable, that is to say, wholly in the term- on the 
left and the first term on the right; whereas in the second term on the right 





MuUenions and Dijferentml Invariants, 313 

V ift forced away from the middle position, the sequence u, w is still main¬ 
tained. (3) When these rules of sequence are adopted the signs to be given 
to each term are specially easy of determination; when terms on opposite 
sides of the equation have the same sequence, or by commutation are brought 
to the same sequence, they have or are brought to have the same sign ; and 
when on the same side to have opposite signs. Thus, as written in (6), the 
term on the left and the first term on the right, having the same sequence, 
have the same (plus) sign; and again, the term on the left and the second 
term on the right are brought to the same sequence by commuting u and v 
on the left. This last determines the sign, ±(—)“* in the second term on the 
right. 

We will now throw the eight separate cases of (5) into one form, and 
henceforth replace V and V' by A and A'. Let y, a?, y, z each independently 
be equal to 0 or 1. Then all the cases of (6) are included in 

provided^ « 1 or 3 

Put y\ z for the commutation factors of A^^hiv respec¬ 

tively, tliat is 

a/ y = =: (7) 

It is easy from (3) to prove that ——.r'y' are the commutation 
factors for % and A<*^W^ in A<^>. •it.A^^'^vw ; and for the like single symbol and 
coupled pair in A ^'^. vA^'^vm and A^^^. wA^*hw respectively. 

To see that (6) is symmetrical in v, w, make the commutations necessary 
to obtain the cyclic order u, % w throughout; first with the single symbol in 
the first place throughout, and secondly in the last place throughout. Also 
put all the terms on one side of the equation and write the three terms in 
the order for which in the first term u occupies the middle position, in the 
second v does so, and in the third w. Notice that the coefficients y\ z* 
thus come in both arrangements to have their alphatetic order. Thus 

» 0 , ( 8 ) 

/A'/.; . . yy) = 0. (9) 

To show that these are equivalent to (6), we have only to verify for any two 
terms in each equation that when brought to the same sequence they have 
<g>posite signs, and this is quite easy to do. [Commute w with in the 
first term of (8); it comes to agreement in sequence and disagreement in sign 
with the second term.] 
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We will now prove (8), lu the first term in (8), is one commuta¬ 

tion factor and z* is the other. Hence four times this terra is 
= 2,c {wA^^'^ni)^x*y* . w) 

= w . w) 

= jf . mtv + z\v^ . %(mh^y*mHo^y*z* . mm. 

We see by cyclic change from tliis that four times the second and thiid 
terms are 

;/ . , ivwv^z* . . %mn 

and z* . . -?>»«>—;t/ . w\w^x*y ^, mm). 

The sum of these three expressions is identically zero, as is seen by 
inspection. 

We can reproduce the equations (6) in other notations. Thus, let 

mi = Qf%ui)y ifmi = Om>w^ 

i(l + 0)() = C(), i(l-G)( ) = C'(), 

Hl + K)y = % = ^ 

i(i+Q)!? = % H1~Q)« = «5V 

Then, sitiiilar to (6), the following is true 

. iv) = («Iy+ ( — 

provided ,f^u' + y+z = 1 or 3 f 

The application of the rule of signs is rather improved, but in most cases 
tlie reverse is decidedly tlie case in the application of the proviso. In (10) 
within the brackets each C may be replaced by K, or, instead, by Q, but outside 
the brackets 0^^ must be retained; also with K or Q in place of C the index 
s of (—)' must be changed to 

the upj)er sign being taken with K and the lower with Q. 

(10) is more closely analogous than (6) to the quaternion formula for 
VfltV^ 7 , but we must remember that in quaternions 

= 2Sa^, = 2V«^7, 

=r 2V«/S, u^y^yl3u = 2Bafiy, 

so that inside the brackets C, C' are analogous to 8, V, whereas outside they 
are analogous to Y, S. 

Of these different forms (5) is without doubt the best for general use, but 
the others are occasionally convenient. 

Putting A -- A' == L and Lu ^ u Cu, 
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we have that C, K, Q, are all strictly retroscriptive that is 

Gvmo = C'wGvCu, Kpqr =r etc,, 

but L is not, though it has the analogous property 
hm SK ( — )'**L/^Ly/, hmnv = 

These last properties are easily extended to any jnimber of symbols, sucli as 
u, V, w. To }>a88 to higher numbers than three with (6), or say (6), is much 
more troublesome. Here is an example of passing to four symbols. Let v/ 

1)6 multenions concordant with V^/, V^/. In [where 

outside the brackets A<^> is concordant with hist treat as 

a single symbol, and secondly treat in that manner. We obtain 

(A^^J uv A v*v ^ 

= A^9)(\i^-’) , \A<^hni, //] //'-!-(--)*'+«'*'A<y> . [A<^)/re . y/'] /) L (11) 
provided both //-f (A + h') + ( 2 ? + y) 

and /y -f (h + A') + (.^/+;/) are odd ^ 

In the* equation of four tenns provided by (11) thei‘e would be thirty-two 
cases corresponding to the eight of (6), because double value sare assignable 
independently to h, h! x*. In each of the equations of three terms pro¬ 
vided by (11) there would im sixteen cases.] 

§ 8.— Integration .—Let ^ 3 ia+... + T^4 = p stand for an independent 

variable position vector of a point in Euclidian space of n dimensions. Let a 
point trace a curve of which on element is (ip (= dpi). Let this curve move 
and trace a two-dimensional tract. In the process let an element of the path 
of the element dpdpi) be dp^ The element of the two-dimensional 
region traced hereby is given by Y^pidp%. Let this be continued till a (J-h 1)- 
dimensional tract has been traced. 

Let us consider a space integral over the complete boundary (a i-troct) of 
the (6-f l)-traot and express it as a space integral over the (6-f l)-tract. To 
do this, starting from any point of the (&-|-l)-traot, let an elementary closed 
6-traot expand till it has traversed the whole (& + l)-tract by reaching its 
boundaiy. The process could be described in much more detail. We suppose 
the (6-f l)-tract to be eventually filled with parallelepipedal elements. First, 
for each such eleipent the connection between integral over boundary (of 
element) is expressed as a multiple of Vo+idpicipi denoting that 

element of (&+l)-traot. These are summed and in this sum contributions 
from the common boundary of two elements cancel The direction indicated 
by dpfi^i is to be into the region bounded by the element 

dpi, =» Y^dpidp^...dpi,. 
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With these conventions the following is true 

» 

where V = S (2) 

r = l 

^rf/5* is the element of boundary-integral due to the element of boundary 
djSfc, and dpi+i is an element of the (/>+IVtract. The form of ^ is a function 
of position. The suffix // means that v acts on this function <f>. 

We will now put the integral (1) in a second form. Let v = Vdpn 
{VdpnTdpn == dpny {Tdp^y =r ± (dpnf, Tdp^ a positive real scalar). Also let 
=: d<iQ is thus a positive scalar, which measures an element 

of hyper ML d^i is a vector which measures an element of hyper area. 
Write dh for cfeo and da for d^i ; then 

dh = \ndadpn 

follows from dp^ = 

Since dh is positive and dpn points inwards, da points outwards in harmony 


with usual convention. 

Equation (1) in the d<; notation becomes 

The extreme cases of (1) and (4) are when & = 1 and a = 1 that is 

IHp = llWhv». (5) 

= ( 6 ) 

In (1) put (fxlpi = a scalar = Yovd^t, and make similar changes in the 
other three. Thus (1) and (4) become 

(7) 

= |«»-“-^«JV«dva-xVa-,V(/»). (8) 


uk has been written iu place of a mere u for subsequent convenience, k is 
supposed to be a given scalar function of position of the nature of density. 
Thus, if by a general strain p becomes p\ dp becomes dp', and dft becmnes db', 
then k becomes k' where 

kdb =s k'db', (9) 

k is used in the transformation of (6). (5) and (6) become 

lYoTdp = |JVod/5«V,v«r. (10) 

J<"-'>|VoTA*4« = J(»)JV«v(iT)rffc. • (11) 

We are about to apply these theorems to differential invariants. It may 
surprise some readers that there is so much concerning invariants which is 
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iudepeadent of any conception of differential quadratic forms. I was 
acquainted with all the theorems here given to the end of § 10 years before I 
had heard of quadratic differential fornm. My first acquaintance with such 
forms was after the MS. treatise from which I extract them had been 
completed. That first (and up to this date my only) acquaintance with such 
forms was through Prof. Wright's delightful Cambridge tract on the subject. 
How then did they originate ^ From a study of Maxwell’s suggestions concern¬ 
ing intensities and fluxes. Till the last three months I never looked at them 
from any other point of view. 1 gave elaborate applications of their three- 
ilimensional form, twenty-seven years ago, to electrical problems.* 

§ 9. Gomrui^nU and Conlramrmnts .— Let p be a vector function of the 
independent vector p. We may think of this as representing a displacement 
of every point of a medium filling our u-dimensional Euclidean space from 
the position p to the position p\ or we may think of it in its pure mathe¬ 
matical aspect as a mere mathematical transformation of the coordinates 
— Votcp into the coordinates = — Vo'4/>'' 

Corresponding to an arbitrary increment dp of p, there is an increment 
dp' of p' given by 

dp « ^Yi)dp^ . p = x^Ip. (1) 

We will use x b.> denote the Unity extended from the vector Unity x which 
is given by (1), Invariance has to do with relations which remain unchanged 
in form, in sonu) defined sense or senses, when p is taken as the independent 
variable instead of p. Suppose h is a scalar function of p. Then it is also a 
function of p\ Then 

dh ^ ^Yodpvh == -Vo^p (2) 

n 

where y' is 2 tcD*,'. This is a relation of the kind just mentioned and we 

e = 1 

want to systematise the treatment of such relations. Anybody who reads 
my paper of 1892 will see how it came about that it should seem a verj’ 
natural course to use the theorems of integration of § 8 above for the 
purpose. 

We scarcely need to analyse the details of the strain after what has 
already been said. The ordinary notions of curl, Vsyix, of an intensity, that 
is a covariant vector, <r, are given by (10) of § 8. The ordinary notions of 
oonvergenoe of a vector flux, kr, arc given by (11) of § 8. [An- is a vector 
flux; T is a contravariant vector.] The ordinary notions of the half curl, 
JVaVar, representing the rate of rotation of a fluid whose velocity is <r, are 
just the same in n dimensions as in thi-ee [see (10) of § 4 and what has been 
said above about infinitesimal rotations]. But more:—it cannot surprise 
* , * ‘ Phil. Trana.,’ A, 1893, pp. 689-780. 
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anybody who has seen fluxes and intensities used as a mathematioal method 
that there is no change in the same uses of the same expressions (ourl, 
convergence, etc,) when we pass to an ?t-manifold of the most genei^l kind. 
Vay<r and VqV (kr) will have just the same significance in the manifold as in 
the original Euclidean space; but this is anticipating. 

SyiiO])sis of Notation. 

: : CovurUnt. ! OontraTamnt. I 

! “ ... i " ! 

1) Vector ..i <r t ! 

2) H^'^rveofcor .i u 

(8) Muitenion __! jf 

(4) MitUenion Unifc^v .; f 

We have given an instance of an invariantive statement in (2). Next, 
consider the integrals (10) and (7) of § 8, which we here r-eproduce. 

When p' is the independent variable, precisely these same integrals are to be 
expressed in the same form, tints :— 

JV„<rVp' == IJVotfpa'vUV' 

Now, of course, we are compelled to identify our present dp and dp' with 
the dp and dp' of (1), so that dp' =s Again, d^i meant ^tflpidp^ ...dpi, 
where each dpc again must be identified with the dp of (1), and therefore the 
corresponding dp with the dp' of (1). Hence 

dp = -xdp, dpi = ( 5 ) 

by the properties of extended vector Unities. 

When we say that the integrals (4) are the same as the integrals (3), we 
assert that each of the four elements of integration in (3) is equal to the 
corresponding element in (4). Iq other words, we assert the existence 
of four invariants, 

Vo<rdp = V«ff'n!p', = Vorfp* 

Vflvd^ SB Yuv'dpi, y(,(fpjtiV6+iV® *= Vo^f^i+r 

From (5) and the fundamental property of the eoirjugate of x these at once 
give 

a'=Bx'‘‘«r. V,vV SB x'-‘V,V«r 1 
'V' s= x'~'v, Vj+ivV s=: J 





(7) 
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(5) and (7) suggest multenions of types r, s, such that 

r = j^/*, # = (8) 

T and 8 are rnultenion functions of />, and r' and s are associated functions 
(say of /t>') which pa'oduce the same integrals when />' is taken os the 
independent variable in place of p [gee the synopsis above]. When (8) 
gives the rule of the association of the functions, 

r arui s arc said to he contravaruint ami covariant respectively. 

It is well to place here the obvious consequence of (8) 

Vor« = VorV, (9) 


that is, Vop 7 is always an invariant if one of the two, q, is covariant and 
the other contra variant. 

By exactly similar reasoning (a little complicated by the presence of ^), we 
may treat of the equations (11) and (8) of § 8. For the sake of saving 
space, I merely state the results, k being given by (9) of § 8, and r, d.^ 
(including as particular cases da. and dh) teing as in (11) and (8) of § 8, the 
following are covariant:— 

kdh, ka, 

and the following are contra variant 

kdb, T, n, Ir 1VoV (/‘'t), ^ Va^ i V 


k(ll> is both covuriant and contra variant. This merely moons that it is 
invariant {kdh = k'dh'). Remembering that = A — when h is a 

scalar, (8) shows at once that, for a scalar covariance and contravariance, 
both mean precisely the same as invariance. 

The persistent manner in which k thrusts itself into these results tempts 
one to wonder whether covariant and contmvariant terminology is superior 
to intensity and flux terminology. After some experience of using both, I 
am inclined to believe that the accepted covariant and oontravariant standard 
scheme is superior to the other. 

It is not diflicult to show that kv satisfies the test of (8) for covariance, 
that is 

Jch=r^^-i{kv). 

If in (2) and (3) of § 6 we read x we get theorems closely 

connected with multiplication and composition in the absolute diflerential 
calculus. Let iv. H be covariant multenions of homogeneities, a, b. Then 

^0+6 ^ (9) 

is covariaiit (multiplication). If Wa, are similar contravariants then 
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is coutravariant (multiplication)* If is contravariant (homogeneity a) and 
V is CO variant (homogeneity b), then 

(11) 

is contravariant (composition) when a > h. Also 

(1^) 

is CO variant (composition) when a < k Lastly, when a := by then each is 
invariant, which is a special case of (9). A special case arises when we put 
the larger of tl»e two, a, b equal to 

any multenion liuity, is said to be oovariant when it produces a 
covariant multenion from a contravariant, thus 

« = fr, = f r‘. (13) 

Conversely since then 

r = r f“V, (14) 

is said to be contravariant. From (8) we at once get 

r = x'-'fx'-'. r* = xr’x'- o^) 

From this, when f is covariant, its conjugate is also covariant, and, 
therefore, both the self-conjugate part and the skew part of f are covariant. 
Similarly for and contravariauce. Also, when f is self-conjugate, is 
self-conjugate. If f is a covariant vector Unity, the extended Unity is also 
covariant. Also, in this ease, the rotation-nVa (see (10) of §4) JVaff? is 
oovariant. To prove this last, we have to show that 

iTow x'v.?rr = v,x'?xT{: [(2) §6] 

= v*rx'rxr [wsb] 

= [(15) above], 

as required. 

liCt <ra tr„ be n independent covariant vectors. [They might bt^ taken 
as ■ • • VK where the Jacobian of the quantities h does not vanish, 

that is, where V„ (v//)<«)0.] From the relations 

1 = Voiriai =r Vo<r»^3 2= ... 

0 = =s VoO'i^’s as ... 

it at once follows that cu o'a, ... are 7i independent contravariant vectors, 
and (Tc* might just as properly have been denoted by Tc, Tc. Any 
covariant or coutravariant vector can be expressed at once in terms of 
these and invariants. Also, from the 2** vectoriums formed from each set. 
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any covariant or contravariant multenion may be aimilarly expreseed. 
Thus the expressions for tr, v, u are [see (2) of § 5] 


cr = (Tc'V{)(x7Tcy T = 2 9'rVoTcr<;. 

C = I (J =: 1 

r = . Vo7;Vj;^>, u = . VoW Va<r<«> 


§ 10, Differentiation .—Our integration theorems have suggested certain 
systematisations, now to be given in the use of V- We have 

= Yc+iV^o-^Yc^i^w. 

If ?/; is covariant, one part on the right, viz., the first, is covariant and the 
other not. A similar statement applies to contravariance. We cannot, as 
seems desirable, resolve the symbolic vector v fwo parts, to which each 
of these two discordant parts ou the right belong. Tiut we can so resolve 
the symbolic Imitt/ V ( ). The first part of tl)e Unity, connected with 
Vc+iV'^’ protlucos a part of of homogeneity one unit higJier than that 
of and may be thought of as the ascending derivative Unity, and will be 
denoted by H. The other part, L, prodiuies a hnvcr homogeneity, and may be 
thought of as the descending derivative. Thus, formally, wo define the 
linities H and L thus 

VO-H + L 

where H = , ), L= S Ve-i . yV.( ) 

r ^ 0 c ti: 1 



Otherwia« V'«-' == Hw+L('> 

where H'w = V5+iV«’. Lw=AViV’^' 

There are two, wholly separate, aspects of II aud L as operators. Each is 
both a linear operator and a differential operator. In (2) the subject of 
these two operations is the one symbol, w, but iu (4), below (where H' is the 
conjugate of H), in 

we have a case where H', as linear oi)orator, affects the immediately 
succeeding symbol, tf^+i, while as differential operator it affects and this 
is indicated by suffixes in the usual manner. This example illustrates some 
of the facilities of operation provided by H. 

In considering the fundamental properties of H aud L, think of replacing 

V. Vc+ivw, Vc-ivw 

by a, MU, V„+i«w, Vc_,atr, 

where « is an ordinary vector instead of a symbolic vector. Let H', L' 

2 A 2 
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be the conjugates of H, L as usual From the fundamental relation, 
we at once have 


H'lt’ = Ve-l«>V. = Vc+i«>V. 

Thus the integration theorems (1) and (4) «)f §8 read 

(3) 


(4) 

and (7) and (8) of § 8 read 

(5) 


(6) 

Further we have 

(7) 

H» = 0 = L*. 

and by taking conjugates we have 

ll'» = 0 = L'» 

(8) 

From (8) consider the various jiowers V*( ). V*( ) of v( )• Clearly we get 
V»() = HL+LH 1 

VH ) = HLH + LHL,etc. J ' 

(9) 


and in (9) we may take conjugates [noting that, since the conjugate of V ( ) 
is ( ) V, the conjugate of v'*( ) is ( ) etc.]. 

Notice that IV lov'ers the homogeneity, while L' heightens it, so that we 
have the following Table:— 



Heightens 

Lower# 


homogeneity. 

homogeneity. 

Prefixes V . 

H 

L 

Po8tfil06 V . ! 

L' 

H' 


Either of the two, H and L, can be expressed in terms of the other thus 

= H (qv) . v'-\ Hq =: L{qh) . i~\ (10) 

Certain identities satisfied by H and L are given by the theorems of 
integration. As an example, = 0 for a closed curve. This can be 
expressed in terms of p thus: 

Since the whole tract may be taken as the element we get 

- 0 . 


(11) 
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If we operate by Vo 7 ( ) we get 

or since dp 2 is arbitrary, 

VaVx 7 - 0. (12) 

Both (11) and (12) arc simple enough to be established directly from the 
form of namely, %7 = Votv . p\ but the method of deriving them, just 
given, suggests how to prove other results not nearly so easy to establish 
directly. Instead of = 0 we may take either of 

^ 0 , = 0 , 

and modify thorn in the same way. Thus from the first, 0 = 

From this and l)y taking conjugates we get 

= (13) 

where q is an arbitrary nmltenion. If we put q = w (13) becomes 

Xg\\-vii>Vo - 0, Vo+iV,x/“’ = 

Similarly we have 

m is here kjk', ic., it is the Jacobian of p\ or by (11) of § 7 

Thus 0 = 

Hence, and by taking conjugates 

= o> M»''x"'Vy = 0- (15) 

Putting (^ = w we get 

= 0, = 0. (16) 
Let UH now find expressioiig explicitly giving v'. H', L' in terms involving 
V, H, L. By (2), § (9), v is a symbolic covariant vector, so that 

V' = X'“V. (17) 

where on the right the differentiations are not to affect 
For H we have that H.9 is covariant when s is. Hence 

HV = x'-^Ha = x'“‘H(xV). 

Now, by the second of (13) in this expression we may show the differentia¬ 
tions of H explicitly as affecting or as not affecting the immediately following 
X^, because the terms implied by those differentiations are identically zero. 
Hence we may write 

= (18) 

bearing this permissibility of interpretation in mind. The relations between 
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H' and x* the one hand, and H' and X“\ on the other, are precisely the 
same, so that we may write 

H - xMi' . X(19) 

with permissibility of interpretation as in (18). 

Similarly from (18) and (19) by means of (5) of § 7 

r = (m-^;^).L.(m;t“0, (20) 

L (21) 

with the same permissible interpretation as to the incidence of the applica¬ 
tion of the difierentiations of L and L' on the right; they may be supposed 
to affect the immediately following (m^“0 
pleasure. 


A New Form of Wehnelt Intermptelr, 

By F. H. NKW.MAN, M.Sc., A.KC.Sc. 

(Communicated by Lord Rayleigh, F.R.S. Received February 23, 1921,— 
Received in revised form, March 18, 1921.) 

[Plates 3 and 4.] 

1, Inirodudion, 

The original form of Wehnelt Interrupter has many disadvantages. 
Unless special precautions for cooling the ai>paratus are taken, the solution 
soon boils, and the interrupter ceases to work. The large current density 
causes rapid disintegration of the platinum wire, and there is considerable 
expense in renewing it. The interrupter cannot be used with alternating 
currents owing to tlu3 melting of the wire when it is the cathode. 

Sulphuric acid has a fairly large electrical conductivity, compared with 
other electrolytes, and the mean value of the current density at the wire 
electrode is large. There is, as a result, considerable heat developed in 
the volume of the acid. If a high resistance electrolyte is substituted, 
the current density at the platinum wire is mirch smaller, and the heating 
ejffect is reduced. The fumes arising from the acid, and also the spraying, 
when the interrupter is in action, are objectionable. 

Although electrolytic interrupters are not widely used in the laboratory, 
they are in considerable demand for X-ray work, because of the heavy 
disruptive dischai'ges which are obtained in the secondary of a coil operated 
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by these interrupters. l*rovidiug special arrangements are made for the 
cooling, they require very little attention, and the interruptions are very 
steady and regular. The new form of Wehnelt Interrupter described below 
has many advantages over the older form. 

2. Description of New Form of Interrupter, 

The anoile consists of a platinum wire which protrudes from a glass or 
porcelain tube. It is capable of adjustment by means of a threaded rod 
to which it is attached. A milled head is fixed to the rod, and so, by 
screwing up or down, the amount of the platinum surface exposed to the 
action of the electrolyte can be varied. In this way the platinum wire 
can be renewed without dismantling the apparatus; also the mean value 
of the current caii be altered. The anode consists of an aluminium vessel 
which contains the electrolyte. The vessel thus serves a double purpose, 
and is more portable than a glass vessel, Tiie electrolyte is a saturated 
solution of ammonium phosphate. If tiie solution is unsaturated, the 
interrupter works well, but requires a higher applied potential difference 
before the interruptions commence. This electrolyte has a very high 
specific resistance, and the current density at tlie wire is much lower than 
in the old form of Wehnelt Interrupter. As a result there is less local 
heating in the neighbourhood of the platinum, and less disintegration. 
Aluminium, with the ammonium phosphate, confer rectifying properties 
on the interrupter. The current will pass only from the wire to the 
aluminium in the solution, and, when alternating currents are employed, 
one-half of the wave h suppressed. Thus the wire never becomes the 
cathode, and there is no disintegration. No acid fumes are emitted, and 
even at 90° C. the interruptions are steady and regular. The older form 
of Wehnelt Interrupter ceases to act at this temperature. There is no 
fatigue of the platinum wire in this modified form. 

3, Fxpermmitcd liemlts urith the Modified Form. 

Table I shows the results obtained when the surface area of the wire 
exposed to the electrolyte was altered. The applied potential difference 
was that necessary to start the interruptions. The current increases as 
the surface area increases, but the current density remains constant. As 
the surface area increases, the applied potential difference necessary to 
start the interruptions also increases, and is proportional to the mean value 
of the current. 
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Table I. 


Mean value of current, j 

Applied P.X). 

Surface area of wire. 

Current density. 

amj^feres. 

13 *6 

. 

volta, 

68 

sq. mm. 

88 

amp^re6^r sq. mm. 

10 ’8 

64 

81 

0*18 

8 *1 

W 

74 

0 11 

0-1 

60 

1 67 

0*11 

4*5 

44 

; 89 

0‘12 

2-a 

36 

33 

0*13 

3*0 

34 

16 

0-13 

1*1 i 

28 1 

7 

0*16 


Table IJ indicates that the applied potential difference necessary to start 
the interruptions decreases as the temperature of the electrolyte increases. 
Providing the temperature is not too groat—above 90° C.—it is advantageous 
to have the electrolyte hot. The mean value of the current decreases 
as the temperature rises, but this is due to the decrease in the applied 
potential difference. 


Table II. 


Temj>erttture. 

Applied P.D. 

Mean value of current. 

0 . 

Tolts. 

amperes. 

18 

52 

6*6 

32 

44 

6*4 

46 

84 

6*2 

66 

; 26 

i 6*1 

69 

1 23 

I 8*0 

78 

1 18 

1 5-7 

93 

1 16 

1 5*6 

m 

! 15 

i 

5*5 


4. Wave Form of CurreM* 

The wave form of the primary current was investigated by means of 
oscillogiams. Tiie oscillograph used was a Duddell permanent magnet 
type, having two vibrators specially stretched, so that they were able to 
follow the variations in the cuvrent up to 500 interruptions per second. 
The resulting curves were photographed by means of a fallmg plate camera, 
the speed of the plate at the instant of photograph being about 400 cm. 
per second. One of the vibrators—in series with a high non-inductive 
resistance—was placed in shunt with the main current; the other, with 
a non-inductive resistance in series, was connected across the terminals 
of the interrupter. In this way it was possible to observe on the same 
oscillogram, the form of the primary current, and also the variation of the 
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potential difference across the interrupter. The resultant curves are shown 
in the Plate, the miequal brightness being due to the use of an alternating 
current arc as the source of light. 

With direct currents the interruptions are extremely regular, both as 
regards frequency and the amount of current interrupted. The rate of 
decrease of the current at interruption is not uniform, but is very great at 
the commencement. As a result, the peak value of the potential difference 
across the terminals of the interrupter is very great—more than six times 
the mean value of the potential difference as measured on a direct reading 
voltmeter. The secondary discharge is thus made very disruptive. The 
ordinary gas bulb used for the production of X-rays, requires a secondary 
current of large peak value for good working. It is only the peak value 
of the current which is active, the rest of the current merely producing 
a heating effect in the bulb. The latter also works well with high 
frequencies, providing the frequency is not so great that the rate of make 
of the primary current becnmes great. If this is the case, then there is 
a considerable reverse current in the bulb. Plate 3, I, shows that the 
time interval of break, compared with the time interval of make, is very 
small. There is little reverse secondary current. The i)eak value of the 
potential difference across the terminals of the interrupter is very great, 
even when the secondary current is flowing. This is the case also with 
large frequencies of interruption. The time interval of break is small 
compared with that at make, and, as a result, the secondary discharge is 
unidirectional at high frequencies. This is shown in No. II; not all of the 
current is interrupted, and the greater the frequency the less is the fraction 
of current interrupted. There is no trace of oscillations in the primary 
current at break, but, as the current never reaches zero, the conditions are 
against the detection of oscillations. 

With alteinating currents there is rectification, one half of the wave 
being practically suppressed* There is never complete interruption. The 
modified form works steadily without any self-induction in the circuit. 
Oscillations in the primary current of an electrolytic interrupter have not 
been observed * previously, and it has been concluded that the gas of 
polarisation plays no part in the interruption of the current, Plate 3, 
HI, shows decided ripples in the rectified and interrupted portions of the 
current. These oscillations are present only when there is no self-induction 
in the circuit. The introduction of self-inductance into the primary circuit 
changes the wave form of the primary current, increases the frequency 
of interruption, and decreases the fraction of the current interrupted. This 
is shovm in IV. The secondary cunent affects the primary current, 
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inoteaieiag the freqaenoy of interruption, and detfmtoiiqf. the 
interrupted, Y. When the frequency 'it' 
per #eodnd,--the form of the primary current ie irtegi&r, aii^ 

are not equally distributed throughout the half-'Waw/bt^ 
fr^tieht in the first half than in the second half (Plate 4, YT), 

Although the loss of one half of the current by rectification meant a liSss 
M' energy, the heating elfect in the interrupter » reduced. Whmr 'hulfMlic 
acid is used, interruptions take place in both halves of the primary current, 
but the amount of current interrupted is very small, and varies in the two 

iN^esCYII). 

As the secondary current in the coil was not great enough to prcdtice 
a j^itable defiectibn in the oscillogra^, it was sent (m dir 

fbrmer, and the transformed current passed thronj^ one of the 'Vitoators. 
In this way, the wave form of the secondary current, produced undilw yatibus 
conditious, was investigated. No. YlII shows the result obtamed when a 
dischai^ tube was placed in the secondary circuit. The peak value of the 
current is great compared with the average value. There is practically 
Bp reverse current. If the old type of interrupter is used with alternating 
cuiTents, !^ tecbndaiy discharge is hlsb iadtehMj&g, IDrid is almwn 
When the new form of interrupter b employed‘'With altorna^g inttvsiats, 
the secondary dtocharge is practically unidirectional, m iodioated "in ^X, 
which represents the result obtained wit^ the seeqndeiy cumot wheto It; is 
passed through a gas X*ray bulb. ' ' 

DE8CEIPTION OF PLATES. 

' " ' ' ■ ' p£jwhB''3..^ 

Tb« coil wM lO-in, «pftrk gap with vairtftbla atm 

•with a cmre^t of about I taiUia^P^PO. ; ,, 

L Now fom of JHtaofc 

. No wcondary curi^*,,.■' „ „ ■' 

■ JI New lom.^ iiitenttpte^ 

Secondary current ttough spark j^p 
corvee. 

Ill, New form of interrupter. Alternating current through interrupter only, 
100 volt»i 4*0 ampdree, ; 

tv. New" 'of' .inte«?roptiw\;'.' 

■■ lOO.TpU^'Otii mpbtm- ' Na-vv a-^.; 

'j:■,' ■sseooditfy ounsat 
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VI. fontt of infemipter. '^twciuitlail v^ta, Si) amp^m. 

r^iwndajyiCTOT^at thMugh, 

VI r. Old torn of interrupter. Altenudl!^ oittTent, 60 Volta, 8*0 amperes. No 

";«^ndar)'current. .; ' ■- 

VIII. SfeW form of Interrupter. Curve of secondary current through discharge tube. 
Peak value of cununt t>8 milliauipdrea. Mean value 14 milliamp^et. Direct 
current in primary, 70 volte, 8*0 anip8res. 

IX. CUdforni of interrupter. Curve of secondary current through, discharge tube. 
Alternating current in primary. 60 volte, 8*6 ampdree. 

.X. Kew form of interrupter. Curve of eecondary current through X-ray gas bulb. 
Alternating current in primary. 100 volts, 6*0 ampdrea Peak value, of 
eecondary current 180 milliampdres. Mean value 5 milliampdres. 

0. Dimmim of HeguUts. 

The theory of the electrolytic interrupter is less known than that of thi! 
mechanioal type. A relatively large resistance exists between the ttwe 
electrode and the electrolyte, lliis has been explained by Simon* oh the 
supposition that the large current density causes vaporisation of the liquid 
in contact with the platinum wire, this layer of vapour forming idie high 
resistance. Blondelf has indicated that the collection of oxygaii gas, 
liberated by electrolysis, accounts for the resistance. He reproduoed 
oacillogtUpK curves showing, that at 40 periods per second, the curr^t i» 
first estoblished as in all inductive circuits. The electrolysis iuorc^s till 
a gaseous envelope is produced round the anode. Then there is a fhdden 
interruption of the current, and, at the same time, an enormous increoM 
in voltage. Then both the current and the pressure I'eassume tlieir initial 
values,, and the action begins agains. Blondel states that the saaerj^ 
accumulated in the Belf>inductioa, and liberated by the interra^dn of ^ 
current^ imuees the ocmdenser formed by the polarised anode id 
eleotrcilyte to be obaiged at high potential. This condenser destroys il^f 
by duch^Qg in an arc which is formed between the platinum 
eleotrdl^^, a“d drives away the dissociated oxygen. lb» osbiUopi^ 
used (Mjnct lend iti^lf to an exainination of llie action at hijgh fi^ueniciee 
but thl ^teoiBo^ in the present work, sho# i^t tlm phend- 

meaon pnsabrves the same character whatever the frequency. The value 
of tlie induced potential difference in the present experiments, as deduced 
from to SOCMdOO volt»i so tfaa| 

can ’ 7,.- 

the ..gteeter 
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when self-indnction is not present. Then, the disruptive force across the 
gaseous layer is small, and, as a result, the current remains steady, at 
interruption, for an appreciable interval before it is made again (III). 

The oscillograms show that the time interval of interruption is very 
small Kallir and Eicliborg* applied a stroboscopic method to determine 
the time interval of interruption, and found it to be of the order 0*0005 sec.; 
and making further stroboscopic observations, using the platinum-point 
first as anode and then as cathode, they found that the time interval with 
a point anode is about double that corresponding to a point cathode. 

In the present experiments the gUvS, which was liberated at the anode, 
was collcct<ed, and found to consist of oxygen 80*2 per cent., and hydrogen 
19*8 per cent, by volume. The disruptive spark which passes across the 
gaseous envelope, must cause some dissociation of the water vapour present, 
and this exjdains the presence of hydrogen. There is a copious volume 
of gas given ofi* at the anode. If the insulating layer consisted of vapour, 
partial condensation would take place before tliese bubbles reached the 
surface of the liquid. I'his does not appear to occur. 

It is probable that the heat effect and electrolysis together account for 
the production of interruptions. 


6. Summary, 

1. The new form of electrolytic interrupter consists of a platinum wire 
immersed in a saturated solution of ammonium phosphate. Ttie whole is 
contained in an aluminium vessel, which sets as the cathode. 

2. The current density at the anode is only one quarter of the value in 
the old forin of Wehnelt Interrupter. Consequently there is leas heating 
of the electrol3"te, and less disintegration of the platinum wire. 

3. The interrupter can be used with alternating currents, which it rectifies. 

4. The secondary discharge, obtained with the new type of interrupter 
is very disruptive. It has a large peak value. 

5. This modified type of interrupter works without self-induction in the 
circuit, when used with alternating currents, 

6. The primary current wave form lias been investigated with direct and 
alternating currents. 

7. Conclusion, 

Part of the cost of the apparatus used in the experiments described above 
has been defrayed by a Government grant, through the Eoyal Society, for 
which the author wishes bo express bis sincere thanks. 

Electrotechn. Wien/ vol. 17 (1899.) 
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On the Viscosity and Molecular Dimensions of Gaseous 

Cyanogen, 

By A. O. Kankjne, D.Sc., Professor of Physics in the Imperial College of 
Science and Technology. 

(Communicated by I*rof. 11. L. Callendar, F.K.S.—Received April 8, 1921.) 

The molecule of cyanogen is of particular interest in the theory of 
molecular structure put forward by and Langrnuir.t Each cyanogen 

radicle (CN) is supposed to be practically identical in the arrangement of 
its outer electrons with the molecule of nitrogen (Na), except that it lacks 
one electron. The junction of two CN radicles, t^) form CsNa, is conceived to 
be brought about by the sharing of one pair of outer electrons, so that the 
shape of the molecule may be regarded as nearly identical with that of two 
nitrogen molecules, with their centres at a certain distance apart, at present 
unknown* A test of the validity of this view is possible on the basis of the 
theory recently suggested by the author,J with reference to the collisions 
between nou-spherical gaseous molecules, provided that the molecular 
dimensions of Ng and deduced from viscosity measurements are known. 
Reliable values for nitrogen are already available, but not for cyanogen. 
The viscosity measurements recorded in this paper supply this deficiency. 

ExperimenUd Deterininatmis, 

The cyanogen was prepared by heating well dried cyanide of mercury in 
an evacuated hard glass tube, the gas, as it was formed, being pumped off 
and collected over mercury. A volume of about 50 c.c. at atinosplienc 
pressure was thus prepared, and further purificiition consisted of fractionating 
it at the temj)erature of —80'^ C. At this temperature cyanogen is solid, 
but it has an appreciable vapour pressure, so that, by pumping off the 
vapour and rejecting the early portions, possible impurities such as air and 
carbon dioxide were removed. The middle part of the i'roctionation—about 
20 c.c.—wafl preserved over mercury for the viscosity measurements. 

The method used for determining the viscosity has already been described 
in detail.§ Actually, the same appax'atus was used as in the author’s 
measurements of the viscosities of the rare inert gases. Only a small 

♦ G. N. Lewis, ‘ Journ. Amer. Chem. Soc./ vol. 38, p. 762. 

t I. Langmuir, ‘Journ. Amer. Chem. Soc./ vol. 41, p. 868. 

J A. 0. Eankine, ‘ Roy, Soc. Proc.,’ A, vol. 98, p. 360. 

§ A. O. Bankine, ‘ Boy. Soc. Proc./ A, vol, 84, p. 18X. 
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quantity of gas was required—about 6 c.c. at atmospheric pressure. The 
necessary observations are of a very simple character, consisting merely in 
comparing the times of descent of a mercury pellet between two marks in a 
vertical tube, when the apparatus is filled with different gases or with the 
same gas at different temperatures. For further details, the paper just 
referred to may bo consulted. The experiments undertaken were (1) the 
determination of the ratio of the viscosities of cyanogen and air at 
atmospheric temperature; and (2) tire comparison of the viscosities of 
cyanogen at steam temperature and at atmospheric temperature. From 
these results, the absolute data for air being accurately known, those for 
cyanogen can be deduced. Observations were therefore taken with the 
apparatus filled at atmospheric pressure alternately with air and cyanogen, 
both being dried with phosphorus pentoxide just previously to introduction. 
Each time of transpiration here recorded is the mean of a considerable 
number—^at least ten—consistent amongst themselves to within I per cent, 
and this mean is considered to be reliable to 0*1 or 0*2 per cent. The 
mercury pellet was about 4 cm. long, and the same one was used throughout. 

Temperature 15® C. 

Times of transpiration in secouds. 

^-A-^ 

Cyanogen. Air. .Ratio, cyanogen/air. 

82*95 150*9 0-5497 

This ratio of the times of transpiration is somewhat higher than the ratio 
of the viscosities, on account of the different amounts of slipping of the two 
gases over the walls of the capillary tube. The mode of applying this 
correctiou is indicated in my previous paper (/oc. ciL), and need not be 
repeated here. The result obtained is 

At 15° a, = 0-648, 

where represents viscosity. At this temperature the viscosity of air is 
1*799 X 10““** C.G.S. units, so that 

7}cy r= 0*986 X 10“^ C.G.S. units at 15® C. 

The times of transpiration for cyanogen at atmospheric and steam tempera* 
tures were as follows: 

Cyanogen. 

Times of transpiration in seconds. Ratio, 

15® C. 100® 0. 

82*96 106*1 


1*279 
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This ratio is approximately equal to the ratio of the viscosities at the two 
temperatures, but there are various small corrections necessary, including one 
for the expansion of the apparatus, 'fliese have been allowed for by making 
measurements of the time ratio for air over the same temperature interval, 
and comparing it with the correct viscosity ratio. Thus the time ratio for air 
was found to be 1*217. The true viscosity ratio is 1*220 for this temperature 
interval, so that the total correction is a positive one of 3 parts in 1200. 
Hence, for cyanogen 

1-282, 

^15 

which gives for the absolute value 

t/cy = l'264x 10“^ C.G.S. units at lOO"- C. 

If we assinne that Sutherland's law holds for the variation of viscosity with 
temperature, the values of Sutherland’s constant (C) and the viscosity at 
0*^ C. (vo) can be calculated from the above data. The results thus obtained 
are 

C = 280. 

and 7/0 = 0*935 x 10”^ C.G.S. 

the viscosity of cyanogen at 0® C. has been estimated previously from 
Graham's transpiration experiments in 1846.’*^ Tlie value given is 0*95 x 10“* 
C.G.S. That now obtained is probably more reliable and correct to about 
0*2 per cent. The same degree of accuracy cannot be claimed for the figure 
given for Sutherland's constant, owing to the comparatively small tempera¬ 
ture interval to which the measurements were necessarily limited. In tliis 
case the probable error is of the order of ten units, or between 3 and 
4 per cent. 

Calculation of Molecular Dimendcnxs. 

A knowledge of both t/o and C enables us to calculate by means of 
Chapman'sf formula, modifit'd somewhat in its interpretation according to 
recent suggestions of the author^ the mean area presented in collisions by a 
molecule of cyanogen in the gaseous state. This area proves to be 

A = 1*31 X 10“^® cm.^ 

and is probably accurate to about 2 per cent. It is improbable that the cyanogen 
molecule can be regarded as spherical, and the precise significance of A is not 
apparent unless some definite shape is assigned to the molecule. As men¬ 
tioned earlier, there are reasons for supposing that is nearly identical in 

* Kaye and l4iby*8 Tables, 
f S* Chapman^ * Phil. Trans./ A, vol. 216, p. 279. 

X A. 0. Eankine, ‘ Koy. Boc. Proc.,* A, vol. 98, p. 181, 
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shape with two linked nitrogen molecules. AcOdrcfing to the views of both 
Lewis and Langmuir, the nitrogen m<^ule has a very compact arrangement 
of its outer electrons. Lewis supposes them to be arranged in close pairs at 
the five corners of two tetrahedrons with a common face; Langmuir assigns 
a special arrangement with eight outer electrons at the corners of a cul.>e, as 
in neon and argon, and attributes the inertness of the nitrogen molecule to 
this disposition, Hoth these views, and particularly Langmnir^s, make the 
nitrogen molecule comparable with the atoms of the inert monatomic gases. 
Accordingly, there would api(.>ear to be the same justification for regarding 
as behaving in collision like a bard elastic sphere as Chapman has shown to 
be the case for argon, kryptoin, and xenon. The diameter of this sphere, 
obtained from viscosity measurements, is known, and is given by 

2<7 = 3*15 X 10“® cm.,* 
whence = 0*78 x 10“'® cm., 

TTor^ being the collision area for the nitrogen molecule, treated as spherical. 

It will be seen that the mean collision area of the cyanogen molecule is 
greater than that of the nitrogen molecule in the proportion 

~ = 1-31/0-78 = 1-68. 

TTcr' 


Let us suppose, with Lewis and Langmuir, that a cyanogen molecule has 
the size and shape of two nitrogen molecules with their centres at a certain 
distance apart, and that it behaves in collision like a hard body formed by two 
overlapping hard spheres each of which has the kinetic properties of a nitrogen 
molecule. Tiiis body will present in collision a target of variable area, the 
mean value of which is determined by the magnitudes of the constituent 
spheres and their distance apart. The estimation of this mean area is precisely 
the same problem as that dealt with by the author in a fornier paper (loc, czt) 
in which it was shown that the mean area in question (A) is given in complete 
elliptic integrals by 




where a is the radius of each of the constituent spheres, and k is the ratio dfer, 
2d being the distance apart of the centres of the spheres. 

If we now identity A with the actual mean collisiou area found 


* The value given by Chapman for 2a is S’10X10“* cm. Thin has been corrected by 
adopting Millikan^fi latest value for the number of molecules per cubic centimetre, and 
by taking into account Kia Xiok Yen’s recent accurate re-determination of the viaooeity 
of nitrogen (‘Phil. Mag./ vol. 38, p. 682). 
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experimentally for the cyanogen molecule, and with that of the nitrogen 
molecule, we can calculate the distance apart of the centres, obtaining thus 

2d = 2*aOxlO-»cm. 

That is to say, from this point of view, we expect the two cyanogen radicles, 
each behaving as a nitrogen molecule as regards size and shape, to have their 
centres at this distance apart, when combined to form C^Na. Or, we may say 
that the diameter of the outer electron shell of the cyanogen radicle is 
2*30xl0“»om, 

It is not yet possible to appeal to X-ray crystal measurements for confirma¬ 
tion of tins estimate, for cyanide crystals have not hitherto been so examined. 
Such results will no doubt be obtainable by the same methods as W. L. Bragg* 
has U9(id so successfully for measuring the dimensions of elementary atoms. 
It is, however, significatit that the crystals of potassium cyanide and those of 
the potassium halides are usually stated to be isomorplious, and that, in 
addition, we find that KBr and KCN have nearly identical molecular volumesf 
—431 and 42*8 I'espectively. Thus if CN replaces Br there is no appreciable 
change of volume, and wo may conclude, tentatively, that the cyanogen 
radicle and the bromine atom have the same size. Now Bragg’s estimate of 
the diameter of the domain occupied in crystal structure by a bromine atom 
is 2‘38 X 10"“® cm., and he sssigna the value 2*35 x 10~® cm. to the diameter of 
th(i outer electron shell of this atom. This is remarkably close to the above 
value 2*30 x lO”*® cm., which has been deduced for the distance apart of the 
centres of the two CN radicles in C3N3, 'ie., in circumstances which involve 
the sharing of a pair of outer electrons. Should X-ray examination of 
potassium cyanide prove it to be strictly isomorphous witli potassium bromide, 
therefore, there will be good grounds for regarding the cyanogen radicle and 
the nitrogen molecule as bearing the relation to one another assumed in the 
Lewis-Langmuir theory. 

An estimate would thus also be provided for the diameter of the outer 
electron shell of the nitrogen molecule, it being nearly the same as that of the 
kryptom atom, for the bromine and krypton atoms have the same size. The 
kinetic behaviour of the two gases confirms this view, since the diameters of 
the hard spheres to which the nitrogen molecule and the krypton atom are 
equivalent are 3*15x10“® cm. and 3*19x10“® cm., respectively. This is 
somewhat remarkable, wlien we consider how different is the number of 
electrons in the two cases. The nitrogen molecule has only 14, while the 
krypton atom has 36. It follows that the packing of the electrons must be 

* W. L, Bragg, ‘ Phil. Mag.,’ vol, 40, p. 169. 

t Molecular volume here eignifies the ratio of molecular weight to crystal density, oi* 
the volume per gramme-molecule, 

von, XCIX,~A. 2 B 
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much closer in the krypton atom chan in the nitrogen molecule, A similar 
statement holds for the bromine and cyanogen molecules, in which the 
numbers of electrons are 70 and 26 respectively, yet the collision areas are 
nearly identical,—1’28 as compamd with 1*31. 

I wish to express rny appreciation of the valuable assistance given by 
Mr, C. J. Smith, of this Department, in the preparation and manipulation of 
the gas used in these experiments. 


The Properties arid Molecular Structure of lliin Films of 
Palmitic Acid on Water* Part I. 

By N. K. Adam, M.A„ Fellow of Trinity College, Cambridge. 

(Communicated by W. B. Hardy, Sec.R.S, Received March 14, 1921.) 

The experiments to be described in this, paper have been undertaken in 
order to obtain confirmation of the very interesting views put forward by 
I^ngmuir(l) upon the arrangement of the molecules of various substances 
spread upon the surface of water. The study of these films has been carried 
on by a number of workers for many years, some of the principal publications 
being those of Miss Pockels (2), Rayleigh (3, 4), Hardy (5), Devaux (6), and 
recently Labrouste (7): but in most of these papers the authors do not enter 
into much detail regarding the molecular structure of the films. 

So much information is now available however as to the dimensions of 
molecules and the forces about them, much of it being of an accurate 
quantitative nature, derived from structural organic chemistry, from the 
study of crystals, the kinetic theory of gases and the deviations from the 
simple gas laws, etc,, that an attempt to deduce the arrangement of the 
constituent molecules from the properties of the films has become something 
more than a speculation and may be made with some certainty and 
definiteness. 

And conversely, since the films of fatty acids and the other substances 
investigated appear to be only one molecule in thickness and to have all the 
molecules arranged in similar orientation—often simply perpendicular to the 
surface—measurement of the mechanical properties of films consisting of a 
known number of molecules of a pure substance, affords unusually direct 
information concerning the. force fields round individual molecules. An 
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accurate knowledge of these fields of force is of fundamental importance, not 
only to Physics but to practically all problems of Chemistry, including such 
as the nature of organic reactions, the theory of solution, and the questions of 
adsorption and colloidal stability. 

Langmuir {loc. cit) brings a great deal of evidence to show that the same 
force fields are the cause of chemical combination in its widest sense and of 
cohesion and surface-tension phenomena. This idea is confirmed in a 
remarkable manner by his experiments upon thin films of various insoluble 
fatty acids,, esters, and alcohols, spread upon water. The molecules of such 
substances attach themselves to the water by those atomic groups which 
exhibit residual polar affinity in the reactions of organic chemistry. Thus 
the saturated fatty acids are attached by their carboxyl groups, the un¬ 
saturated acids having additional points of attachment at the ethylenio 
linkages in the hydrocarbon chain. This definite localization of the points of 
attraction in the molecule produces an orientation, the palmitic acid molecule 
turning perpendicular to the surface: while oleic acid, being attached by the 
carboxyl and also at a point in the middle of the chain, is bent down towards 
the water at the latter point. 

Experimental Method, 

The principle of the method of measuring the film's tendency to spread on 
water is the same as that first used by Miss Pockela, and later by Rayleigh 
and Hardy, A small measured quantity of the substance dissolved in a 
volatile solvent is placed on the cleaned surface of water: this spreads at 
once and evaporates in a few seconds, leaving a film behind. The area 
available for the film is now contracted gradually by moving barriers along 
the surface of the water, and the forces on the film are measured. 

The compressive force on the film, the difference between the surface 
tension of the film and that of pure water, has been measured directly by 
means of on apparatus similar to Langmuir's {loc, cit, fig. 6), a thin strip of 
paraffined copper being used as the floating barrier instead of paper. The 
force on this float was measured by a simple balance. The clearance between 
the ends of the float and the sides of the trough was 1-2 mm., and escape of 
the film past the float was prevented by air blasts from two fine jets carefully 
adjusted in position, as in Langmuir's experiments. These air blasts did not 
affect the film much except for a very small area near the float, nor was the 
balance disturbed except for a slight alteration of zero. 

I have used an accurately made brass trough measuring 60 by 14 00 by 1*8 cm.,^ 
the sides being nearly J om. thick and machined and scraped flat on the top. 
The barriers used for confining the film were strips of window glass about 

2 B 2 
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30 by 1*5 by 07 cm.: these rested on the sides of the trough and projected 
some distance so that they could be handled with little risk of grease 
spreading from the fingers to the water surface. The trough was filled to the 
brim and levelled on a separate table. 

, Precautmis neceaBary in Gleaning and Using the Trmvgh* 

It was cleaned with fine emery cloth under the tap until it wetted all over: 
the barriers were kept in a basin of hot chromic acid, being removed with 
tongs and washed with hot water so as to dry at once. The trough was dried 
in a warm place and the top of the sides coated with paraffin wax dissolved 
in ben7.en^ ; the under side of the barriers was also coated with wax. 

A simple trough of tin plate with paper barriers sinjilar to that used by 
Langmuir was tried, but the barriers in my hands proved leaky and trouble¬ 
some to keep in position : the above arrangement appeared capable of giving 
more accurate results. Water will spread over a clean metal surface and it 
is therefore difficult or impossible to obtain barriers quite free from leaks if 
glass and metal surfaces alone are used; the object of the wax was to prevent 
spreading, and it was found to be quite effective (with careful working) in 
preventing leaks. Films have been maintained unchanged in area for several 
hours, under compression. 

Accidental leakage occurred occasionally however and was generally due to 
one of the following causes: the air blasts were not properly adjusted or the 
edges of the float had tecomc wet so that the effective channels past the ends 
of the float were more than 2 mm. wide; leaks at the glass barrier were 
more frequent however and were usually due to the paraffin wax having been 
partially rubbed off. 

Freshly paraffined surfaces rarely gave any trouble. 

Rmdual Contamination. 

.Perfectly clean water surfaces were not obtained: on the cleanest the • 
float would move away from the barrier at 0*5 cm. distance, after the barrier 
had been moved from about 35 cm., with a weight in the balance pan of 
0*05 grm. Part of this apparent contamination was due to the capillary 
curvature of the liquid surface in contact with the barriers. Surfaces with 
more than 12 cm. of contamination have not been used. 

A clean atmosphere is essential for these experiments: work next door to 
a laboratory where much organic preparation was being carried on was found 
impossible, owing to the rapidity with which the surfaces became con¬ 
taminated, 

A correction was made for the contamination as follows: A blank 
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experiment, made immediately prior to putting on the. film, gave the total 
amount of contamination at 0*05 grm., and the compression curve obtained 
with the film which had accumulated when a clean surface was exposed to 
the air for some time gave the ratio of the area filled by the contamination 
at any force to the area at 0*05 grm. 

This area was then subtracted from the observed area of a film of palmitic 
acid. Table I gives some corrections for a commonly occurring amount of 
contamination. 


Table I.—Corrections to Area of Film for Kesidual Contamination. 


0rni. iu pan. i 

Correction 

G-rm. in pan. 

Correcfcioji 1 

(cm. length of trough). 

(cm. length of trough). ^ 

- 

1 

0-06 ! 

0*76 

0*6 

0*26 

0*1 i 

0*68 

0*76 

0*16 

0-2 

0*43 

1*0 

0*08 

0-85 1 

1 0*83 




The amount of containiiiation is small, but, owing to its much greater 
compressibility, the correction to the slope of curves of palmitic acid is 
appreciable. The films used were usually between 20 cm. and 30 cm. in length. 

About five drops of benzene were used in putting on a film, and the 
residue left by this quantity was negligibly small, being certainly not 
greater than 0T6 cm., and probably much less even than this. The benzene 
was free from thiophene, was distilled and collected over C., and was 
finally purified from grease by redistillation in an apparatus free from cork 
or rubber. 

The water was distilled from tap-water in a large copper vessel and 
condensed in glass, all joints in the still being either ground or cemented 
with sodium silicate and plaster of Paris. 

The palmitic acid was Kahlbaum’s K quality, recrystalHsed from aqueous 
alcohol. It melted at 62*5° C, The curves show its freedom from unsaturated 
substances. 

The quantity of solution put on the surfaces was measured by counting 
drops from a capillary pipette. The method is accurate within 3 to 5 per 
cent., and seems to be much more exact than any other simple method of 
measuring the small volumes. 

The acidity of the water has been controlled by dissolving " buffer salts 
in it, the concentration never exceeding M/66, whteli was generally enough 
to maintain the Ph* constant within 0*2 unit or nearer throughout a day's 
exposure. 

♦ Ph of denotes a hydrogen ion concentration of 10*** 
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The actual Ph was determined by colorimetric oomparison with the 
standards of Clark and Luba (8), which were checked against a hydrc^a 
electrode. 

Compamon experiments on distilled water indicated that these salts in 
the dilutions employed had little, if any, effect on the films, beyond 
regulating the hydrogen ion concentration. 

6*06 X 10"®*"* has been taken as the Avogadro constant. 

Raiujc of Temperahtre, 

The profound change in the films with rising temperature described by 
Labrouste (7) was ascertained not to occur on any of the solutions investi* 
gated until the temperature had risen well above 20^^ C. 

No measurable change occurred between 10° and 20° and all the experi¬ 
ments described were done within this range, except where specially 
mentioned. 

Dismssion of the 

Fig. 1 gives the uncorrected, I, and corrected, 11, curves relating the force 
of compression to the area per molecule on solutions having a Pn between 
about 8 and 5*5. At areas greater than about 22 x 10“^® sq. cm. per 
molecule there was no measurable resistance to compression. At this point 
there was a sudden opposition to further contraction, and the compressive 
force increased practically linearly with decreasing area. The slope of this 
line gives the force required for 1 per cent, decrease in area as 5*9 dynes 
per centimetre: if the density of the material of the film is unity, its 
thickness is 211x10“’ cm., and the force required for 1 per cent, con¬ 
traction, calculated on 1 sq. cm, cross-section, is 28 megabars. This slope 
is constant in successive experiments within about 15 per cent., which is 
probably the error of experiment. It is considerably steeper than the 
slope of the curves given by Langmuir {loc, dL, fig. 8) for palmitic acid. 

The value of the compressibility of the paraffin CiaHa^ obtained from 
Landolt Bernstein’s tables indicates that a force of 125 megabors is required 
to compress this substance by 1 per cent of its volume. This force is about 
4-5 times as great as for the thin film, the latter being free to expand in 
thickness during compression. 

The co-ordinates of the point H, at which collapse of the film was first 
detected, were not found susceptible of accurate determination, values 
from 20 to 46 dynes per centimetre being obtained. There are 95 and 
214 megabars respectively. It appeared that the breakdown of a film 
might be delayed considerably beyond the point at which there would be 
equilibrium between a film and the substance in bulk on the water. A 
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discussion of the probable reason for this metastable condition will be 
given later. The values for the force at H are much lower than those given 
by Langmuir. 



From the considerations advanced by Hardy ((6), 1912, p. 819), the 
probable value for the compression at which a film is in equilibrium with 
the acid in bulk resting on the surface is about 25 dynes per centimetre 
near the neutral point. 
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Effect of Acid. (Fig. 1, III and IV.) 

When the hydrion concentration exceeded a point about Ph = 5*5, the 
corrected curves became two straight lines, the upper portion being coinci¬ 
dent within the error of experiment with the curve on neutral solutions, 
and the lower being of loss steep slope and cutting the axis of no force 
at about 25*2 x sq. ora. The intersection of the two lines was at 
about 15 dynes per centimetre at Ph of 5. The change of zero area was 
completed within a narrow range of Ph ; but further increase of acid raised 
the point of intersection slightly, to about 19 dynes per centimetre, at a 
Ph of 3. 

Physical SfMe of the FHnu, 

Motes on tlie surface gave (as has been pointed out by Ivangmuir and 
Labrouste) a means of seeing whether the films were solid or liquid. In the 
solid films motes were not blown about by the air blast: in liquid films, 
motes moved about without difficulty. 

Solidification occurred usually as soon as the film was formed on neutral 
solutions (at Q) and on acid solutions at or soon after the steep part of the 
curve was reachetl Occasionally, however, there was some delay in 
solidification: this did not appear to affect the compressibility. In the 
steep part of the cur ves, apparently, the molecules are arranged so that they 
may form a solid film, though this may sometimes be delayed; in the less 
steoj) part the molecules are not capable of forming a rigid film. The 
probable difference in the arrangement of the molecules will be discussed 
later. 

Absence of Hysteresis. 

If the films below H are of 1 molecule in thickness, then there should 
be no hysteresis until collapse has set in. This was very nearly the case 
for the curves on neutral solutions and for the less steep portion on acid 
solutions. (Fig, 2, I and II.) 

Films have also frequently been left under a compressive force for a long 
time, without change of area or any noticeable modification of properties. 
In one experiment the force was increased rapidly up to 15*6 dynes per 
centimetre, the film then left to itself for five hours, and the experiment 
then completed. The curve showed no discontinuity, although a change 
of 0‘1 unit of area could have l^een detected. 

This stability of the films showed the complete insolubility of palmitic 
acid in water; in the experiment just described not J per cent, of the mole¬ 
cules left the film, although each one was in contact with an enormous excess 
of water. 
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The only sign of hysteresis noticed before the point H was reached was 
that when the comptessiou was incimsed above about 20 dynes per centi- 


20 2? 24 23 25 27 20 22 24 26 



metre the points on the curve of expansion sometimes fell at slightly smaller 
areas. The diflerence may have been due to the residual contamination in 
the film. 

Injluence of Dust Settling. 

Providing the film was under compression about 14 dynes jmr centimetre, 
contamination settling from the air had no effect on its area. At pressures 
much lower than this tliere was a slow expansion. 

This is of some importance, since it shows under what conditions the use 
of lycopodium or talc sprinkled on the surface may cause error, unless special 
pmcautions £^re taken to purify the powder from oily matter. 

Form of (hirves at vei^ Low Compressions. 

The linear relation holds accurately down to a force of 3 or 4 dynes per 
centimetre, but it is uncertain whether the film occupies a greater area of 
still lower compressions. Langmuir (footnote, p. 1889) indicates that the 
curves become asymptotic to the axis; and most of my experiments 
showed a slight divergence from the straight lines at 14 dynes per 
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centimetre. The amount of divergence could not bo measured with certainty, 
however, and it seems doubtful if the method is yet refined enough to decide 
whether the effect is a property of the palmitic acid or is due to the correc¬ 
tion for residual contamination being imperfectly known, or to traces of 
impurity in the acid. 

Table II gives the area occupied by the film at no compression under the 
head Corrected area/* assuming the linear relation to liold throughout, at 
different concentrations of hydriom Coliunu 2 gives the observed areas per 
molecule without any correction for residual contamination, and column 4 
the salts used to regulate tho bydrion concentration. Each figure is tho mean 
of four or more observations. The areas are believed to be accurate within 
5 per cent. 


Table II.—Areas of the Uncompressed Films. 


Ph. 

1 

1 

j Observed area. 

i 

Corrected area. 

Salts in solution usually 
about M/70. 

1 

^ 26^1 

26 1 

.. 

N/10 HOI. 

2 *9 to 3 n 

26 ’8 

26 -8 

KH phthalato + HCl. 

4*2 

4*4 

, 27 -2* 

25-4 

KHpbthalate + NaOH. 

6 

6'2 

! 26-8 

26 1 

1 KH phtbalate + NaOlI. 

1 KHaP 04 + Ka0H. 

6 

f 28 *1 

22 1 

7 

; 22-2 

21 '2 

' KHaP 04 + Na0H. 

8-6 

21 -at 

21 

KOI, NaOH. 


* The curves on p}ithalnte solutions at Pa 4 diverged considerably from a straight lino near 
the base, for a reason unknown. 

t At S *6 there were signs of solubility of the films, which would diminish tho observed area. 


Structtire of the Films, 

The theory of Langmuir and Devaux that the films are one molecule in 
thickness between Q and H, each molecule being oriented with the carboxyl 
group towards the water and the hydrocarbon chain normal to the surface, is 
completely confirmed by these experiments. Ample evidence of this structure, 
has already been given by Langmuir {loc. cit) and Harkins and his collabo¬ 
rators (9). It may be emphasised, however, that the observed area of about 
22 X 10“^® s(|. cm., which is nearly equal to the estimated cross section of the 
hydrocarbon chain, is very much too small to allow any considerable number 
of the molecules to be arranged otherwise than vertically in the film: while 
considerations of solubility indicate that the carboxyl group will be directed 
towards the water rather than the other end of the molecule. 

The slight diminution in area between Q and H, with a oompresBibility 
4*6 times that of paraffin in bulk, is consistent with the theory that the 
molecules are being forced, somewhat closer together, as in a liquid under 
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ootnpreseiou. Stereochemical considerations indicate that the cai'bon atoms 
ore not vertically above one another, but are probably arranged helically, the 
angle between two successive valency linkages being normally 109^, but 
being capable of increase or decrease under stress. In the lilm, the chains 
may be straightened out, while in the compression of paraffin in bulk, the 
pressure is applied also to the ends of the chains and prevents elongation, 
80 that the rather greater compressibility in the case of the film is not incon¬ 
sistent with the view that the chains are being crowded laterally without 
other alteration in position. 

For other substances also, the evidence in favour of the layer being 
one molecule thick rather than two, appears to be conclusive, although 
Marcelin (10), following a suggestion of Kayleigh (4), contends that a double 
layer is formed. One of the principal arguinents for the existence of a 
second layer has been that the area at H is for many substances, such as 
oleic acid, about half the area at Q. This great apparent compressibility of 
a unimolecular film does not necessarily mean however that the molecules 
are being reduced in volume by one half, wliich would indicate a true 
compressibility so high as to be out of the question, but it can te explained 
by the molecules being attached to the water by one point at H and by 
two Joints at Q, an explanation which is beautifully supported by 
Langmuir*s discovery that the ratio of areas at Q and H bears an extremely 
simple relation to the number of points of residual affinity in the molecule. 
Thus, for oleic acid, with two points of affinity, the ratio is 2 to 1, for 
saturated acids it is very much less, and for ricinoleic acid, which has three 
points or more, the ratio is much greater: and, further, the areas were 
found to be approximately the same for all these substances at H. Clearly, 
the explanation is that *the film is one molecule thick throughout, but that 
the molecules occupy an area rotighly proportional to the number of points 
in contact with the water, being finally attached probably by the carboxyl 
group only. 

Other reasons also negative the possibility of a second layer. There 
is evidence, both from the kinetic theory of gases and from recent very 
beautiful experiments by Langmuir (11), (12), on condensation, evaporation, 
and adsorption, that the attractive forces about the molecule extend to a 
range of a very few Angstrom units only. Since the upper limit of the first 
layer is probably about 20 x 10“® cm. from the water, any molecules in the 
second layer will be well out of range of the attraction, and will therefore 
not affect the surface tension of the water. And even if the molecular 
attraction is supposed to extend farther than this, it would be necessary to 
postulate (i) that the effect of a molecule in the first layer is nii until the 
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molecules in this layer are repelling one another; (ii) while, on the other 
hand, molecules in the second layer lower the surface tension in exact 
proportion to the numlw present; and (iii) that the effect of molecules 
beyond the second layer becomes suddenly negligible. Some such postulates 
seem to be unavoidable, and it is difficult to see how they could all be 
simultaneously consistent witli any imaginable law of force round the 
molecule: nor does it seem probable that modifications, which could be 
introduced in the conception of the film by considering the thermal motions, 
would niucli simplify the law of force needed to account for a bimoleoular 
layer. 

Probably, however, little error is involved in neglecting the thermal 
movements. There is a fairly complete analogy, between the films at the 
temperature of these experiments and a solid. The films frequently 
possessed rigidity, and the properties were' found to be unchanged, under 
certain conditions, over a range of 30® C. But at a well defined tem¬ 
perature, as Labrouste has shown, they “ melt,** undergoing a considerable 
increase in area and becoming mobile. In solids, the space lattice can be 
determined without taking account of the vibrations, aqd it seems probable 
that the themal movements (in a vertical direction at least) are so small 
that the relative positions of the long molecules is not thereby disturbed. 

Theory of the Tmiisfonnatimi on Acid Solutions. 

The following is suggested’tentatively. From the data of molecular volume 
studies, the approximate cross-section of the palmitic acid molecule may be 
estimated. The volume of OHa is 17*8 c.c. at the m.p. of the paraffins; 
dividing by the Avogadro number and the distance, 1*52 x 10"* cm,, 
between the carbon atoms in the diamond, which may be expected to be 
nearly the same as the distance between successive carbon atoms in a chain, 
since the linkages are of the same type, the cross section of the chain is 
found to be 19*3 x 10"^* sq. cm. This is in fair agreement with the observed 
area occupied by the acid on neutral solutions. It is therefore probable that 
the steep parts of the curves indicate a repulsion between hydrocarbon chains 
not — COOH groups. 

A COOH group has a molecular volume about 1*7 times that of a 
OHa group, according to the data collected by Le Bas ((18), pp, 18 and 140), 
The length of the —COOH group in the direction of the chain is unknown, 
and therefore its cross section is uncertain: it is probably, however, somewhat 
larger than tliat of the hydrocarbon chains. 

The greater area on acid solutions will then be due to repulsion occurring 
between COOH groups: the smaller area on neutral solutions to these 
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groups being bo arranged that the hydrocarbon chains can come into close 
contact 

Probably this arrangement is simply that adjacent molecules are immersed 
in the water to different depths,* so that the carboxyls do not lie in the 
same horizontal plane. On acid solutions the molecules rise in the water 
till all are at approximately the mime depth, and therefore the carboxyls 
touch, the chains being forced iarther apart so that they cannot interlock 
to give a solid fihmf A strong lateral corn press ion (as in the upper part 
of the curves on acid solutions) will naturally force the carboxyls down so 
that there is again close packing. 

The chains pack closely on neutral solutions without external lateral 
compression because the attraction of water for — COOH groups increases 
with decrease in the hydrion concentration. There is independent evidence 
for this variation in attraction. The interfadal tension lietween water and 
fatty substances is less, the more alkaline the water, as was shown by 
Clowes(14) with strongly alkaline solutions, ajjd recently by Peters and 
Hartridge(15) working near the neutral point. Oleic acid behaves similarly, 
and JDr. Peters informs me that benzene sohttions of fatty acids also show 
the same phenomenon, which appears to be general for surfaces consisting 
of a layer of carboxyl groups oriented towards the water. It follows, from 
a w’ell-known theorem of Dupre (see Hardy (5), 1912, p. 611), that the work 
gained when a layer of COOH groups approaches the water is greater i‘or 
alkaline than for acid solutions. Tfie chemical reaction between alkali and 
COOH would lead one to expect an effect in this direction. 

The resistance of the hydrocarbon chains to iminersiou is clearly shown 
in the decreasing solubilities and increasing adsorption of fatty acids as the 
chains are lengthened :' in any given acid then it is probable that increased 
attraction on tlie carboxyl groups will cause immersion to greater depths. 

SoluUlity in Alkaline Solutiom. 

As the alkalinity increases, many of the chains become further immersed, 
though there is not much farther alteration of the film’s pi^operties, since 
the chains are already closely packed at Pn6*5 ; finally, the point is reached 
at which some molecules are completely immersed and solution commences* 
At this point the arrangement of minimum potential energy, in which the 
attractions are as completely satisfied as possible, will be that of aggregates 

* This idea was suggested to me in conversation by Dr, peters. 

f More recent experiments on other substances indicate that close contact of long 
hydrocarbon chains is probably not a necessary or sufficient condition for solidity of the 
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having the carboxyl group outwards and the hydrocarbon chains packed 
in the centre. These will have a high molecular weight, and will probably 
carry many negative charges owing to the dissociation of the carboxyl groupa. 

The genesis of the ** ionic micellesin aqueous soap solutions, which have 
been recently studied by McBain and his collaborators (16), thus becomes 
clear. 

The film dissolved ho fast that measurements of compression were 
impossible, at a Ph of 10; at 8*5 the curve showed signs of solubility, and 
at 8 (at room temperature), solution was too slow to measure. I hope to 
obtain detailed measurements of the rates of sohition under various con¬ 
ditions later. 

Injiiwhce of Acidity on tJie Melting Point of the Films. 

The effect of rising temperature is being studied, and the fact noted by 
I.iabrou8te {loc. cit.) that at a fairly well-defined temperature the films 
increase greatly in area under low compressions, and (if previously solid) 
become liquid, has been confirmed. It is striking, however, that a much 
higher temperature is required to melt the films on alkaline solutions than 
oil acid, a fact which confirms the theory that the molecules ai^ attracted 
more firmly to the w*afcer in the former case. Table 111 gives the approxi¬ 
mate temperatures at which the first change occurs in the films. 


Table III. 


Vh. 

Approximate ni.p. 

Bk. 

Approximate m.p. 

(1) 

(zr." 0.) 

(«) 

(88*) 

» 

26" 

(6-6) 

i (iff) 

(5) 


8 

Above 50° 

(5-6) 

(83°) 

I 



Figures in brackets are provisional only. 


Nature of the Collapse at H. 

Fig. 2, III, shows the hysteresis effect observed after the collapse had 
proceeded a short distance. The curve of expansion was approximately 
parallel to the curve of compression of the original undamaged film, and 
this considered together with the facts that solid particles become visible 
after it is passed, and that solid palmitic acid does not spread upon water, 
indicates that the mechanism of the collapse was the destruction of a part 
of the surface film, molecules being ejected to form aggregates of relatively 
great thickness, the remainder of the film being unaltered in properties. 

The solid films most frequently collapsed in the manner described 





Structure of Thin Films of Palmitic Acid on Water, 349 

Labrouste {lec, cit,\ with the appearance of solid material in the form of 
very fine lines on the surface, roughly, arcs of circles extending from one 
end of the barrier to the other. Occasionally, however, the solid appeared 
in flakes, not lines, and when this occurred the flakes were usually, though 
not invariably, close to the air blasts. 

Collapse, once started, sometimes proceeded to very small areas without 
further weights being required, the glass barrier being moved up slowly so 
as to keep the balance float nearly at zero. More often there were checks, 
frequently several in one experiment at irregular intervals, to overcome 
which the forces had to be increased by an amount indefinite, but occa¬ 
sionally nearly as high as the force given for H by Langmuir. When 
complete checks occurred, it was often possible to increase the force by a 
considerable amount before collapse set in again: and in these cases the 
curve would rise at tlie check at about the same slope as the curve of the 
original film, as would Ikj expected if the resistance were due to an intact 
portion of the film with its original properties. 

As might be expected from the diminished attraction on the — COOH 
groups, the rninimuvi force at H observed on acid solutions was less than 
that for neutral solutions, being sometimes as low as 16 dynes per centimetre 
(tig. 1, IV). 

The liature of the collapse is easily accounted for. A single molecule 
leaving the film must overcome the attraction of tlm carboxyl group for the 
water, and also that of the hydrocarbon chain for its neighbours. The 
surface tension of paraffins and their solubility in one another indicates that 
this attraction is important. 

If, however, a group of adjacent molecules are ejected together, the only 
work done is that of the carboxyl groups against the attraction of the water. 
Hence the film will collapse at comparatively few points only, and the solid 
flakes or lines on the surface are to be expected. 

The metastable state and the checks to collapse are explained probably by 
the necessity of some nucleus for starting expulsion of the molecules at any 
point. Possibly these are dust particles, which have fallen on the surface 
before, or during, the application of the film, or at very low compressions, 
and liave become incorporated with the film. The checks indicate that a 
nucleus in one part of a solid film may be useless for more than a certain 
number of molecules, being very likely expelled along with them. 

Explanation of Langmuir's Curves on Add Solutions, 

The very sharp rise in resistance to compression shown at areas from 
’2 to 8 X sq. cm. per molecule, is, I am sure, only an instance of a similar 
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check to collapse, and is due to the same cause {loc, figs. 10,11, 12,17). 
The areas at which these occur are much smaller than the cross section 
of any part of the molecules, and the effect is therefore very unlikely to he 
a property of an entire unimolecular film in any condition; and moreover, 
in numerous experiments, I have not observed any regularity in the 
phenomenon. It sometimes occtirs on neutral solutions, as well as on acid; 
it does not invariably occur even on the latter; it may occur at any area 
after solidification of the film; and frequently there are several partial 
checks, at different areas, in one experiment. 

The checks may be due to exhaustion of the nuclei available in the film, 
so that the remaining parts of the film, having no nuclei or leas effective 
ones, are more resistant to collapse. 

I should like to express my thanks to Mr. W, B. Hardy, for 

valuable advice during the progress of this work, and to Miss Jordan Lloyd 
for very kindly doing the electrometric determinations. The experiments 
were done in the Chemical and Biochemical Laboratories, Cambridge, and 
are being continued. 

Summary, 

1. A modification of the technique for examining the properties of thin 
films of substances on water is described, special attention being given to the 
avoidance of leaks past the confining barriers and to correcting for the 
residual contamination on the water which cannot be wholly avoided. 

2 . Experiments on j)ahnitic acid confirm Langmuir's results in general. 
The curves of compressibility of the films are accurately straight lines, 
except for a possible doubtful deviation at very low compressions. 

3. The film changes abruptly in properties at a hydrogen ion concentration 
about 10“^ N. The change is confined to films under compression less than 
about 16 dynes per cm. The area occupied by each molecule becomes about 
20 per cent, greater than on neutral solutions. 

4. Langmuir's view that the films consist of a single layer of molecules, 
oriented with their carboxyl groups towards the water, is confirmed and 
extended. Probably the hydrocarbon chains are tightly packed on neutral 
solutions, adjacent molecules being drawn into the water to different depths. 
On neutral solutions the molecules rise in the water so that the --^COOH 
groups, which are probably of greater cross section than the chains, are in 
contact with each other. This arrangement gives a liquid film, whereas the 
packed hydrocarbon chains normally give a solid one. There is independent 
evidence of an increased attraction of water for — COOH groups with 
increasing alkalinity. 
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The formation of the ionic micelle" of eoapj as the film dissolves in 
more alkaline liq[uids, is a simple consequence of the increased attraction on 
the wboxyl groups and the attraction of the chains for each other. 

6 . Hysteresis in the unimolecular films of palmitic acid is absent or 
extremely small in amount, at room temperature. 

7. Palmitic acid is completely insoluble in waUn’ slightly on the acid side 
of neutrality, the films preserving their area and prox)erti6s unchanged for 
hours* 

8 . Gompression beyond a certain point causes collapse of the film; the 
ejected molecules forming aggregates visible to the naked eye. The remainder 
of the film appears to be unchanged in properties. Different films, and even 
different parts of the same film, vary very much in their resistance to 
collapse. The collapse seems to be aided by nuclei, tlie nature of which 
can only be conjectured at present. 
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The Total Heat of Liquid Carbonic Acid. 

By 0. Fkbwkn Jenkin, C.B.E., M.Inst-C.E., and D. N. Shorthosk, MlA. 

(Communicated by Sir Alfred Ewing, K.C.B., F.R.S. Received April 18, 1921.) 

Tlje ineaaurenients described in the following paper were made at the 
request of the Engineering Committee of the Food Invest^tion Board, who 
requested the author to measure the total heats of COs at pressures and 
temperatures above the critioal point. These total heats may be read from 
the I (f> chart published in a former paper,* but the part of the chart con¬ 
cerned is based on an unverified assumption, viz., that the specific heat at 
constant vol., C„, is constant and eqdal to 0’214, and it was considered 
advisable to check its accuracy by direct measurements. 

The measurements of the total heats were made in the same manner as 
those described in the former paper; the carbonic acid being pumped round 
a circuit at a uniform measured rate and heated through various ranges of 
temperature in an electrical calorimeter. Much of the apparatus was the 
same as had been previously used, but an improved calorimeter was used and 
several modifications were required to enable the measurements to be made 
at. the higher temperatures and pressures required. 

The general arrangement of the apparatus is shown in fig. 1. P is a motor- 
driven compressing pump. C is a gas cushion to reduce the shook and keep 
the flow more nearly uniform; it consists of a steel pipe heated at the top in 
a hot-water vessel. D is a cooling coil to reduce the temperature of the 00* 
to a steady temperature Iwfore it enters the calorimeter. E is the calorimeter 
described below. F is a water-cooled condensing coil. G,Gr, are two fiasks, 
one hung on a steelyard which tui'ns with 1/100 lb. and rings a bell when the 
lever falls; the other is used simply as a container. During a test the valves 
on the flasks are set so that COj flows out of the weighing flask, through the 
pump and calorimeter and into the container. As each 2 lb. of 00* leaves 
the weighing flask the steelyard lever falls and rings the bell; a 2 lb. weight' 
is then hung on the flask thus raising the lever agun. WhOT the test is 
finished the valves are reversed and the 00* pumped back into the weighing 
flask. During the preliminary adjustment, before the actual test beg&s, the 
valves are set so that the 00* circulates through the weighing flask (whioh is 
full). H is a standard pressure gauge graduated to 10 lb. per square inch and 
capable of being read to 2 lb. per square inch. ^ It is oohneoted through a coil 
of small pipe in a hot-water vessel which aoto as a onshioa to steady ^ 

* ‘ Phil Trans.,’A, vol, 8}9| p. ^ 
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needle. Hie rate of flow of the liquid to the pump ie controlled by Ihe two 
valves Vi and Vs in series. The pressure gauge, J, indicates the pressure 
between the valves, and the pressure gauge, K, indicates the pressure on the 
suction side of the pump. The two valves enabled the rate of flow to be 


Vs 



Fiq. 1 . 


oontrdlled much more aocurately than it could with a single valve; dnring a 
teat ^ valve Vg was not touched and small adjustments were made on Vi so 
as to keep the' pressure, shown by gauge J, Constant, The pressure in the 
iosJodmeter is oontrolled by the valve V» and read cm the gauge, H. 

oyols of operatiOM on the chart is shown in fig. 2. The condition 
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of the liquid coming from the weighing flask ie shown at “a. It 
through the tlirottle valves Vi and Vj to a pressure of about 20fl Ih peir 
square inch and is then in condition h** It is then ooiUpreseed adiabatioaUy 
to the desired pressure, say 1,800 lb. as shown at ** c/ It is cooled in the ©oil, 
D, to about 12^ C., to the point “d/’ It is then heated to the desired 


% 



Fio. 2.—-Part of I ^ chart near the critical point. 


temperature, to the point ‘'e,”in this diagram SO** C. It is then throttled 
through valve Y, to the point “f" and cooled in ^e oondenaing eoU, f, to 
the starting point “a.” The total heat measured is shown on the'diart hy 
the vertical height between “ d ” snd “ e.” 

The calorimeter is shown in fig. 3. It consists of an mater steel teM, 
oapable of standing the maximum pteteime used, inside a heMite 
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tube* and inside thin again a fused siliea tube. In the centre it a group 
of six nichrome steel-wire heating coils lashed round a small silica tube 
which supports them. The electrical connection to the one end of the 
heating coils passes through the central silica tube. The entering CO*^ 
which is at about atmospheric temperature, passes first along the outer 
space just inside the steel tube; it then returns along the space inside the 
bakelite tube, and finally passes down inside the silica tube, and is heated 
by the wire coils. By this arrangement the temperature of the outer steel 
tube is kept low, and radiation losses almost eliminated. 

The CO 2 enters and leaves the colorimeter by two similarly arranged 
self-jacketed pipes, p\ and enclosing the thermo-junctions, T»}i and Tf7a* 
which measure the temperatures before and after heating. The ends of the 
calorimeter were first made of hard vulcsanite, but this softened at about 
70® C., and vulcanite had to be abandoned for the hot end; a disk of bakelite 
was substituted, and answered admirably. 

The thermo-junction wires wore originally taken through the ends of the 
entering and outgoing pipes in the manner described in the former paper. 
A small button of brass was soldered on the wire ; this was drawn through 
a thin rubber tul)e, which in turn was drawn into a conical hole in the 
vulcanite plug, as ia shown in fig. 4. This arrangement was found to last 
only for a few hours, under tbe higher pressures, before the rubber tube 
failed, A new design, shown in fig. 6, was then tried; it consists of a 
small brass bolt with conical head through the centre of which the wire 
passes, being soldered into it. This formed a tight joint and appeared to 
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be satiafactoryi but fortunately* a discrepancy in temperature readingB* 
referred to below, called attention tso a serious error which tins bolt intro¬ 
duced. It will be noticed that the bolt virtually '' shor^-circuits'' a short 
length of the eureka wire; this has bo effect unless there is a temperature 
gradient in the wire at that place, but if there is a temperature gradient 
it has the effect of reducing the temperature reading by approximately 
the difference of temperature between the two ends of the bolt. In other 
words, the use of the bolt is nearly equivalent to the introduction of an 
equal lei^h of copper-wire in the eureka lead, which will give an opposing 
E.M.F., due to the difference in temperature between its two ends. This 
point was fully investigated by making a series of bolts of different 
lengths and soldering them on one of the wires of a thermo-junction a 
few inches apart and then calibrating the junction in an oil bath. No error 
was introduced except when the bolt was near the surface of the oil, 
where there was a large temperature gradient in the wire, and then the 
error was rouglily proportioned to the length of the bolt. The actual error 
will depend on many factors, but to show its importance the following may 
be quoted. The error was 3° C« for a bolt 20 mm. long iu an oil bath at 
40^ C., the cold junction being about 10®, i.e., the error was about 10 per cent, 
of the temperature difference. 

The first method adopted for eliminating the error was to solder the bolt 
at one end *only and 40 insulate the rest of its length from the wire. This, 
on trial, was found to be only partially successful, and further investigation 
showed that the thin layer of solder used to “ tin the wire was sufficient 
to cause a serious effect. Finally* tlie wire was coated with glue and blaok- 
lead to prevent the “ tinning ” from spreading, and a very short length 
cleaned and soldered to the bolt, the rest of the bolt Iteing insulated from 
the wire by three layers of cigarette imper, ahellac’d on (as shown iu fig. 6). 
This proved perfectly effective. This small difficulty has been described 
at ki^th because the presence of the errors may be so easily overlooked; 
it Is purely a matter of chance whether it is found when the thermo- 
junction is calibrated. 

The inlet and outlet temperatures were measured by the above-mentioned 
eurrica-ci^iper thermo-junctions and a potentiometer. ISie junctions were 
cidiU^rated against a standard thermometer calibrated>at the N.P.L., and a 
calibration curve plotted to a large scale. 

The body of the oalorimeter is surrounded when in use with a 2-inch 
jacket, given for this research by the Anglo Delta Slab Company. 
The temperature of the steel tube is measured by two Hoskin’s alloy 
Ab^ajunations, one at sacb end. A radiation^ test was made on the 
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calorimeter, and showed that the loss of heat was 7*46 watts when the 
temperature difl'erenoe between the steel tube and the air outside the cork 
jacket was 26° 0. - The tnaximum correction in any experiment for radiation 
was only 0*85 per cent, of the measured heat. 

The electrical power supplied to the calorimeter was taken from the town 
mains (100 volt. D.C.) and regulated by adjustable resistances in series with 
the heating coils. It was measured by means of a Siemens precision watt¬ 
meter, having two ranges of current and three ranges of voltage. The 
wattmeter is divided into 150 divisions, and can be read to 1/10 division* 
The wattmeter was calibrated against standard resistances and cadmium 
cells which had lieen freslily calibrated by the N.P.L. Fluctuations in the 
town voltage gave considerable trouble; it was found necessary to watch 
the wattmeter continuously and make fine adjustments as required to keep 
the power constant. 

Preliminary trials showed that it would not be j) 0 S 8 ible to keep the 
conditions of a test steady without some indicator showing the upper 
temperature to which the COa was being heated in the calorimeter. A 
Hoskin’s alloy thermo-junction was therefore tied to the outlet pipe and 
connected to a inillivoltmeter, but this was found not to be sensitive 
enough. To increase the sensitiveness the thermo-junction was connected 
to a d’Arsonval galvanometer, the ^‘cold junction” being put into a well- 
jacketed tank of water which was heated to and kept at the temperature 
to which it was desired to heat the COa. This differential arrangement 
answered admirably. The galvanometer gives a deflection of 125 mm* 
per degree centigrade (the whole 500 mm. scale corresponding to 4° C.). 
A paper scale marked in half degrees in bold figures was used, which 
could be seen across the laboratory and enabled all the four observers to 
see any variations which occurred in the top temperature. It was a 
disagreement between this indicator and the temperature given by 
the potentiometer which called attention to the serious error (which has 
been already described) introduced by the bolts in the thermo-junction 
leads. 

The tests were carried out in the following way. The jacketed tank 
containing the cold junction for the indicator was heated to the temperature 
at which the test waft to be run. The pump was started and the pressures 
approximately adjusted. The current was switehed on to the heating coils 
in the calorimeter, and adjusted so that the power was about that estimated 
to give the required rise of temperature when the rate of flow of CO^. was 
1 lb, per minute. The rate of flow Was then adjusted by closing the 
valve Va till the temperature reached the desired point, as ahown hy the 
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indioating galvanometer. After ruimipg for a short timOi to allow all the 
coaditions to get steady, the test was started. 

Baring the test, readings were taken every minute of the following 
quantitieB: inlet temperature (potentiometer), outlet temperature (potentio¬ 
meter), electrical power, outlet pressure. 

The two jacket temperatures were read two or three times during a test. 
The times were noted when the bell rang, indicating the completion of each 
2 lb. of COsj. The total quantity of COa passing through the calorimeter 
during a test was usually 20 lb. 

The tests at the lower temperature were run at rates of about 1 lb. per 
minute, but at the higher temperature this rate had to be reduced, to prevent 
surging, shown by periodic variations of pressure and temperature. A slight 
increase of rate of flow has two effects. (1) A lowering of the final tem¬ 
perature, owing to the increased quantity to be heated. (2) A raising of the 
pressure, which reduces the value of I per pound, and consequently produces 
a rUe of the final temperature. When the second effect is the larger the 
temperature rises, and the 00^ expands, thus further increasing the pressure, 
and the condition is unstable. Considerable skill was required in manipu¬ 
lating the valves, to avoid periodic fluctuations due to this instability. At 
high rates the period of the fluctuations was too fast to control, but at lower 
rates it could be controlled satisfactorily. 

Measurements were made at 900, 1000, 1100, 1200, 1300, 1500, and 
1800 lb. per square inch pressure between temfHjratures of about 12° C, 
and 100° C. The results, after reduction, are shown by the dots in fig, 7. 
Smooth curves have been drawn through the points, and curves interpolated 
for 1400, 1600, and 1700 lb. per square inch. The values of the total heat 
for every 6° 0. for each of the above pressures, taken from the curves, are 
given in the following Table. The observations at the higher temperatures 
are not quite as accurate as it was hoped to make them. The inaccuracy 
was due to the difficulty in keeping the top temperature steady. Repeated 
attempts were made to get steadier conditions by varying the rate of flow 
and by modifying the way in which the variations in the E.M.r. of the 
town supply were allowed for, but it was not found possible to get entirely 
satisfactmy results. 
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Fio. 7. 


Total Heat I of OOj (Calories per kg. or lb. 0.® per lb.). 


Tamp . ® C . 




PreiBttre lb . per iq . in . 




900 

1000 

1100 

1200 

1300 

1400 

1600 

1600 

1700 

1800 

0 . 

0-84 

0-88 

0 14 

0*00 







6 . 

8*21 

8*06 

2*90 

8-77 

2*04 

2*56 

2*47 

2*80 

2‘20 

2*19 

10 . 

«‘ J 0 

5*92 

6 70 

6*61 

5*84 

6*19 

6*02 

4-80 

4*76 

4-00 

IB . 

9‘6 

9*1 

8*8 

8*6 

8*8 

7*9 

7*7 

7*5 

7-8 

7*2 

5 S 0 . 

18*6 

12 *9 

12 *3 

11*8 

U *4 

11*0 

10 *7 

10 *4 

10*2 

10*0 

26 . 

60*8 

17 -O 

16-4 

16*6 

15*0 

14*4 

14 *0 

13*6 

18*4 

18 *1 

80 .. 

66 *4 

48 *9 

22 4 

80'2 

18*9 

18*8 

17 *6 

17 *1 

10-7 

16*2 

86 . 

68 -6 

54*4 

47*3 

29*7 

24*0 

22*9 

21*0 

20-8 

20*2 

10-7 

40 . 

611 

67-8 

68*2 

46*9 

86 *1 

29*2 

26 *8 

26*4 

24*2 

28 -S 

46 

68*1 

60'4 

87 *1 

68 *1 

47 -2 - 

89*2 

84*1 

81 *0 

28*9 

W4 

60 . 

— 

88 8 

60*2 

66-9 

52*9 

47*0 

42 *2 

88 8 

86 *2 

82*7 

66 . 

— 

04-7 

62*9 

60 •! 

56*8 

58 *1 

48*9 

46 *4 

42*8 

88-9 

00 . 


66’8 

65*2 ' 

88 « 

60*2 

57*1 

68*9 

60*8 

47*7 

44 e 

6 t 6 . 

— 

68'8 

67 *4 

66-6 

68 *1 

60*8 

67*6 

64 ^ 

62*0 

48-8 

70 . 

— 

70 -8 

69*6 

68-0 

66 *7 

08*8 

60*8 

68*2 

56 *7 

68-8 

76 .. 

'— 

78'7 

71-5 

. 70-8 

68*2 

66*1 

68*8 

61*6 

59*1 

66*9 

80 . 


74'6 

78 *6 

78 -8 

70*0 

08*7 

66*6 

64*4 

62*8 

80*1 

85 .. 

— 

76'6 

76 *0 

74-4 

72*8 

71*0 

69*8 

67*8 

66*8 

68-8 

90 . 


78 4 

77*5 

76-4 

74*9 

78*4 

71*8 

70*0 * 

68*2 

66-6 


— 

80-8 

79*4 

78-8 

77*0 

76 *0 

74*1 

72 *6 

710 

69*6 

100 . 


88-0 

81 *2 

80 - 8 . 

79*0 

77*7 

76 *4 

76*1 

78*7 

78*4 
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Comparing the results with the chart, published in the former paper 
{loc. cit.), it' will be found that the chart gives slightly too low reaolte, the 
largest error being in the left-hand top corner. The following examples 
will show the extent of the differences:— 


Vreituret. 100° C. 

1 

70° C. 1 40° C. 

[ 1 

pt^r cent. 

1800 . 7*0 

1100.1 4-6 

900.1 ~ 

_ 1 _ 

per cent. 
6*7 

8*4 

per cent. 
4*2 

4*1 

2*6 


The results show that both the pressure lines and temperature .lines 
require to be slightly shifted in the chart. 

The results of the present investigation, combined with those in the 
author’s last report,* are theoretically sufficient for the evaluation of the 
specific heat at constant volume, C^, which has hitherto been assumed to be 
constant, as stated at the beginning of this paper. It is not easy to deduce 
from the data very accurate values for 0*, bnt the oaleulations appear to 
show that they are far from constant. This point is being further investi¬ 
gated, as it appears to be of considerable theoretical interest. 

♦ ‘ Boy. 8oc. Proe.,’ A, vol. 98 (19S0). 


The Energy Involved in the Electric Change in Muscle and Nerve. 

By A. V. Hill* F.E.S. 
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, A Quantum Theory of Colour Vision. 
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The Time Interval between Absorption and Emission of Light 

in Fluorescence. 

By E. W. Wood, For. Mem. R.S., Johns Hopkins University, Baltimore. 

(Received Juno 12, 1921.) 

* 

[PliAT* 6.] 

The more reoent theories of the absorption and emission of light, as in 
cases of resonance radiation and fluoresoenoe, make the two processes quite 
distinct. According to Bohr the absorption of radiation of frequency 
corresponding to Djj by non-luminous sodium vapour, is associated with the 
passage of an electron from an inner to an outer stable orbit; resonance 
radiation resulting when the electron returns to the original orbit. The time 
interval between these two processes is probably too short to be detected 
experimentally, for the faintness of the light makes it appear doubtful 
whether methods, similar to the one devised by Abraham and Lemoine, can 
be used in these cases. In the case of the fluorescence, or rather phosphor¬ 
escence, of mercury vapour, I have succeeded in measuring the time interval, 
the vapour remaining non-luminous during the process of the absorption of 
light, and bursting into luminosity about l/15000th of a second later. This, 
I believe, is the first case ever observed of a photo-luminescent body 
remaining dark during the period of excitation. 

In the study of processes of this nature two methods are available: we 
may give the substance a very high velocity of translation or rotation and 
cause it to pass through a very narrow and intense beam of light, or we may 
keep the substance stationary, illuminating it with flashes of very brief 
duration and examining it during the moment of excitation, or at definite 
moments later, through a perforated disc rotating at high speed (phosphoro- 
acope). Both methods have been employed in the present work, the former 
being preferable in some respects. 

The fluorescence of mercury vapour is bluish green in colour and results 
from the absorption of ultra-violet light in the region of very short wave¬ 
lengths (1860-‘2100). It would seem probable, in view of Steubing's results 
on the ionization of the fluorescing vapour, that the absorption of light causes 
the expulsion of an electron, the fluorescence resulting from its return to the 
atom. The phenomenon, however, is probably not as simple as this, for 
monatomic mercury vapour in equilibrium with the metal, or when no fluid 
metal is present, does not exhibit fluorescence at any density or temperature, 
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The fluorescence appears only in the case of vapour fresMy liberated from the 
fluid metat^ probably diatomic mercury. This is indicated by the circumstance 
that when an exhausted quarts bulb containing a drop of mercury is very 
gradually heated in an electric oven, fluoresoeuoe is barely visible at 170° and 
rises to great intensity at 180° (certainly a ten-fold increase in intensity). 
The vapour density, with this rise of temperature, increases from 8 mm. to 
11 mm. If, now, the oven is allowed to cool, fluorescence disappears as soon 
as the temperature has fallen two degrees, as soon as condensation begins. 

The fact has been still more clearly shown in some recent work done in 
collaboration with Mr. J. S. van der Lingen, in which the mercury is 
contained in a double bulb connected by a short tube. One bulb is at 200°, 
the other at 205° the mercury gathering in the cooler bulb. Both are 
illuminated by a spark and no fluorescence is observed. If the hot bulb is 
now suddenly cooled by an air blast, the other bulb immediately shows 
brilliant fluorescence, for the mercury in it immediately begins to vapourize. 
The absorption, however, appears to be a characteristic of the atom, at least 
I have never been able to detect any difference between the absorption of 
freshly forming vapour, and that of vapour in a static condition. 

The time interval which elapses between the absorption and emission of the 
light can be easily observed in the following way : a tube of fused quartz of 
the form shown in Plate 6, fig. 1 (with a total length of 15 cm. and a bore of 
4 mm.) containing about 1 c.c. of mercury, is exhausted and sealed. The tube 
should be heated during the exhaustion and the metal boiled. It is mounted 
in a olamp-stand and the mercury bulb heated by a Bunsen flame about 
1 cm. in height. An aluminium spark (condensed discharge) is arranged as 
shown in the figure, the light passing through a hole 2 mm. in diameter in 
a thin metal plate mounted close to the tube. The cylindrical beam of light 
should pass through the centre of the tube, which can be accomplished by 
observing the circular illuminated patches where it passes through the walls. 
On lighting the burner, as soon as active distillation of the mercury 
commences, we observe a faint greenish light filling the entire tube. This is 
the phenomenon observed by Phillips* with a tube of similar form, excited, 
however, by the 2536 line of the mercury arc. 

As the temperature of the “ condenser ” end of the tube rises, the velocity 
of the vapour becomes less, the luminosity draws down towards the illumi¬ 
nated region, and presently appears in the form of a beautiful green flame, 
concave on the under side as shown in Plate 6, fig. 1. The flame form is due 
obviously to the high velocity of the vapour along the axis of the tube, and 
the low velocity close to the wall. Absolutely no sign of luminosity is seen 
* Fhillipi, *Roy. Soc. Pror.,* A, vol, 89, p, 39. 
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in the region traversed by the exciting lieaui, except a trace on the inner wall 
of the tube where the velocity of the vapour ie very low. At the centre of 
the tube the dark region extends 2 or 3 mm. above the beam. The form of 
the flame gives us a means of measuring the variation in the velocity of the 
vapour across a diameter of the tube. The " flame ” appears at its best only 
when the Bunsen burner is at exactly the right height; if it is supplying 
heat too fast the fluorescence draws down into a flatter patch and may even 
enter the illuminated region. This results from too great back^pressnre, 
which diminishes the velocity of the vapour. 

A photograph of the fluorescent “ flame ” is reproduced on Plate 5, 
fig. 4. This was taken with a glass lens, which excludes the powerful ultra¬ 
violet radiation (2536), which is also radiated by the " flame.” The patch 
of light at the left is caused by the reflection and scattering of the exciting 
beam by the wall of the quartz tube, the fainter patch to the right marking 
the exit of the beam. Special precautions are necessary in the study of the 
phenomenon, with respect to this ultra-violet, monochromatic radiation. 
The “flame” must be photographed with a quartz lens and an objective 
prism of quartz, and the luminous patches of spark light scattered by the 
tube carefully screened off. Unless an achromatic quartz fluorite objective 
is used, the photographic plate must be inclined if the images corresponding 
to different wave-lengths are all to be in focus. This broadens the images 
of course. A photograph obtained in this way is reproduced in Plate 5, 
fig. 6. The “flame” evidently has the same general form in the mono¬ 
chromatic 2636 radiation, as in visible light. The relatively great intensity 
of this radiation is clearly brought out in the photograph. 

If the spark is placed close to the bulb and the screen removed, the 
entire bulb appears filled with green fluorescent light, but if the eye is 
brought to the level of the mercury surface, a dark zone is seen between 
the free surface of the mercury and the luminous vaponr, which reminds 
one strongly of the Crookes dark space in vacuum tubes. The width of this 
dark zone is about 1 mm. This is what we should expect, for the velocity 
with which the vapour leaves the mercury surface is only about one-third 
of the maximum velocity in the tube, on account of the larger cross-section 
of the vapour column in the bulb. If we had any means of measuring 
the velocity of the mercury vapour, we could at once determine the time 
intervals involved, but this is not easy. A rough approximation was made 
by calculating the volume of metalUo mercury which distilled over in a 
given time (about 0 75 c.o. in six minutes) and determining the density by 
photographing the 2536 absorption line, comparing the width of the line 
with the widths shown in photographs made with a sealed tube at various 
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constant temperatures. This was necessary as we cannot assume that the 
density of the vapour corresponds to the temperature at which the hot end 
of the distillation tube is held, for it depends upon t!ie rate at which heat 
is actually supplied to the fluid mercury in the bulb. Estimates made in 
this way indicated that the average velocity was of the order of 10 metres 
per second. The velocity along the axis of the tube might easily be 
double this. 

Owing to the uncertainty of these calculations, it seemed desirable to 
measure the time intervals dii’ectly, and a special type of high-speed 
phosphoroBCope was designed for the further study of the phenomenon. 

Some experiments were also made with an exhausted spherical bulb of 
quartz, 4 cm. in diameter, containing a few drops of mercury, and rotated 
at very high velocity. The whirling bulb was heated by a small blast lamp, 
and the spark focussed on the wall by a quartz lens. The fluorescent spot 
was not, however, displaced by the rotation, so far as could be seen. The 
reason for this will appear later, as it has been found that with great vapour 
density in bulbs the time interval between absorptuju and emission is much 
briefer than in the case of the inverted U-tube with distillation going on. 

The resonance radiation excited by the monochromatic radiation of wave¬ 
length 2536 was next investigated. This is shown by the vapour of mercuiy 
at room-temperature, and probably does not dei>end upon distillation. This 
point has not, however, been proven as yet, for evaporation and condensation 
are considered as going on all tlie time at the surface of a liquid in contact 
with its saturated vapour. Eesonance radiation should be looked for in a 
bulb containing no liquid mercury. 

The first experiments were made with the inverted U-tube, the bulb being 
heated by a small vessel of hot water. No trace of any displacement of the 
radiating mass of vapour could be detected. A vertical tube, 2 cm. in 
diameter, and 10 cm. long, with flat ends (very highly exhausted) was then 
used, the upper end being provided with a cup of paper packed with cotton 
soaked with liquid air. The mercury at the bottom was at room-temperature. 
The cone of exciting radiation was obtained with a quartz monochromator 
and water-cooled mercury arc. The cone of resonance radiation was found 
in coincidence with the exciting cone, showing that the time interval 
between absorption and emission in this case was too small to be detected 
by this method. 

We will now take up the experiments with the phosphorosooi>e, which 
yielded much more definite results. 
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The Synchrono-PhospfioTosccpe, 

In order to determine witli greater precision the interval of time elapBing 
between the absorption of the light and the emission, a spark phoaphorosoope 
of special design was constructed. With this instrument I have been able to 
detect phosphorescence of a duration of less than 1/400,000 second, which is 
about ten times as brief as any observed phosphorescence of which I can find 
record. 

A thin disc of Bakelite (similar to hard rubV>ev), 45 cm, in diameter, was 
mounted on the shaft of a synchronous motor, operated by the same 
60 cycle alternating current which fed the primary of a small 80,000 volt 
transformer. A small strip of thin sheet brass, 3 cm. long, bent out into 
two points, was screwed to the disc (parallel to a radius) near the rim. 
Two pointed brass wires, wound in short spirals and mounted on a block of 
hard rubber, were brought up close to the points on the disc, and the circuit 
arranged as shown in Plate 5, fig. 2. K is a capacity of two small Leyden 
jars, A the illuminating spark. A few trials are necessary to find the proper 
place at which to mount the pointed rods, in order to complete the circuit at 
the moment when the potential of the transformer is near a maximum. By 
carefully adjusting the distance between the fixed and rotating points, it is 
possible to fix the timing of the sparks so accurately that no motion of the 
little brass strip (illuminated by the light of the sparks which pass between 
its points and the wires) can be detected. The speed of the disc was 
1800 revolutions per minute, yet it appeared absolutely stationary in a dork 
room. If the adjustment of the gaps is not right, the brass strip appears to 
dance up and down, in an irregular manner, with em amplitude of perhaps a 
millimetre, and the satisfactory operation of the instrument, at least for the 
study of the briefest time intervals, depends upon the complete elimination 
of this irregularity. The elasticity of the spirals obviates the danger of 
breaking the points by actual contact, which occurs in making the adjust¬ 
ment A radial slit, 1 mm. in width, was cut in the disc near the rim, and a 
small quartz bulb containing a droplet of mercury, or the U-tube previously 
described, was mounted behind the disc and viewed through the slit, os the 
disc revolved. The illuminating spark (between aluminium rods) was 
mounted close to the quartz bulb. 

It was found that, if the eye was brought up close to the disc at such a 
point that the sparks flashed at the moment when the moving slit crossed the 
pupil of the eye, the outline of the bulb or tube, illuminated by the spark 
light, could be seen, but no trace of the green phosphorescence of the vapour 
could be detected. This came into view when the eye was moved a trifle in 
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the direction in which the slit was moving, the bulb disappearing, of course. 
It was found that the distance between these two positions was so small that 
the diameter of the pupil of the eye gave trouble, and a second slit was 
mounted close to the disc, and arranged so that it could be moved to the 
right or left by small increments. When everything was in the best 
adjustment, it was found that a movement of the second slit through a 
distance of about 2 mm. brought the phosphorescence into view, in the case of 
the inverted U-tube, while, with the bulb, the distance was so small that 
some uncertainty was felt as to whether the effect was really present. The 
reason for this will appear presently. This means that the time interval 
between the flash of the spark and the emission of the fluorescent light is of 
the order of 1 /20,000 second. 

The operation of the phosphoroscope in this form was not quite satis¬ 
factory, owing to the fact that very narrow slits had to be used for the 
measurement of the shortest time intervals, a disadvantageous circumstance 
in consideration of the comparative faintness of the light sources employed. 
A great improvement in the performance of the instrument was obtained by 
cementing a small lens (1 cm. in diameter and 3 cm. focus) in a hole in the 
disc near the rim. This lens formed a real image of the source of light, 
which was viewed with a short focus lens or eyepiece, the image, of course, 
moving with the velocity of the lens. The lens is inserted in such a position 
on the disc as to ensure its moving in a nearly horizontal direction at the 
moment the spark occurs, i.c., the lens should be at the top of the disc when 
in the sparking position. It was thought that this device would show the 
motion of the fluorescent vapour by giving an oblique image of a vertical 
slit, becked by the fluorescent “ flame.” Owing to the inconvenience of 
operating the mercury tube close to the disc, it was placed at a distance of 
about a metre, and an image of it projected at a point about 10 cm, in front 
of the small lens, with the disc set in the sparking position. This arrange¬ 
ment gave most satisfactory results. The vertical image of the slit was 
plainly visible by the spark light scattered by the walls of the quartz tube, 
while the green oblique image appeared completely detached from it, and 
inclined at an angle depending upon the velocity of the vapour, as shown on 
Plate 6, fig. 6: We have here complete data for determining the period of 
darkness which precedes fluorescence, by two different methods:— 

Firtt: We measure the distance between the base of the vertical image 
of the slit and lower end of the oblique band. This was found to be 
25 mm., and, since the image moves 1 mm. in 1/39,000 second, the time 
interval between the excitation and the emission of the first fluorescent 
light is 1/16,600 second. 
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Second: By measuring the obliquity of the displaced image we can calculate 
the velocity of the vapour. The flash of light from the spark passing through 
a small hole gives an instantaneous excitation to a small metss of mercury 
vapour which is moving upward with a high velocity. By the time it bursts 
into luminosity it has already moved up a short distance^ and as it continues 
to ascend, the moving lens carries its image to the right. The tangent of the 
angle which the oblique image thus formed makes with a horhsontal line is 
the ratio of the velocity of the vapour to that of the lens, and this angle was 
found to be about 23°. This gave Vl metres per second as the velocity of the 
vapour. Observations of the fluorescent flame showed that the luminosity 
commenced about 1*5 ram. above the excited region. This gives us for the 
time interval 1/11,400 second, a value somewhat smaller than the one 
obtained by the first method. The former is probably more nearly exact, 
A small bulb was now substituted for the inverted U-tube, heated by a 
column of hot air rising from an asbestos chimney. The spark was placed 
close to the bulb, and the fluorescence occurs chiefly on the inner surface on 
the side facing the spark (superficial fluoi’cscence) owing to the density of the 
vapour. 

The whole slit was simultaneously illuminated by the fluorescent light 
under these conditions, and it was expected that the image seen with the 
moving lens would appear as in Plate 5, fig. 6. It was found, however, that 
the band of green fluorescent light was joined to the im^e of the slit formed 
by the light (white) of the spark scattered by the walls of the bulb. This 
explained at once the difficulty found in getting results by the first method, 
in which the bulb was viewed through a narrow slit in the disc. The greater 
density of the vapour in this case evidently reduces the time interval between 
absorption and emission to something less than 1/40,000 of a second, as this 
would give a displacement of a millimetre, which could be observed without 
difficulty, A vertical tube of quartz about 2 cm. in diameter and 10 cm. long, 
was now substituted for the bulb, and tlie pool of mercury at the bottom 
heated by a small flame. The spark was placed close to the front wall of the 
tube. The phosphoroscope now showed a beautifully displaced band, os shown 
on Plate 5, fig. 7. The time interval in this case was about the same as in 
the other ex])eriment, 1/15,000 second* 

Experiments with Phosphorescent Solids. 

The phosphorescence of solids can obviously be investigated by the 
same method, but a simpler arrangement was found preferable, namely, 
to make the solid itself the moving source. Uranium glass was examined 
first. A thread of the glass measuring about 0*1 mm, in diameter was 
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drawn out and a small fragment cemented to the edge of the disc, about 5 mm. 
projecting beyond the rim. The spark was placed as close as possible to the 
glass thread, behind a screen of black paper, which kept the direct light out 
of the eye. On setting the disc in rotation, and examining the thread of 
uranium glass with a short focus lens, it was found tliat the broad green 
phosphorescent band joined the white image of the thread (formed by refracted 
and refiected light). I feel sure that a dark band between the two 0*1 mm. 
wide could have been detected if it existed. This proves that the time 
^interval in this case must be less than 1/400,000 second. 

Barium platino-<;yanide was next investigated; a long crystal, 0*5 mm. 
wide, showed no trace of phosphorescence, the crystal appearing quite sharp 
in its brilliant green fluorescent light; a needle-shaped crystal, 6 mm. long 
and O'l mm. in diameter, was then cemented to a small strip of thin lantern 
slide glass, with collodion, and the glass plate attached to the rim of the 
disc with sealing wax, as shown in Plate 5, fig. 3. This gave the very sur¬ 
prising result that the total duration of the phosphorescence was only about 
1 /400,000 second. The crystal apjmred accomjmnied by a phosphorescent 
band of a width almost exactly equal to that of the orysUl (01 mm.). 
This cam#pr6tty close to being fluorescence. 

A number of other substances were examined, and the results are given in 
the following Table :— 


Subtttanca. j Width of phosphorescent band. 

Uranium glaes. j One-quarter of revolution of diac. 

Willemite.[ Three-quarters of rerolntion of disc. 

Balmain paint.j Blue-green phosphorescence lasting 1/40,000 second. Violet 

i phosphoresoence of long duration,too faint to appear. 

Anthracene .j Small crystals cemented to glass, i mm. (1/160,000 second). 

Barium platino-cyauide.| 0‘1 mm. (1/400,000 second). 


Fluorescent Solutions, 

In the case of liquids which are available in sufficient bulk, another 
method is preferable, for we can give a liquid jet a much higher velocity 
than anything that can be obtained with a phosphorosoope. I made a few 
experiments with solutions of fluoresoene, using jets of comparatively low 
velocity (having no facilities for high pressure), and focussing sunlight on 
them. No displacement of the fluorescent spot could be detected. 

Some experiments were then made at the University of Wisconsin, in 
collaboration with Prof. C. E. Mendenhall, during my visit to Madison in 
December, We used a high pressure, six-cylinder pump, and obtained a jet 
velocity of about 200 metres per second, with a fine glass nozzle about 
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0*2 ]Qaln« in difttueter. Moi% recently, Prof. Mendenhall haa increaiiM!^ the 
velodty to 280 metres per second, and, by blackening one side of the jet 
tube> leaving a small clear space for the entrance of the sunlight, has 
assured himself that there is no displacement as great as 01 mm. (observing 
the fluorescent patch with a short-focus lens). This means that the duration 
of the fluorescence is less than 1/2,300,000 second. 

In the case of the fluorescence of solutions, however, we must bear in 
mind that the emission of light is accK)mpanied by, if not the direct result of, 
the destruction of the fluorescent body. This has been known for some time 
in the case of certain substances (anthracene, for example), and its general 
application has recently been pointed out by Perrin, who showed that thin 
films of fluorescent solutions were bleached by the action of light, and lost 
their power of exhibiting fluorescence. 

I have examined this question on a somewhat larger scale, ooncentrating 
sunlight with a large lens, and have found that fluorescene, eosine, 
rhodamine and other similar bodies are transformed into non-fluorescent 
coloured solutions, with absorption bands of different form from the original 
bands, and located in different regions of the spectrum, If substances of 
similar optical properties can be prepared by chemical or electrical means 
(oxidation or reduction, for example) from the original substances, we shall 
be able to tell, with tolerable certainty, just what change results from the 
action of the light. It seems a remarkable hypothesis, at all events, that 
the emission of light in these cases results from a molecular explosion 
produced by the radiation, rather than from the return of an expelled 
electron. If this is the case, the brevity of the phenomenon is accounted for. 

There seems to be one rather curious circumstance, to which attention has 
never been drawn so far as I am aware, namely, that all fluorescent solutions 
are solutions of organic compounds. The only exception to this rule that I 
know of is in the case of very concentrated solutions of some of the uranyl 
salts, which show a very feeble gi^enish fluorescence when illuminated in a 
dark room with a powerful beam of concentrated sunlight passed first through 
dense cobalt glass. 

The feebleness of the fluorescent light, and the great concentration of the 
solution, suggests that only a very small percentage of the molecules are 
engaged in the process, and the idea occurs to one as to whether the 
phenomenon may not perhaps be associated with the natural breakdown of 
uranium. These matters will be more fully diabus^d in another paper. 
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Application of t)ve Method of Ahrakam and Lmnoine to the Study of 

Photphoreaeerue, 

This method (see my ‘ Physical Optics,’ p. 549) enables us to deal with 
time intervals of the order of 1 /400,000,000 second. It depends npon the 
double refraction of bisulphide of carbon or nitro>bensol in an electrostatic 
field. Two plates are immersed in the liquid, and these form the plates of a 
condenser, which discharges at a spark gap placed behind a niool prism and 
viewed through a second nicol, placed at extinction, through the space 
between the plates of the fluid condenser. 

If the spark is close to the condenser, the light reaches it before the double 
refraction has disappeared, and is therefore passed by the second niool. If, 
however, the light is made to traverse a path of about 2 metres, by reflecting 
it from a mirror, the double refraction has disappeared during the time taken 
by the light to traverse this distance, and the image is no longer visible. 

With bisulphide of carbon the restored light is so feeble that it was obvious 
that the light of a crystal of barium platino-cyanide, placed close to the spark, 
would not be seen. 

With nitrobenzol, in which the Kerr effect is sixty times as powerful, 
however, there seemed to be some hope of getting results. It was found that 
even freshly distilled pure nitrobenzol conducted too well to form a condenser. 
Phosphorus pentoxide changed it to a deep red liquid in a few hours, and lime 
did not prove effective in removing the traces of water which were assumed 
to give the trouble. Dehydrated copper sulphate, poured while still red-hot 
into the liquid, and shaken up with it at intervals for a few days, brought it 
into excellent condition. With this I had no difficulty in seeing the greenish 
image of a crystal of barium platino-cyanide placed very close to the spark. 
If it had remained dark for a period of say 1/10,000,000 of a second, its light 
would not have been passed by the second nicol. 

There is room for further work along these lines. So far as 1 am able to 
say now, it appears that the duration of the double refraction with nitro¬ 
benzol is considerably greater than in the case of carbon bisulphide, for 1 
could not get the spark to disappear even with a path of 16. metres. 

I have been ai^ed in this investigation by a grant from the Bumford Fund 
of the American Academy of Arts and Sciences. 
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A Study of the Glotv of Phosphorus.—Periodic Luminosity and 
Action of Inhibiting Substances. 

By Lord Rayleigh, F.E.S. 

(Received Juue 17, 1921.) 

§ 1. Introduction. 

Many ex|>erinienters who have used cold phosphorus for the absorption of 
oxygen from air must have noticed the appearance of flickering clouds of 
luminosity when the action is nearly complete. These occur in the gas space 
and obviously represent a delayed action between the slight oxygen residue 
and the vapour of phosphorus.* This action has been discussed by Joubert,t 
who recognised it as due to the propagation of combustion in an explosive 
mixture. He obtained it in a more striking form by the slow leakage of air 
into an exhausted vessel containing phosphorus: his conclusion was that 
below a certain pressure, too small to measure, phosphorus vapour would not 
combine with oxygen. As the mixture of phosphorus vapour and oxygen 
became richer in oxygen by the inflow of the latter, the point was reached 
when combustion became possible and an explosion was propagated. 

From the point of view of kinetic theory it seemed very strange that 
phosphorus vapour should behave thus. Joubert'a view of the facts would 
seem to imply that the reaction of a molecule of phosphorus with oxygen 
was not dependant solely on the character and energy of molecular colliaions, 
but also on the absolute value of the interval of time between them. The^ 
theoretical diflioulties, and also the fascination of the experiments themselves, 
led me to attempt a further investigation. 

§ 2. Tramlliny Pulms of Luminosity. Need ftyr the Presence of Water. 

The earlier attempts were directed to getting the effect in as striking a 
form as possible. The first experiment which gave results worthy of record 
was as follows: A horizontal glass tube 48 cm, long and 2 cm, diameter 
(tig. 1) was closed at the ends. Along the top side, at intervals of about 
4 cm, a number of lateral openings were provided, to each of which was 
attached a long vertical capillary tilbe about 1 mm. in diameter, and 1 metre 
long. These tubes were open at the far end to the air of the room. Along 

* In this paper I do uot enter upon the question of whether the glow is due directly 
to oxidation of pbosphoruB, or of phosphorus trioxide. When, for brevity, the oxidation 
of phosphorus is referred to, this reservation should be understood. 

t ‘ feole Norm. Annales,’ vol. 3, 1874, p. ^09. 
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the bottom of the main horizontal tube was a layer of phosphorus. This had 
been melted into position under a layer of water. After cooling the water 



was poured off as far as possible. The lateral tubes were then attached as 
described. The phosphonis at first presented a unifornr luminous surface 
where it glowed in contact with the contained air, but after a time when the 
oxygen began to approach exhaustion, a flickering appearance set in. This 
dev>d<^)ed, as the action proceeded, into a very definite and distinctive form. 
At the side entrances air was diffusing into the nitrogen atmosphere, which 
contained pboephorus vapour. Luminous pulses were observed to spring into 
existenoe at these side entrances, to divide, and to travel in opposite directions 
along the tube. The pulses were of the same diameter as the tube (2 cm.) 
and in thioknesa less than 1 cm. Their rate of travel was estimated at between 
1 and 2 cm. per second. When two pulses originating at different places 
met one another, both were destroyed. It is easy to see why tiiis should be 
the case. Suppose for distinctness of statement that the phos{diorus vapour 
is in excess. Tlten each pulse as it passes leaves the space behind it exhausted 
of oxygen—its passage may be compared to the passage of an army living on 
the country, or a flight of locusts—no supplies are left in the rear. Another 
pulse meeting the first finds no oxygen to support its further advance or 
existenoe. 

The arrangement of side entrances described was designed to provide, as far 
as possible, for a uniform admixtuie of phosphorus vapour and oxygen along 
the tube. On oooasion a single pulse has been observed to traverse nearly 
the entire length. As a rule the pulses originated chiefly at two or three 
particular side junctions, perhaps owing to a favourable condition of the 
phosphorus surface for evaporation near these entrances; but the action was 
somewhat variable from day to day. A rise of the barometric pressure 
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would oaaae oxygen to enter more rapidly than by diffusion, and a change 

0 / temperature aJeo had some edect. 

This apparatus continued to work well for a week or more, and was 
expected to do so almost indefinitely. But after a time it was noticed that 
the pulses were fewer and less brilliant, and that there were patches of 
stationary luminosity in the tube. After various possible explanations of 
the change had been examined, it was found to be due to the gradual drying 
of the phosphorus under the desiccating influence of the phosphorus pentoxide 
produced. On adding a few drops of water, the original condition was recovered. 

For further examination of the effect of moisture, a tube was prepared, as 
in fig. 2, with a single side entrance, and a layer of phosphorus on the 
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bottom. It was dried out by exhaustion on a mercury pump, with which a 
phosphorus pentoxide drying tube was connected. It was then filled up 
with commercial nitrogen (to save time), and the capillary entrance tube 
attached. Tliere was now no trace whatever of the luminous travelling 
pulses. The glow, when air was entering, was perfectly steady, and took the 
form shown in fig, 2, a, c, which represent successive appearances as the 
air influx was gradually diminished. Any one of these st&gm could be 
maintained indefinitely. 
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On adding a few drops of water, a constant succession of travelling pulses 
was substituted for the steady luminosity (fig. 2, d). In this case a pulse, 
starting from where the oxygen was most oonoentrated, divided, and 
travelled in each direction into a region where the oxygen became pro¬ 
gressively scarcer. Thus the pulse gradually lost in intensity, and became 
extinguished after travelling a distance of perhaps 6 cm. 

It is quite clear, then, that in these experiments the presence of water 
vapour is an essential condition for the periodic luminosity. 

The quantity of water vapour necessary was next studied. In this case a 
tall narrow exhausted bottle was used, near the bottom of which was hung 
up a small piece of phosphorus—a slice out from one of the ordinary 
commercial sticks. Air could be slowly admitted through a capillary tube, 
so as to raise the pressure a few milUmetres per hour (hg. 3). 



When the bottle contained a little water, intermittent luminous pulses 
travelled down it. Substituting strong sulphuric acid, the light at the top of 
the bottle, where air was diffusing into the phosphorus vapour, became quite 
steady. With acid of density 1'52 (vapour pressure 3 mm.), the flickering 
was much leas conspicuous than with water only. KnAlly, acid of density 



sra 


Lord Eayleigh. 

1'66 (vapour pressure 0*8 mui.) was about the densest that would leave any 
perceptible unsteadiness in the light 

The saturation pressure of phosphorus vapour at oidinary temperatures is 
0*026 mm. To get the intermittent luminosity will require a pressure of 
water vapour about 100 times as great. 

It will be seen, then, that the quantity of water vapour required is of 
quite a different order of magnitude from that concerned in Baker^s 
experiments.* He found that prolonged drying over phosphorus pentoxide 
would stop the action of oxygen on phosphorus altogether. 

§ 3. Ejc^erimenU inth Camphor, 

The formation of luminous pulses evidently requires, as Joubert recognised, 
that combination between oxygen and phosphorus vapour should not occur 
until a certain concentration of oxygen is reached. At this point in the 
investigation it appeared clear that this restraining action was due to a 
peculiar action of water vapour. One could not fail to be reminded of the 
well known action of ethylene, oil of turpentine, and numerous other 
substances, organic and inorganic, which are known to inhibit the oxidation 
and glow of phosphorus. Their action, it is true, is far more powerful than 
the action of water, but it seemed likely that the difference was only one of 
degree: if so, a judicious use of these substances would make it possible to 
get the travelling pulses in a much more striking form. This expectation 
was eventually confirmed. The earlier experiments made with ethylene and 
turpentine were not successful: I pass, therefore, to those made with the 
vapour of camphor:— 

(1) A tubular bottle of 260 c.o. capacity, about 16 cm. long and 4*5 cm. 
diameter, was used. At the bottom were placed a few pieces of phosphorus 
and a few pieces of camphor, about the size of peas. 

No precaution was token to keep the camphor and phosphorus separate, 
nor did this seem neoeseary.f The bottle was exhausted, and air allowed to 
leak in slowly tlirough a capillary tube. The general arrangement was 
similar to that of fig. 3, though in the present case the phosphorus was not 
suspended. The air pressure rose at a rate of about 0*28 mm. per minute. 

Five minutes after the evacuation, a brilliant pulse or flash of greenish 
yellow light was seen to pass down the bottle. Another similar flash passed 
after IJ minutes, and after that succeeded a series of flashes. The interval 
between them soon settled down to a pretty r^ular value of about 1 minute. 

If the experiment is allowed to continue with the same rate of admission 

♦ * Phil. TrauB,,’ 1888, p. 684. ^ 

t Though an apparent charring of the camphor was noticed after some weeks. 
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of air» nitrogen accumulates in the vessel and makes diffusion leas easy. At 
a pressure of a few centimetres it is found that the luminosity which passes 
down lingers on the surface of the phosphorus for a second or two, and then 
for longer. Finally the phosphorus remains continuously aglow, and the 
pulses cease. 

It is possible, however, to work in an atmosphere of nitrogen at atmo¬ 
spheric pressure. In this case the admission of oxygen must be slower 
to allow for the much longer time needed for the diffusion of phosphorus 
vapour away from the phosphorus surface. 

The same bottle, with the phosphorus and camphor undisturbed, was filled 
to atmospheric pressure with nitrogen, and a capillary tube, 45 cm. long and 
1 mm. diameter, attached to the neck, so as to allow of slow diffusion of 
atmospheric air into the bottle. This showed most striking effects. Thin and 
very bright pulses would start up and travel slowly along the length of the 
bottle. Sometimes they started in the middle, dividing into two, one of 
which travelled up and the other down. At other times a pulse would start 
from the top or from the bottom, and traverse the entire distance in one 
direction. These pulses were from 1 to 2 mm. thick (diameter 45 mm.) and 
travelled about 2 cm. per second. They contrast with the pulses observed in 
a ratified atmosphere (1 cm. pressure), which were 10 to 20 mm. thick, and 
travelled at a speed roughly estimated at 1 metre per second. The latter 
were much brighter, as is to be expected from the much shorter time they 
take to traverse the vessel, for the amount of phosphorus burnt in each case 
is not very different. 

The thinness of the pulses at atmospheric pressure is due, no doubt, to the 
diminished facility of diffusion. Sometimes they were very flat, and accurately 
perpendicular to the axis of the cylinder in which they moved. At other 
times they had irregular curvature and wei'e oblique to the direction of 
propagation. These differences are doubtless to be attributed to irregularities 
of temperature in the vessel. 

In the apparatus os described, the average interval between pulses was 
about 8 minutes, though its action was liable to temporary disturbance by 
changes in the barometric height. It has remained in good order for several 
weeks at the time of writing, and there is no apparent reason why it should 
not remain so for much longer. 

Some other substances give very similar results to camphor. They were 
tried in the exhausted bottle only. A piece of filter-paper, moistened with the 
liquid, was placed at the bottom, and a piece of phosphorus hung just above 
{as in fig. 3). The substances found to behave thus were nitrobenzene, butyl 
alcohol, amyl nitrite^ and oil of bitter almonds—one drop only of the latter 
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on filter paper. No doubt the list might be much extended. Ammonia may 
be added to it (see § 6). 


§ 4, ExperimenU with Pear OiL 

A piece of filter paper was moistened with pear oil (consisting chiefly 
of amyl acetate), and placed at the bottom of a narrow bottle (height 
18 cm., diameter 6 cm.), with a slice of phosphorus luing just above it. 
The bottle was exhausted, and air allowed slowly to leak in through a 
capillary tube. At first the phenomena were similar to those observed 
with camplior, but at a pressure of about 5 cm. a change occurred, the 
luminous pulse starting not from the top, where air was entering, but from 
the phosphorus surface. At the same time luminosity would cling to the 
phosphorus surface a second or two, after which it was extinguished. This 
tendency of tlui pulse to start from the phosphorus surface was repeatedly 
noticed in various experiments with pear oil under different conditions, 
Amy] alcohol gives the same effect. It is possible that camphor, or some 
of the other substances, which have been classified with it, might do the 
same if the right conditions were found. But they certainly do it less 
readily, if at all 

§ 5. Oil of TurpmUiie. 

If a full quantity of tliis oil is placed in the bottle, luminosity is entirely 
stopped at all pressures up to the atmospheric. It was thought at first 
that a reduced (quantity would probably give the brilliant luminous pulses 
observed with camphor, but this did not prove to be the case. When only 
one drop was placed on filter paper, and introduced into the bottle, there 
was still enough vapour to inhibit the oxidation of phosphorus at low 
pressures. 

The one drop may still have been enough to give satumted vapour. In 
order to reduce the effect, turpentine was dissolved in 100 times its volume 
of olive oil, or (iu another experiment) in the same volume of medicinal 
paraffin. It was then found possible, with a very slow feed of air, to get 
periodic luminous waves, but they were of a different character from the 
comparatively thin and very bright pulses obtained with, e.//,, camphor. 
The head of the luminous wave was equally definite, but it left the whole 
track luminous behind it for a perceptible interval, after it had reached the 
bottom. All then became dark again. 

These experiments seem to show that turpentine is not radically different 
in its inhibiting action from substances like camphor. The difference that 
there is cannot, however, be explained as merely due to a stronger action ; 
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for no 'concentration of turpentine, great or small, will give the effects as 
well as camphor. 

The following oils, which were casually tried, seemed to behave like 
turpentine: aniseed, lavender, peppermint, eucalyptus, cinnainon. 

§6. Experiments with Ammonia, 

Ammonia gives effects like camphor. Its solubility in water, and the 
convenient control obtained by diluting the solution, makes it suitable 
for tests of how the period is controlled by the strength of the inhibiting 
substance, when air is admitted at a definite rate. The vessel used was a 
cylindrical bottle, 1.8 cm. long, and 6 cm. diameter. A capillary tube 
admitted air so as to raise the pressure 7 mm. of mercury per hour. The 
same capillary remained in used throughout the experiments with ammonia. 
A slice of phosj>horus was hung up about 1 cm. above the layer of liquid 
at the bottom of the bottle (tig. 3). 

Observations were made on the time required after evacuation for the 
pulses to begin, and also on the period. The latter was rather irregular 
at first, and somewhat longer than the steady value given, which was 
attained after the first few. flashes had passed. Some residual irregularity 
remained, however, even when this comparatively steady state liad been 
reached. 


Ammonia 

deneity. 

Time before first 
fiavli. 

Penod. 1 

1 

1 


iniuutefl. 

minutes. 

[1 '00* 

1*1 

0 -088] 

i 0 *997 

4*6 

0-48 ! 

1 0-994 

12 -0 

0’65 i 

{ 0 -082 ; 

62 0 

1-2 1 

0*965 i 

160-0 

8*1 i 

) 0‘960 1 

More than 240 

4 1 i 

i 0 '966 

i 

Character of phenomena eltanged. 


* W ater only 


Both the period and the time taken for the pulses to begin increase 
with the strength of the ammonia, but the latter time increases much more 
rapidlj. 

THo time-lag before beginning measures the oxjgen required to be present 
(1 minute j* 0'023 mm. oxygen pressure), and the period measures on the 
same scale the oxygen consumed at each flash; for the steady riginu implies 
that the oxygen consumed at each flash is the amount which leaks in during 
oneperiod. 
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It appears, then, that the fraction of the whole stock-in-trade, so to speak, 
of oxygen, which is consumed at one flash diminishes when stronger ammonia 
is used, and the period becomes slower. With the weakest ammonia, about 
one-tenth of the whole amount present was consumed at each flash; with the 
strongest, less than one-sixtieth. It is not surprising, in the light of this, 
that the successive periods vary considerably in length. These periodic 
pulses, arising suddenly, travelling from one end of the vessel to the other, 
with completely dark intervals between them, are attributed to the combus¬ 
tion of the phosphorus vapour alimdy present in the tube. Immediately 
after a pulse has passed, all the phosphorus vapour is consumed and a fresh 
quantity evaporates during the dark interval betwetm the pulses. 

Obviously, if this nUjime, is to be followed, there is a limit to the period, 
under the condition of constant influx, as in the present experiments with 
ammonia. The period cannot be longer than the time required to admit 
enough oxygen to burn the whole of the saturated phosphorus vapour. 

If we take the pliosphorus molecule as P 4 , oxidising to PaOg, it will combine 
with five times its volume, and hence with five times its partial pressure of 
oxygen. The careful measurements of Gentnerszwer* give the vapour pressure 
of phosphorus vapour at 20^^ C. as 0'025 mm. This would require 0’125 mm. 
of oxygen for its complete combustion. 

In the experiments with ammonia of longest period (4‘1 minutes) the 
oxygen entering in a period is 41 x 0*023 mm. as 0*094 m.m. This is 75 of 
the amount required for complete combustion, and therefore it might be 
anticipated that the limiting period for simple pulses has practically been 
reached. 

Experiment confirms this. When the ammonia concentration is increased 
' still further it is found that the character of the rigime changes entii*ely, 
though it still remains periodic. Thin pulses no longer travel down the 
vessel, and there are no longer completely dark intervals. The space round 
the phosphorus is filled with a diffuse luminosity, which increases periodically 
in brightness, but which is never reduced to zero and is not propagated 
through the vessel in a detached pulse right away from its place of origin* 
In this case the conditions which determine the period are altogether 
different. The quantity of phosphorus vapour burnt during a period is not 
limited by tlu^ saturation pressure, since the amount of evaporation while 
combustion is actually proceeding is no longer insensible. 


* *Z6it, Phyaik. Chemis/ rol. 65, p. 99 (1919), 
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§ 7* Some U7y'iasiiifie(l Observations. 

In addition to the phenomena described above, some othem have been 
noticed which have not been investigated in detail. Tims in iixe experiments 
with camphor, I have sometimes seen a faint glow in the vessel before the 
passage of the brilliant pulse and heralding the approaching catastrophe. 
Sometimes too a faint glow remained for a second or two after the passage of 
the pulse. 

Placing iodine in the vessel, the phosphorus surface would under some 
conditions light up and become abruptly extinguished again in a curious 
manner. It was thought that in this case chemical combination between 
phosphorus and iodine introduced some complication. 

§ 8. Frohahlc Mode of Action of Inhibiting Siibstmu^^es in Preventing the 
Oxidation of Phos^horm. 

The iK)wer possessed by a trace of ethylene or turpentine or ammonia in 
hindering the glow of phosphorus has always seemed very strange and 
difficult to explain. It is sometimes said to be an example of “negative 
catalysis,'' but this phrase is not of much help. 

Although no complete account can yet bo given, the present ex}>erimentB 
seem to show in what direction the explanation lies. 

Consider a luminous wave travelling through a vessel containing phos¬ 
phorus, air, and some inhibiting substance. When once this wave has been 
started, it is propagated through the vessel. This implies that combustion in 
any layer is started by contact with a previous layer which is already in the 
act of combustion. Now why does contact with the layer already in 
combustion produce this effbet ? In the case of a mixture of oxygen and 
hydrogen the reply would be that the high temperature developed by 
combustion heats the neighbouring layer and starts that into combustion 
also. In the present case such an explanation is scarcely tenable, for the rise 
of temperature to be expected is too small. Consider the propagation in the 
experiment of p. 377 when the vessel was filled with nitrogen at atmospheric 
pressure. Let us suppose that the phosphorus vapour was saturated and that 
the whole of it was burnt—the least favourable supjKjsition for the argument. 
Taking the vapour pressure as 0*025 mm. (Gentnersawer, he. dt) and the 
molecule as P*, a litre of nitrogen contains 0*181 mgrm. of phosphorus. The 
complete combustion of this quantity would give 1*07 calories, and this 
would Only heat the containing atmosphere of nitrogen 3*6°. This then is 
the highest temperature which could be communicated to a neighbouring 
layer in which combustion Imd not yet begun. It may well be doubted 
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whether so small a rise could determine the propagation of combustion: but 
there is evidence that propagation takes place under much less favourable 
conditions even than this. 

We have supposed that in the experiments with camphor at atmospheric 
pressure, the full saturation quantity of phosphorus is being bxirnt. In the 
much loss brilliant and more frequent pulses obtained in presence of water 
vapour, the quantity burnt must be much less—at a moderate estimate, 
five times less. But we may go further still: for in some experiments 
(see p. 375) the pulses obtained in presence of water vapour, faint at the 
best, become much fainter still as they progress, and are reduced in intensity, 
perhaps five times further still, before they finally die out. 

In this latter case, if we take the brightness as a measure of the rate of 
combustion, as it appears reasonable to do, we must suppose that perhaps 
not more than *04 of the saturated concentration of phosphorus vapour 
is being consumed. This would only give a rise of temperature of about 
014° C., and it is still harder to believe that this would determine propaga¬ 
tion. 

If propagation is not due to rise of temperature what is it due to? I 
think we must attribute it to the provision of nuclei. 

There is a well known experiment on supersaturatiou which will illustrate 
what is meant. A supersaturated solution of, sodium acetate, is 
contained in a long glass tube. If a fragment of the crystallised salt is 
dropped in at one end, crystallisation is propagated along the tube. The 
crystallisation of any given layer provides nuclei which determine the 
crystallisation of the next layer. 

Similarly, I think we must suppose that the combustion of phosphorus 
provides nuclei which facilitate the action. The action postulated lias some 
analogy with the action of platinum or other solid surfaces in promoting 
union of hydrogen and oxygen. The gaseous or particulate products of com¬ 
bustion of phosphorus are assumed to act somewhat similarly. 

Coming now to the inhibiting substances, I think these must be supposed 
that these act by taking prior possession of the nuclei, and thus making 
them unavailable for propagation. That water, and still more, ammonia in 
presence of water, would seize on the products of oxidation of phosphorus, is 
no more than we may anticipate from the acid-forming character of the 
latter. In the case of camphor or turpentine, the kind of action here 
assumed has l>eoomo familiar in studies of the mobility of gaseous ions in air 
at atmospheric pressure. The ions tend to unite with gaseous molecules, as 
evidenced by their diminished mobility in an electric field; and this effect is 
higlily selective. A trace of water vapour or of an organic vapour has far 
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more tendency to load the ions than a full atmosphere of nitrogen or 
hydrogen.* 

The original spontaneous ignition is regarded as due to something which, 
from a molecular point of view, is a rare accident, oonceming a few 
molecules only. Unless it can spread and multiply, it effects practically 
ttotlting: being in this respect like a single microbe in the putrefaction of 
wounds. The presence of a small quantity of a vapour like oil of turpentine, 
by attaching itself to the product, prevents the latter from inducing the 
combination of the neighbouring phosphorus molecules. From this point of 
view, it is not 8 j> 6 cial]y surprising that a very small quantity of the 
inhibiting substance should in some oases be enough to stop the action. 
It is often quoted as a 8 uq.)ri 8 ing fact that one part of ethylene in 400 parts of 
ait inhibits the glow of phosphorus. But, after all, even at this dilution, the 
partial pressure of the ethylene is still about 100 times the saturation pressure 
of the phosphorus vapour itself. There can be little doubt that the glow 
of phosphorus is in all cases due to the oxidation of vapour, since the 
phenomenon may be traced continuously from atmospheric pressure to low 
pressures, and in the latter case occurs visibly at a distance from the 
pbospliorus surface. At I 9 W pressures the vapour has a chance to diffuse 
away to some distance before getting oxidised. 

Where, as in the periodic luminous pulses, an increasingly favourable 
composition of the phosphorus-oxygen mixture eventually starts a wave 
of combustion in spite of the inhibitor, we must suppose that the action 
of the inhibitor in destroying the nuclei is overwhelmed by tlie too rapid 
multiplication of the latter ; just as the too rapid multiplication of invading 
bacteria in a wound may overwhelm the destructive action of the pliagooytes 
and enable infection to spread. 

The question may be asked why some of the inhibiting substances— 
like water, camphor, and ammonia—lend themselves so much more readily 
to the formation of intermittent luminous pulses than others, like turpentine 
and eucalyptus oil. As already shown, the latter closa can be made to give 
the effect by dilution, but not so well. 

Striking as the difterence is, it is probably not very fundamental—not 
perhaps more fundamental than the condition of ** huntingor not hunting 
in a self-regulating mechanism, such as a steam engine governor or on 
automatic arc lamp. 

In these cases a general explanation of the action of the mechanism is 

* To avoid mUconception it is well to state specifically that I do not assume that the 
ions produced in the oxidation of phosphorus have necessarily anything to do with the 
matter. 
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by no means sufficient to determine whether it will ** hunt'' or not. Nor 
can the provisional theory of the action of inhibiting substances which has 
been given be expected to do so. 

§ 9. Suvimiry. 

The paper deals with the intermittent or periodic luminosity observed 
to be propagated through the gas apace when the last traces of oxygen are 
being removed from air by means of phosphorus, or when air is allowed 
slowly to leak into an exhausted vessel containing phosphorus. 

(1) It is shown that this effect, as ordinarily observed, requires the 
presence of water vapour. Moderate drying by sulphuric acid) makes 
the glow perfectly steady. Water vapour has therefore the power of 
inhibiting the combination of phosphorus vapour and oxygen within certain 
limits. When the composition of the mixture becomes favourable beyond 
those limits, a wave of combustion is propagated. 

(2) Other substances are known to inhibit the glow of phosphorus. Some 
of these can be used to e^chibit the above phenomena in a far more striking 
form than water. Camphor, ammonia, and pear oil are among the most 
effective, and experiments with them are describqfi in detail. 

(3) It is shown that the propagation of these waves of combustion 
cannot be attributed to the rise of temperature of one layer igniting the 
next layer, for the rise of temperature is too small. An alternative theory 
of the propagation is proposed, which assumes that it depends on the 
provision of nuclei, as in the pro|)agation of crystallisation through a super¬ 
cooled liquid. 

(4) On this basis a theory of the action of the inhibitors (sometimes called 

negative catalysts *’) is developed. 
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Some Experiments on Thermal Diffusion, 

By T, L. Ibbs, M.O., B.Sc., Assistant Lecturer in Physics, University of 

Birmingham, 

With a Note on the Experiments hy Prof. S, Chapmak, F,R,S. 

(Communicated by Prof. S. W. J. Smith, F.R.S. Received March 16, 1921.) 

Introdmtion, 

It has been shown theoretically by Dr. S. Chapman* that a temperature 
gradient applied to a uniform mixture of two gases will tend to produce non¬ 
uniformity of composition, the heavier and larger molecules diffusing towards 
the cooler side, and the smaller and lighter molecules diffusing towards 
the hotter side. This phenomenon was termed “thermal diffusion/* The 
difference in composition due to thermal diffusion increases until it is balanced 
by the opposite effects of ordinary diffusion, when a steady state will be 
reached. The effect will be greatest when the gases are mixed in nearly 
equal proportions by volume, and will be greater the more unequal are the 
masses and diameters of the gas molecules. It was also shown that the 
extent of the effect would vary with the character of the gas molecules, being 
at a maximum when the molecules behave like rigid elastic spheres. In the 
case where molecules behave like fifth power centres of force the effect would 
disappear entirely. 

Experiments made by Chapman and DootHonf established the existence of 
the phenomenon. The results were chiefly qualitative, the nature and order 
of magnitude being in agreement with the theory. In no case were the 
differences equal to the theoretical values obtained on the assumption that 
gas molecules behave like rigid elastic spheres. Although the results are not 
claimed to bo exact, the general effect could be regarded as rather less than a 
half of this calculated effect. The character of the gas molecule required to 
give this result would, however, be in agreement with that obtained for the 
actual gas molecules from the investigation of the variation X)f viscosity with 
temperature. 

The method used by the writer in carrying out the following experiments 
depends on the use of the katharometez*^ for accurate gas analysis. The 
apparatus was devised shortly after the appearance of Dr. S, Chapman*8 paper 

* Traii«./A(1916). 

t * Philosophical Magaalne,’ March, 1917—“ A Note on Thermal Diffusion.^ 

} €f. G. A. Shakespear, ** Note on the Katharometer/’ ‘Roy. Sot. Proc./ vol. 97, p. 878 

(imy 
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in 1916, by Dr. G. A. Shakespear, who, when opportunity occurred in 
December, 1918, tested Chapman's predictions. The gases used were coal 
gas and also mixtures of carbon dioxide and hydrogen, and a wide range of 
temperature differences was tried. The results being satisfactory Dr, Shake¬ 
spear suggested to the present writer that a more detailed investigation, would 
be of interest 1 am indebted to Dr. Shakespear fdr the use of the apparatus 
and for valuable advice and assistance in carrying out the work. The 
mixtures of gases used throughout these experiments were of hydrogen and 
carbon dioxide in definite proportions. These lend themselves particularly 
well to detection by the katharometer of any changes in composition due to 
thermal diffusion; the action of the instrument depending on the differences 
of thermal conductivity of various gases. 

Method of Experiment, 

A katharometer (Ki) was first calibrated by using nine known mixtures of 
the two gases made up in small quantities for this purpose, the mixtures in 
turn being exposed to ra, and the deflection on Gi noted. The electrical arrange¬ 
ment, which is the normal one, is shown disgrammatically in fig. 1, A graph 
showing composition and galvanometer deflection was plotted (fig. 2), and by 
reference to this the composition of any other mixture of the gases can be 
determined by means of the katharometer. 


AMMSreff 2 Volts 



yio. 1.—Electrical arrangement of katharometer K|. 


The mixtures for the actual experiments were required in considerable 
quantity, and they were made up under pleasure in a 4 cubic feet cylinder. 
The composition of the contents of the cylinder was determined accurately in 
the way shown above. 

A known mixture was passed from the cylinder through the apparatus 
shown in fig. 3, This apparatus, which can be termed the separator, consists 
essentially of a cylindrical glass vessel, down the middle of which runs a 
spiral of platinum wire. The spiral can be heated by passing a ooilrent 
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throogli it. The gas mixture enters at A, passes upwards through the 
chamber B, and goes out either through C or D. Tube C takes the gas from 



the cooler and outer pare of the vessel, and tube D which surrounds the top 
of the hot spiral takes the gas from the middle and hotter part During an 
experiment the* gas was allowed to flow steadily through the apparatus. 
After passing out through G and D, the gas was passed through copper coils 
in order to equalise the temperatures of the two streams. 

In order to detect and measure any ^fferenoe in composition between the 
gases issuing from the two branches of the separator, use was made of a 
double flour or dififerenUal katharometer (Kt) through which the two streams 
of gas were passed. 
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This instrument is similar to the ordinary form except that in this oaae, 
instead of one cell being sealed and the other exposed to the gas, each cell 


! cm ;• 
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Fia. 3,—Separator with Electrical ConnectiouR. 

communicates by small apertures with another cell exposed to the gas issuing 
from one branch of the separator. A difference in composition between the 
gases coining from the hot and cold sides will be detected by their difference 
in thermal conductivity. Fig, 4 is a diagrammatic representation of Ka, 
showing the two cells of the katharometer exposed to the gases. The 
electrical arrangement is the same as for Ki (shown in fig. 1), Any difference 
in composition between the gases on the two sides of the katharometer upsets 
the balance of the bridge and causes a deflection on the galvanometer (Gs). 
In this case a reflecting galvanometer was used, greater sensitiveness being 
required, For a mixture of initial composition 60 per cent, hydrogen and 
50 per cent, carbon dioxide, a percentage differehce between the compositions 
of the gases on the two sides of less than 0*006 could be measured. For 
mixtures containing less hydrogen the instrument is more sensitive, and 
vend. In the case of a mixture of 2 per cent, hydrogen and 98 per cent 
carbon dioxide a difference of 0*001 per cent could be measured, and with a 
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mixture of 87 per cent, hydrogen and 13 per cent, carbon dioxide a difference 
ofO'Ol per cent. 

A calibration of Kj was necessary to get the values of the differences in 
composition between tlie gases on the two 
sides, from the deflections of the galvanometer 
Ga» To effect this the apparatus shown in 
fig. 5 was used For each mixture used in the 
experiments, a known small diffej’ence of 
composition was made in the following way. 

A gas mixture of known composition flows in 
at A, and divides into the two arms B and C. 

At E, in the arm C, a small quantity of 
hydrogen is introduced. This mixes in the 
chamber I), and the composition of the new 
mixture is determined by the katharometer Ki 
(from the deflection of Gi—not shown in 
diagram). The mixtures in the two arms B 
and C now pass through the two sides of the 
differential katharometer Ka, the difference in 
composition causing a deflection of Ga (not 
shown). Knowing the actual difference of 
composition in this case, we are able to get the meaning of a deflection of Ga 
in terms of the difference in composition between the gases on the two sides 
of the katharometer. 

The temperature of the platinum helix in the separator was varied by 



Copp£^ ittsmm 

Fio. 4.—Differential katharo- 
moter, showing both cells 
exposed to gases. 


B 
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altering the current passing through it (fig. 3); the current being increased 
by regular amounts until the helix became red hot at about 600® C. The 
tem^rature gradient in the separator was from the temperature of the hot 
spiral down to that of the surrounding gloss walls of the apparatus, m., 
roughly, the room temperature (about 16® C.). No special cooling device 
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used for keeping cool the outer walls of the apparatus, so that the red 
gradient of temperature in the separator was rather less than the oaloulated 
gradient. Thus it was found that, when the temperature of the heating 
spiral was increased, the amount of separation rose to a maximum, and then 
fell slightly, owing to the rise in temperature of the outer walls of the 
apparatus, Tor calculating the temperature of the spiral, it was necessary to 
know t\\e potential difference between its ehds, its resistance at a known 
temperature, and the temperature coefficient of resistance of the material of 
the wire, in addition to the current flowing through it. The potential 
difference was obtained by joining the ends of the spiral in series with 
a galvanometer and a resistance of 5 x 10^ ohms (fig. 3), the galvanometer 
thus being used as a voltmeter. The calibration of this galvanometer and 
resistance as a voltmeter was made by a potentiometer method, using a 
Clark cell as a standard. The temperature cooftlcient of resistance for the 
platinum helix was found by measuring its resistance by a P.O. box at three 
known temperatures. A graph of temf^erature and resistance of the spiral 
was plotted by using a number of calculated values up to a temperature of 
700° C., and, by reference to this, the temperature corresponding to any 
particular resistance could be obtained. 

The method differed essentially from those of Chapman and Dootson, in 
that the thermal separation was continuous: a steady flow of the mixture 
being maintained in the separator, and the partially separated gases passing 
out on the hot and cold sides, the difference in composition being at once 
shown by the katharometer. This form of apparatus is well adapted for 
finding the effect of alteration of temperature gradient on the amount of 
thermal separation. The gases were allowed to pass through a water bubbler 
before finally escaping into the air. This served as a means of indicating 
the rate of flow through the apparatus, enabling a uniformly slow and steady 
flow to be maintained. The gas passed through each-side of the bubbler at 
the same rate, which meant that approximately equal amounts of gas were 
being taken from the hot and cold regions of the separator. A steady state 
of separation (as indicated by galvanometer Ga) was reached after a mixture 
had been passing through the separator for about three minutes. The 
amount of separation obtained was not affected by the rate of flow through 
the separator, provided that the rate of flow was not made too great. 

Besults of JSxperiments, 

Experiments were made on the following twelve different mixtures of 
carbon dioxide and hydrogen. 



391 


Some Es^rimewtB on H^ermal Diffution. 


Table I. 


Mixture No. 

1 H*. 

I 

per cent. 1 

2^0 

2 

7 7 

3 

10 7 I 

4 

19 7 1 

5 

24-2 i 

6 , 

BS'Q 

7 

41 *6 , 

8 

60‘0 

9 

66 '6 

10 

61 -0 

11 

72 *5 

12 

m *6 

1 


COa. 

: Boom 

I texnpeiature. 

per oeat. 

"O. 

98 0 


92 a 

J8 

89*8 

1 Id 

80*8 

1 

76 *8 

18 

62*0 

1 18 , 

68 -6 

17 

60 '0 

10 

44 *6 

16 

89 '0 

10 

27*6 

10 

18 6 

17 


In each case readings were taken with the platinum spiral of the separator 
varying between room temperature and red heat, thus giving temperature 
differences up to a maximum of about 600” C, The following Table of Eesults 
obtained from Mixture No. 10 may be regarded as a typical set:— 

Table IL 

Mixture No. 10. Composition: 61*0 per cent Ha, 39*0 per cent COa. 

Room temperature 16*2” C. 


Current 

in 

h«Ating 

spiral. 

Voltage 
between 
end» of 
spiral. 

Resist¬ 
ance of 
spiral. 

Tempera- 
tare of 
spiral. 

Percentage 
separation 
between gases 
from bot and 
cold sides. 

Hence final composition. 

Hot side. 

Cold side. 

H. 

COje 

H ,. 

. 

o 

o 

amp. 

volts. 

ohms. 

^ 0 . 

p.c. 

p.c. 

p.o. 

p.c. 

p.o. 

ow 

0-82 

16 *40 

25 

0 046 

61 022 

88*078 

60-978 

39 *022 

0*10 

1*66 

16*60 

86 

0*167 

61-078 

88 *922 

60-022 

89-078 

0*16 

1 2 *62 

16*80 

46 

i 0*344 

61 -172 

38 *828 

60 *828 

89-172 

0*20 

8*62 

17*60 

80 

0*600 

61 -800 

88 700 

60-700 

80-800 

0*26 

4*60 

18 ‘40 

116 

; 0*891 

61*446 

88*665 

60*565 

80-446 

0*80 

6 71 

19 ‘00 

146 

1 *22 

(U *61 

88 *80 

60-89 

80 ‘61 

0*86 

7*00 

20*00 

190 

1 *66 

61 78 

88*22 

60 - S 2 

80 78 

0*40 

8*42 . 

21 *06 

1 240 

1 1 92 

61 *90 

88*04 

60-04 

80*96 

0*46 

10'10 ! 

22*80 

aoo 

2*20 

62 *14 

87 *86 

59*86 

40*14 

0*60 

1176 

28 *62 

865 

2*61 

02*80 

87 ‘70 

60 *70 

40*80 

0*66 

18 *61 

24*66 

420 , 

2*84 

62*42 

87 * 6 $ 

69 *68 

40*42 

0*60 

16 *56 

26*98 

600 ! 

8*81 

62*65 

87 8 S 

69*86 

40*66 

0*06 

17 *62 

1 

27*20 

670 

1 

3*62 

62 76 

87 *24 

69*24 

40 76 


The difference in composition due to thermal diffusion between the gases 
issuing from the hot and cold sides of the separator will, for the rest of this 
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paper, be expressed simply as a percentage separation. In all cases the 
quantity of gas issuing from the two sides was praolacally the same, so that 
the actual composition of these gases can easily be found, if required, as in 
the last columns of the Table shown above. The effects of thermal diffusion 
were clearly obseived in all the experiments, the excess of hydrogen always 
being found in the gas coming from the hot side and of carbon dioxide in the 
gas from the cold side. The results also show the increase of the effect with 
the increase of the temperature gradient. 

To avoid giving large masses of data, the results are briefly summarised in 



Fio. 6.—Temperature-Mparation eurvaa for Hixturoa 1, 8,3,6,7,8,18. (Soe TaUa I.) 
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the form of curves showing the temperature of the hot spiral and the 
resulting percentage separation. Such curves for Mixtures Nos. 1, 2, 3, 5, 7, 
8, and 12 are shown in fig. 6, Each curve represents a complete series of 
experiments. 

By using such a series of graphs the relation between the amount of 
separation and the composition of the original gas mixture, for any definite 
temperature gradient, can be investigated. For example, we can pick out the 
different amounts of separation in each for a temperature difference of, say, 
200^0.; and combining these with the corresponding composition of the 
original gas, construct another diagram. Such diagrams are shown in fig. 7 
for temperature differences of 100®, 200®, 400®, and 600® C. It will btj 
observed that these diagrams all have the same general form, the amount of 
separation increasing from zero to a maximum, and then diminishing to zero, 
in each case the maximum separation being shown for a mixture containing 
from 50 to 60 per cent, of hydrogen. This experimental result is in agree¬ 
ment with the theory of Chapman, who showed that the maximum separation 
should occur in mixtures containing about 50 per cent, of each gas. Although 
the general form of the curves is apparent the points do not lie as uniformly 
as those on the temperature-separation curve for a given mixture. This may 
be expected from the fact that the points are obtained from different sets of 
experiments, in which the only cheek on getting an equal flow of gas from 
the hot and cold sides was by passing it through a water-bubbler. 



iTia, between composition and separation with a given temperature difference. 


Oojnre I—100* C. d^erenoe; Curve 11—800* 0. ^fference; Curve III—400* C, difference; 
Curve IV—600* C. difference ; Dotted Curve—Obtained fuom values of Cifc| calculated. 
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Ancdym and Summary of Samlta. 

The following relation was deduced theoretically by Chapman. If the 
absolute temperature is denoted by T, and the proportion by volume of the 
heavier and lighter gases by vy and v% respectively (so that =e 1), then 

in the steady state the concentration and temperature gradients at a point 
(x.y .z) are related to one another by three («. y. s) equations of the form 

^^ nog T), 
dx\vi+va/ dx\vi+V 3 f ax' 

where kt is the ratio of the ordinary coefficient of diffiision to the coefficient 
of thermal diffusion. Consequently it follows that over a distance within 
which kt may be regarded as constant, vy/vy + Vf varies as logT. 

A further series of graphs have been plotted showing percentage separation 
and logio Ti/T^, where Ti is the absolute temperature of the spiral and T« is 
the room temperature. These graphs for Mixtures Kos. 2, 4, 6,10, and 12 
are shown in fig. 8. The general form of these graphs approximates closely 
to a straight line when the temperature differences exceed about 100° C. The 
slight irregularity near the origin may be due to the form of the heating 
spiral. The nature of these graphs may be regarded as constituting a striking 
experimental verification of the theory. 

The greatest percentage separation obtained in the experiments was 3'52 
for mixture Ko. 10 (61 per cent. Hj and 39 per cent. CO*), with a tempera¬ 
ture difiersQoe of 557° C. Chapman and Dootson obtained a greatest 
percentage separation of 3*6, using the same gases (43*1 per cent. H and 
56‘9 per bent. COa), with a temperature differenoe of 220° C. The smaller 
amount of separation is to be expected from the form of app6watu8 need, 
in which the area of the hot'spiral is small compared with that of the 
outer glass walls of the separator. Hie simpler form of. separating deviee 
employed by Chapman and Dootson facilitates oalonlations involving tem¬ 
perature gradient and the absolute amount of separal^ obtained. The 
shape of the heating spi|^, and the fact that there is a ooiffimnouB euriMt of 
gas through the apparatus, make it im|) 08 (dble to caloulato the oonffguratum 
of the gas at the higher temperature. In ^is smtse the rasults are com¬ 
parative only: we cannot obtain a value for K( and compare it with valhee 
obtained theoretically. The results cd the experiments, therefore, do n<ff: 
furnish any information as to the nature df ^ mdeordar model vrbioh' 
would most nearly represent the actual gas imdeoulee. They do, however-^ 
(a) Provide a verification by a now method of part of the results obtirioed 
by Chapman and Dootson. 



PERCENTAGE SEPARAT/ON. 
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(h) Show that the maximum separataon due to thermal difliudon is 
obtainable in a mixtare containing 50-60 per cent, of the lighter gas. 



.| -2 3 -5 

Fia S,—Sektiaa between iMiraeatage c^aration and leguTi/T, for ICtxtaree 9,4, ^ 10 and IS. 

Of B(q[>aratiaiB varies as IcgTt/l* where Ti and 
are the absduto tenperatores fonning tiw tsmpeiatnxa^ 


2 r 2 




S9B Some Experiments on fhermed Diffuaum. 

_ Note on Mr, T. L. IVbi Meperimenta. 

By Prof. S. Chapmam, P.R.S. 

Mr. Ibba’ interesting and accurate experiments may advantageously be* 
compared, in rather more detail than he has done, with the tfaeoretiloally 
predicted influence of the ratio of the two* gases in a mixture upon the 
coefficient of thermal diffitsion A;(. It is sufficient to consider the sample 
formula giving the first approximation to h (correct to within a few per 
cent.) for rigid elastic spherical molecules. The value of kt for actual gas 
molecules is probably only about half that calculated for this molecular 
model, but the variation with the ratio of mixture is likely to be nearly the 
same in the two cases. 

The formula in question, with numerical values inserted for the Hr-COa 
mixture, is* 

, _ 0-331Xi 4-0-0642X9 . 

^ 47-2+86-6X„+6-58X9i’ 


Xi, X« are the percentages, by volume, of carbon dioxide and hydrogen 
respectively, while Xu = Xi/X*, X« = Xt/Xi. The following values are calcu* 
lated for the twelve mixtures used by Mr, Ibbs;— 



1. 

2. 

8. 

4 

4 

6. i 

( 

k, . 

0*008 

0*020 

0*080 

0*009 

O'OSS 

0*118 j 

Okt . 

OZ 

0*7* 

0*07 

1*72 

2*06 

2*06 

ICixtuTv. 

1. 

' 8. ! 

! 1 

j J 

10* 

XI. 

12, 

i 

. 

o-mi: 

0 -188 

0*144 

0 148 

o*m 

0-006 1 

CS, . 

s-u 

8-46 

i 

8*60 

8*66 

8*46 

8*87' j 


The last row is added to facilitate comparison with the uppermost curve in 
fig. 7, with which the curve for is, as it should be, very doeely similar. 

As r^ards the absolute amount of separation found by Mr. Ibbs, it is 
euffioient to consider mixture Ko. 10, for which fig. 8 shows a separation of . 
3*85 per cent, when loguTi/Ts as 0*6. The theoretioal amount for rigid 
apherioal molecules is 0*146'.log, 10.0*5, or 16*6 ^‘oent.; the observed 
value is much less, partly bemmse of rite moleetriar model above used, which 

* • PUL Mag,'vri. 38, p. Mi(l»l7). 
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mi^es kt about twice too*great; and, secondly, beoause Ti/Tt meamires tbe 
ratio of the extreme temperatures in the sepuator, and not the ratio of the 
mean temperatures of the two halves of the gas. 

A point of special interest in Mr. Ibbs* paper is the shortness of the time, 
about three minutes, required for thermal diffhsion to take effect. 


The Dynamics of Revolving Fluid on a Rotating Forth, 

By Capt. 1). Bkukt, M.A., B.Sc. 

(Communicated by Sir Napier Shaw, F.B,S. Beceived April 6, 1921.) 

In a paper on the dynamics of revolving fluids, the late Lord liayleigh* 
considered the special case of fluid revolving about a fixed vertical axis, 
neglecting the rotation of the earth. The object of the present paper is to 
investigate the modifications of Bayleigh’s results which me brought about by 
the rotation of the earth, and by translation in a vertical plane of the axis of 
symmetry. Air is treated as an incompressible' non>visoous fluid. 

Let the motion be referred to rectangular axes, x, y, ?, rotating with the 
earth, the axis of z being vertical and the axes of x and y in the horizontal 
plane. At a point x, y, z, the components of velocity are «, v, w, the pressure 
is p, and density p. If gravity is the only impressed force, the equations of 
motion are 

Dtt/Dt=-l/pdp/dx+fi), (1) 

De/D< = -1/p rfp/rfy-fM, (2) 

Dto/D< SB —l/p (8) 

where D/Dt s= ef/d^+itd/dx+erf/rfy+wd/d* 

and the equation of continuity is 

du/dx+dv/dy+dw/dz ss 0, (4) 

where f» 2o> sin a being the angular velocity of rotation of the earth, and 
^ the latitude. The terms Iv, —lu, in the first two equations represent 
components of the deviating force due to the earth’s rotation, and the inolu* 
sion of these terms takes complete account of the rotation of ^ earth. 

If values of u, v, w,p, be found to satisfy equations (1) to (4), then if U be 
a constant, u-f-tJi Vi w,p—pfUy will also satisfy these equations. ’ In other 
^brds, to any i^etom of velodties which satisfies the equations there may 
*‘lUiy; foe. A voL 98, p. 146(1916)1 . 
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be added a uniform velocity of translation U, provided the pteseuie distnba- 
Idon be oorreoted by the addition of a horixontal gradient of {Hressuie of 
amount 2 mpV sin <f> at right angles to IJ. This affords a simple method of 
proceeding from the case of fluid rotating about a fixed axis to the case 
where the axis has a uniform velocity of translation, and we may therefore 
restrict the discussion, in the first place, to the case of motion symmetrical 
about a fixed axis. 

It is convenient to refer the motion to cylindrical co-ordinates, r, B, z, the 
velocities u, v, w being reckoned positive in the directions of r, 0, z, increasing. 
It is assumed that the motion is symmetrical about the axis of z. The only 
impressed force being gravity, the equations of motion are 

du(dt + u duldr—i^fr+w dufdz sa —Ifp dpfdr+lv, (5) 

dvf dt+u dvldr+uv/r-j-to dv/^ sx —lu, (8) 

d/wjdt + u dwjdr +wdwfdz =s —1/p dp/dz+g. (7) 

In the special otise where uobw ssO, equation (6) reduces to the ordinary 
equation for the gradient wind for circular isobars. 

The case where wssQ, and u and v are functions of r and t only, is the most 
interesting case considered by Rayleigh. The motion is thuci two-dimensional, 
and he expresses it oouvenientljr by the vorticity which moves with the 
fluid, and the stream-line function ■^, which are oonneoted by tiie equation 

1/r d/dr (r d^/dr)+l/i* dPf/d$» = 2ir, (8) 

and u se —dfifr/rdB, (9) 

V as d'^/dr. (10) 

Since u is independent of 0, d^^jr/dB* ss 0, and 

1/r d/dr (r d^/dr) m 2{’. 

The solution of theiM two equations therefore yields 

^ sse I frifr+Alogr-f B^, (11) 

where A and B are independent of r and 0, bat may vary with time t. We 
then have 

« as —B/r, (12) 

vm 2/rj^dr+A/r. (13) 

In the case where the fluid has an initial rotation as a solid body (with 
angular velocity ^ there is a initially, and tbwetoige peitoanently, constant 
throughout the fluid, and equation (13) reduoes to 

V a {k+A/n (14) 

The effbot of convergence towards the axis.is tbeirefote to snperpose upon the 
rotation as a solid body a simple vortex of intensity, A. 
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Equations (8) to (14) sxe given bj Bayleigh, and are independent of any 
consideration of the rotation of the earth. The rotation of the earth only 
affects the determination of the value of A at any given time. 

Equation (6) may be written 

+ w djdr^w djdz) (ri)) ss m /B. (15) 

This equation expresses the rate of change of the product rv for a particular 
ring of particles. 

The rotating fluid may be supposed to be contained within a cylindrical wall, 
which moves inward as the fluid converges, fluid being removed along the 
axis, without disturbing the horizontal motion. Let £o be the radius of the 
wall at time t =» 0 and K the radius at time L It has been supposed that 
initially the fluid rotates as a solid body, so that initially A ss 0. 

Equation u sa may be written 

r drfdt » —B, 

and on integration this yields 

I'b dt = i (K**-R»). (16) 

Integrating equation (15) and substituting from (16) we find 

(rv),-(rv)v = f = J /(R*»~R*). (17) 

This equation oould also have been derived from the oonstanof of the 
oiroulation round a cirouit made up of the same particles. Taking account 
of the fact that the ccy plane has a rotation a» sin ^ about the axis of z, the 
circulation round a oircuit of radius r is 2ir(n'+r*w8in ^), whence 
equation (17) immediately follows. 

But from equation (14), we have, for the boundary, 

(nj)B as {■Ro*. (r»), as fR*+A, 

A * (n;),~(r»>,+i:(Ro*-E») 

- (r+J/)(K«*-»*), 

A = (f+»8in^)(Eo»-R*). 

It follows from (14) that 

* r 

Squation (19) differs from Rayleigh's* equation (19) only by the inclusion 
of l^e tern wsin^, which represents the effect of the rotation of the earth. 

. * Loe, cit^ p. ICa, 


(18) 

(19) 
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The effect of the earth’s rotation is to increase the strength of the super* 
posed simple vortex. It is clear that, when there is originally no rotation, 
or =s 0, the effect of convergence due to the removal of air is to produce a 
simple vortex, in which the distribution of velocity is given by 

. _ to sin <l> (Kq^—B*) ^20) 

T 

This equation thus gives the effect of the removal of air in a region where 
there is no vorticifcy, in contrast with equation (19), which shows the effect 
in a region having originally uniform voriicity, 

If a cyclone starts as a uniformly rotating disc of radius Eo, with uniform 
angular velocity the effect of removal of fluid along the axis is to cause the 
outer radius Ko to shrink to a smaller value, E, and, within the region 
bounded by the cylinder of radius E, to superpose upon the uniform 
rotation a simple vortex whose intensity increases steadily as the removal 
proceeds (equation (19)). Outside the cylinder of radius E, the change 
of motion caused by convergence is represented by a simple vortex, in 
accordance with equation (20). 

The amount of fluid which must be removed frotn a layer of the vortex of 
unit thickness, in unit time, is •^2irru or 2'7rli In a time t the amount of 

fluid removed is Bdt or 7r(lV—R*), by equation (17), showing that the 

intensity of the simple vortex produced by the conveigence is directly 
proportional to the total amount of fluid removed from the region of the 
axis, and vice versd, the removal of that amount of fluid implies the develop¬ 
ment of the vortex. 

The distribution of pressure is evaluated by the integration of equation (6). 
If at any time the u motion ceases, the subsequent distribution of pressure is 
obtained by integrating 

Ifp dpjdr ^ S5S 2 wsin^v, 

or, from (19) 

1 Ip dp I dr = f ({:+ 2 a) sin r + 

T 

V* ’ 

whence, neglecting the variations of 
PIp ““if (f+ 2o> sin <l>)r*+2 (f + a> ain R*) log r 

- J + conetaDt, (21) 

The effect of the inward motion npon the dUtxibation of pressure, while 
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the inward motion is still in progress, is easily evaluated by substitution of 
« as —B/r in equation (5). . Neglecting wdufdz, we find 
\lp dpjdr 2 =i 

which, on integration, yields the same result as equation (21), with the 
addition of — J B*/’^ + <^B/rf<log?' to the right-hand side. The second of 
the additional terms vanishes if the rate of removal of fluid is co'nstant. 

The results derived above may be applied to the supply of air at the axis, 
involving a progressive increase of the extreme radius fi of the disc of 
fluid concerned. The dynamical effect is to superpose on the original 
distribution of velocity a simple vortex of negative intensity, or a vortex 
rotating clockwise. A region of descending air should therefore, merely on 
account of its descent, acquire a clockwise rotation, with velocity inversely 
prop)ortional to the distance from the centre of the axis of revolution. If 
one deals with a stratum of unit thickness, the added air might come from 
above or below. It is only a question of there being an addition of air to 
the layer. 

If the fluid is added at the centre of the disc, so that the outer i-adius Bo 
increases to B at time t, while the added fluid is bounded by a circle of 
radius B' at time t, equation (19) still holds within the limits B'<r<B, 
and equation (20) still holds for r>B. But B is now greater than B#, so 
that the simple whirl produced by divergence from the axis rotates clock¬ 
wise. Within the added fluid, where r<B', it follows from the constancy 
of the circulation round a circle of particles (initially zero when the fluid 
is added at r = 0), that 

, re+j-^wsin^ = 0, 

or V ss — m sin (22) 

In other words, the added fluid forms a core rotating clockwise as a solid, 
with angular velocity w sin 

The stream-lines of instantaneous flow in the general case, where the 
distribution of velocity is represented by 

u SB —Bfr, V as ^r+Afr 

are obtained by integrating the equation 

rde/dr = v/ti ss -(fr*-»-A)/B. (23) 

This yields on integration 

= Ce-w*», (24) 

and the stream-lines are spirals whose angle of convergence increases 
towards the centre, except in the special case where =s 0, and the motion is 
equivalent to a simple vortex, in which case the stream-lines are equiangular 
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In the complex case, where the distribution of velocity is a simple vortex 
superposed upon solid rotation, the angle of convergence of the horizontal 
projection of the spiral paths cannot be constant over the whole area 
unless air is removed over the whole area. The relation vr = constant 
is the only one which is consistent with air passing horizontally across the 
area, with no extraction verdoally except at ti^ centre. 

In all that precedes, the centre of the two-dimensional whirl has been 
assumed at rest. If the whirl is given a uniform velocity of translation, U, 
the distribution of velocity relative to the centre remains unaltered, and the 
spiral paths of instantaneous flow relative to the centre of the whirl are 
unaltered. All that is necessary is to add a oorreoting term, — 2« sin ^ . Uy 
to the equation (21) for the distribution of pressure. 


SoTne JUxperiments on the Catalytic Reduction of Ethyleux to 

Ethane. 

By Dorothy Mobikl Falmbr, Girton College, Cambridge, and William 
Gboboe Palmkk, St. John's College, Camlmdge. 

(Communicated by Sir Wm. Pope, F.R.S. Received April 14,1921.) 

Finely divided reduced nickel has been applied as an active agent in the 
catalysis of a great range of reactions, but very little is known about the 
mechanism of its action. It was thought that the intensive study of some 
particular process might be of interest, in view of the paucity of quantitative 
information about oatalyais. 

The reaction selected for investigation was the combination of ethylene and 
hydrogen to form ethane. Sabatier* states that in the presence of freshly 
reduced nickel this reaction begins at 30*-46*’ C., and eontinuee with the 
evolution of heat; thus there are few of the difoculties encountered when 
working at higher temperatures. Bthylene and hydrogen can both be 
obtained in a high degree of purity, and since the reacting and resultant 
substances are gases with simple volume relations between them, it was found 
possible to watch the progress of the reaction by a statio method. 

This was done by observing the pressure changes produced in a closed 
vessel oontainiug the catalyst, together vrith a mixture of ethylene «md 
hydrogen of known composition. 

* * ComptM Beodo^' vol. 1S4, p.. 1390. 
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The reaotioo chamber was a glam tube, heated eleotricallj. It contained a 
glass ball which could be caused to roll from end to end of the tnbe by tilting 
the latter automatically at intervals, by this means an intimate mixture of 
the reacting gases was secured during the whole progress of the reaction. 
Unfortunately, this arrangement gradually forced the whole of the catalytic 
powder to the ends of the tube. In the series of experiments here described 
the catalyst was deposited on pellets of China clay, which were themselves, in 
the place of the glass ball, used to stir the gases. One end of the tube was 
sealed, the other was closed by a glass tap leading through a T-piece to a 
manometer, a gas reservoir, and a Fleuss pump, all isolated by suitable taps. 

In the gas reservoir was a mixture of equal volumes of ethylene and 
hydrogen. The action takes place in accordance with the equation 

CaH*+H, = CaH,, 

so that two volumes of such a gas mixture give one volume of ethane. The 
relative proportions of the gases in the reaction tube were kept constant by 
introducing this equal-volume mixture from the reservoir as fast as contrac¬ 
tion took place. The total pressure inside the tube was thus maintained at a 
constant value; and a comparison of the rates of reaction was obtained by 
noting the rates at which it was necessary to pass gas mixture from the 
reservoir into the tube in order to keep the pressure constant. 

The volume passed per minute was taken as the rate of the reaction. The 
rates so obtained were plotted against the times in minutes from the first 
observation, which was as soon as possible after the introduction of the gas 
mixture into the reaction tube, but not exactly the moment of introduction. 

Two series of results were obtained. In one the temperature was nearly 
constant, the percentage of ethylene varying; in the other the temperature 
varied, but the reaoting-mixture always contained equal volumes of the two 
gases. The limits of temperature within which observations were possible 
were 75°-120° C. The curve produced was always of the same form, showing 
a preliminary period in which the rate was negligible, then a very rapid 
increase in the rate to a maximum value, followed by a more gradual decrease. 
The position and height of the peak portion of the curve depended partly on 
the temperature and partly on the composition of the gas mixture. 

The variations in temperature and oompomtion were, of set purpose, made 
in hapbaaard order, and it was found that any curve could be repeated, even 
after a lapse of several weeks. 

The results obtained with nickel powder and with the impregnated China 
clay pellets were similar, but the determinations with the powder were 
made with apparatus of a cruder form than that finally adopted; the curves 
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are, therefore, not shown on the appended diagram. It fa certain, however, 
that the China clay of the pellets played no part as catalyst 

Control experiments were performed with pure hydrogen and pure ethylene 
iti the reaction tube. With ethylene there was no absoi'ption whatever, but 
with hydrogen there was a small constant absorption, unchanged in rate 
after 2^ hours. 

Preparation of the. Catalyst ami Reciting Gases. 

Pure nickel oxide was prepared as follows. Sheet nickel was cleaned, tJien 
dissolved in pm-e dilute nitric acid. To this solution a slight excess of 
ammonia was added, the mixture was then boiled and filtered, to remove a 
small deposit of iron hydroxide. After a i-epetition of this process, there 
was no further formation of precipitate. The solution was then condensed, 
and excess of concentrated ammonia solution was added, light violet 
crystals of a nickel-ammonia complex fonned, were filtered off, and washed 
with concentrated ammonia. On boiling with much water, these crystals 
decomposed, precipitating a bright green hydroxide of nickel in a powdery 
form. This was collected, washed and dried, and, when needed, was dissolved 
in dilute pure nitric acid. 

Cylindrical rods of china clay, of diameter 3 mm., were used as support for 
the catalyst. The composition of these rods was as follows:— 

Per cent. Per cent. 

SiOa = 66-27 CaO = 0-43 

AlaOs = 3006 KjO = 1-61 

FeaOa® 0-65 NasO = 0-728 

MgO = 0-173 

They were rendered inactive as catalysts by ignition to bright redness for 
four hours. Two or three of these rods were broken into short lengths, then 
soaked and boiled in the liquid obtained by concentrating the solution of the 
pm-ified nickel hydroxide. The pellets were dried at 100° C., then gently 
ignited, shaken free of loose powder, and placed in the reaction tube. The 
deposit of nickel oxide was reduced by the passage through the tube of dry 
electrolytic, hydrogen. At the temperature employed, 300° C., this reduction 
was very slow, and it was several days before water could no longer he 
detected in the issuing gases. The pellets were then allowed to cool in mi 
atmosphere of hydrogen. No air wks ever admitted into the reaction tube. 
The exit was'Sesled off when the reduction of the nickel was complete. 

The total quantity of nickel in the reaction tube was estimated electro* 
lytically at the end of the series of readings. Its quantity was found to be 
0-068 grm. 
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Ethylem was prepared by the action of zinc-copper couple on freshly 
distilled ethylene dibromide, boiling at 131* C. The gas was washed by 
being bubbled through tubes containing more of the couple immersed in 
alcohol A gas analysis by Hempers method, using bromine water, indicated 
an ethylene-content of over ^ per cent.; but, in order to remove any 
possible traces of ah' or hydrogen, the ethylene was solidified by cooling in 
liquid air, and then fractionated. It was stored in an aspirator over water 
saturated with pure ethylene. 

Hydrogen was prepared by the electrolysis of caustic potash, as described 
by one of us.* It also was stored over water. 

When required, these gases were drawn through traihs of soda-lime and 
calcium chloride tubes into the mixing vessel. 

Apparatm, 

The furnace, F, wais especially constructed, so that the heating might be as 
even as possible throughout the cavity. The inner tube, of brass was wrapped 
in asbestos paper, then evenly wound with a heating coil of constautan wire. 



This was insulated with asbestos cord, then the whole was packed in a 
^lindrical iron ease filled with ignited magnesia. The furnace was supported 
* * J, Sec. Ohsin. ladV vol. 39 (30), Z 16 t* 
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at its middle point, so that it was Oree to turn in a vertical plane, and 
could be rocked up and down, either by hand or by an elwtrio motor. The 
temperature inside the brass tube wae read by means of an insulated thermo* 
couple, T, with its hot junction placed at the^piddle of the tube, and its cold 
junction in a Dewar flask filled with melting loe (see fiig. 1). 

The capacity of the reaction tube, B, was about 70 c.c. Its length was 
30 cm., and its inside diameter 1*7 cm. The length was several inches less 
than that of the furnace, that there might be no cooling effect at the ends. 
When the prepared pellets had been placed inside, the ends of the tube were 
drawn out and fused to pieces of capillary tubing. The exit was sealed off 
after the reduction of tlie nickel was complete, and the entrance was closed 
by a glass tap, <i. The volume of gas in these capillary end pieces was 
negligible. Asbestos wool was used to pack the glass reaction tube securely 
into the heating tube; this also prevented the entrance of air currents. 

A plan of the apparatus is shown in the diagram. The shaded portions of 
the connections were made of rubber pressure tubing, the rest was glass; glass 
could not be used throughout, as flexible connections were necessary, to allow 
for the motion of the furnace. The taps ti, etc., were of glass, those marked a 
were ordinary screw clips. 

E, a gas burette fllled with mercury, was used for the preparation of the 
required mixture of dried gases. A was a manombter dipping into mercury 
with an ordinary barometer G at its aide. D was a water manometer, to 
read small alterations of pressure. It was isolated by the lap ti with capillary 
tubing on either side of it. As 4 was opened only when the pressures ou 
either side were approximately equal, there could be no appreciable escape of 
water vapour into the rest of the apparatus. Millimetre scales were fixed 
behind A, C arid D. 

B, a glass measuring tube graduated in tenths of a cubic centimetre, was 
filled with a mixture of equal volumes of ethylene and hydrogen. A small 
pulley and windlass allowed a very gradual raising of the mercury reservoir 
H; thus, the taps ti, U, U and «« being open, the liquid in D could be kept at 
a oonstaut level by an adjustment of the height of H. 

Procedure, 

The furnace was heated overnight, to secure equilibrium of temperature 
inside the reaction tube. That constancy of temperature could be obtained 
was shown by a blank experiment with nitrogen in B. When the taps (i, ft, 
fi, h and <4 were open, the liquid in D rihowed only small oscfllationB daring a 
fouT'hour period of observation. B was fiBed with its equal volume mixtuM. 
and the gas mixture to be invest^ated wus prepared in E. 
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The taps 8%, sa, ta, ta, U, were closed, 3ie others opened, and the apparatus 
was exhausted by means of a Fleuss pump, to a pressure of 3 mm. of mercury. 
The tap sg waA closed, <s opened momentarily, then reolosed, and the exhaustion 
was repeated. After a repetition of this washing process, the gas mixture 
from E was allowed to flow into the rest of the apparatus, ta, U and sg being 
closed, until the mercury height in A showed that the pressure throughout 
was nearly atmospheric, and approximately equal to that of the reserve gas in 
B. Finally ta and la were opened; the pressure throughout rapidly attained 
equilibrium, ta was closed, and simultaneous readings were taken of the time 
and the heights of the liquids in U and B. h was now closed, and the furnace 
was slowly rocked, at that rate which just allowed the catalytic pellets to roll 
from one end of K to the other between each reversal of position. This 
ensured a constant stirring of the gases in R—^without this, the measure¬ 
ments recorded would be observations of gaseous diffusion, not of the rate of 
reaction. 

While <1 was closed, gas was slowly absorbed by the pressure tubing—this was 
counteracted by a raising of H sufficient to keep the water-level in D constant. 
After half-an-hour this absorption became negligible, and was always negligible 
in comparison with the absorption due to reaction between the gases at 
periods when the rate of combination was rapid. After a suitable interval, 
varying from one to ten minutes, the readings of the time and of B were 
noted, t\ was opened and H rapidly adjusted to restore the constant pressure 
level in D. The new reading of B was observed, and h was closed. These 
readings were repeated at intervals depending on the rate of reaction. During 
the “ peak" portion of the reaction curve, the tap t\ was left open all the 
time, as H had to be raised very rapidly and continuously. The reaction 
could not be followed beyond 120*^ C., the rate of absorption becoming too 
great to be measured by this apparatus. 

Exhaustion of the reaction tube between successive experiments was the 
only revivification process employed. No diminution in catalytic activity was 
observed after three months of intermittent use. 

Ditcussion of Semlta. 

The curve showing change of reaction-velocity with time at constant 
temperature is of an unexpected form and presents some unusual features. 

In most of our experiments there was a period, varying in duration from 
three hours to a few seconds after the mixed gases had been brought into 
ooirtaot with the nickel, during which time practically no reduction in volume, 
and therefore no hydrogenation, took place. This “iaduotion’' period was 
followed by a very rapid inorease in reao^n-vekoiiy to a sharp maximum. 



Series I,—Composition of Gas Mixture Constant, Temperature varying. 
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Finally, thci rate of reaction fell rapidly away from this maximum to a nearly 
steady value. 

The initial period of inactivity might possibly be due to the selective 
adsorption of oxygen contaminating the electrolytic hydrogen. This oxygen 
would be gradually removed by combuHtion with hydrogen or ethylene. 

Such au explanation would require the duration of the “ induction period 
at a given temperature to be approximattdy proportional to the hydrogen- 
content of the gas mixture, which an inspection of the series of results for 
different gas mixtures at 104° shows not to be the case:— 



TOL. XCIX.—A, 




Series It,—Com position of Gas Mixttire varying, Temperature iieariy Constant, 
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A complete explanation of the form of the reaction-velocity-time curves 
can be put forward on the basis of the following assumptions:— 

(а) Hydrogen is selectively adsorbed on nickel from mixtures of all the 
compositions studied. 

(б) Ethylene is adsorbed only after activation (chiefly by thermal contact 
with a molecule undergoing hydrogenation). 

On bringing the gas mixture into contact with the nickel, this becomes at 
once covered almost completely with hydrogen, only a few ethylene molecules 
being present in the adsorption layer; reaction with the formation of etliane 
takes place with these and the adsorbed hydrogen. The heat liberated in the 
hydrogenation is at once communicated to the molecules surrounding the 
hydrogenated molecule, leading to volatilisation of hydrogen and activation, 
followed by condensation, of ethylene. 

The relative amounts of hydi'ogeu and ethylene adhering to the surface of 
the catalyst thus change rapidly, once a number of centres of reaction have 
developed. This stage corresponds to the maximum in the reaction-velocity^ 

2 G 2 
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Finally, the catalyst becomes covered almost completely with ethylene, to 
the exclusion of hydrogen. 

Hydrogenation thus takes place comparatively slowly by collision between 
adsorbed ethylene and hydrogen or by diffusion of hydrogen to the catalyst 
surface through a thin layer of ethylene. 

It will be noticed that the “induction** period is reduced in a very marked 
way either by increase of ethylene-content in the gas mixture or by increase 
in temperature, while the rate of reaction after the maximum has been 
reached is only very slightly affected by temperature. These observations are 
in accordance with the above theory. The final rate of reaction falls off 
gradually, owing to the accumulation in the reaction tube of inert ethane 
which acts as a diluent to the gas mixture. 


The Catalytic Activity of Copper ,—Part II. 

By William Gkokge Balmek, St. John*8 College, Cambridge. 

(Communicated by Sir Wm. Pope, P.R.S. Received April 14, 1921.) 

In Part I of this series of papers,* the writer described the construction of 
an apparatus for determining directly the relation between reaction-velocity 
and temperature in the catalytic dehydrogenation of ethyl alcohol by the 
action of copper produced from cupric oxide by reduction. Some preliminary 
results were also given. This work has now been extended both by using 
reducing agents other than hydrogen (namely, carbon monoxide and methyl 
alcohol vapour) in the preparation of the catalyst and by the use of other 
alcohols as reacting substances. 

In the earlier work, the method consisted in obtaining an automatic 
record of the rate of escape of hydrogen liberated in the reaction, at several 
different temperatures, the temperature being kept constant during each 
experiment. This method proved very laborious, since only by making 
experiments at a great number of different temperatures could a sufficiently 
intimate knowledge of the influence of temperature be obtained. Also, the 
catalyst hod always to be reprepared by oxidation and reduction between 
experiments. 

It has now been found possible to obtain a continuous record of the 
change of activity, while the temperature of the reaction is gradually 
increasing through the range to be studied. 

* ‘ Roy. Soc. Proc.,* A, voi. 98, p. 13. 
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The gas-meter described in the fonner paper was not found suitable for 
the record of changing rates in the escape of hydrogen* After some tentative 
exi>eriment8, the following simple arrangements of recording apparatus were 
adopted. The liydrogeu liberated in the reaction tube passed first into a 
flask of 1 litre capacity, kept surrounded with cold water, to secure tcni- 
peratuve control of the gas, and thence to the gas-meter, which was very 
simply constructed of a glass tube, with a wide, salver-shaped end dipping 
into a wider vessel nearly filled with water. 

With a head of water of 2 cm., the relation summarised telow was found 
between the capacity of the meter and the rate of flow of gas. 


Timo in seoonds for | 

izo of hubbies ! 

Time in sooonds For ' 

Size of bubbles 

©soajH' of 10 bubblfitf. 

in o.c. j 

of 10 bubbles. 

iu f;.o. 

12 ‘8 : 

i 

2'18 jl 

70 -0 ! 

1 *86 

17 -2 1 

2 ■(»« 

08 *0 j 

1 -84 

56-8 

1 -87 |1 

t 

i 



Thus the capacity of the meter is practically constant if a rate of flow of 
ten bubbles in one minute is not exceeded; the maximum rate of flow of 
hydrogen in any experiment was never greater than nine bubbles per minute. 

The electrolytic manometer before described {loc, cU,) was again used, but 
not, in the present experiments, to actuate the chronograph directly. The 
electrodes were arranged as part of a telephone circuit in such a way that 
contact was made just before a bubble was released, and sharply broken at 
the release by the descent of the sulphuric acid. Immediately the “ break 
was heard in the telephone, a key was depressed by liand to actuate the 
chronograph, and, as nearly as possible at the saxae instant, the temperature 
was read on the millivoltmeter. Owing to the use of this telephone device, 
visual attention could be wholly concentrated on the accurate reading of the 
temperature. As the temperature reached its upper limit, it became necessary 
to record several bubbles as one on the chronograph to avoid having readings 
too close together, so that it was not possible to form a completely automatic 
record as formerly. 

From the chronograph record two curves were constructed, one showing 
the relation between temperature and time, and the other that between 
reaction-velocity and time. It was then easy to make a simple reaction- 
velocity temperature curve from these two auxiliary curves. The exactness 
in coincidence on the two auxiliary curves of a temporary fall in tem¬ 
perature, with a corresponding fall in reaction-velocity, demonstrated the 
nicety with which the two curves were “ in register.** 
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The catalyst used in all the experiments was the same as that used in the 
work described before. At the close of the experiments, the copper was 
removed by solution in nitric acid, and estimated electrolytically as 0'022 grm, 

A. Itedmtion of the. O^ide ivUh Carbon Monoride : A'nhydroiis Ethyl AlmM 

as Bmctiny SvJbsimxm. 

The carbon monoxide was prepared by passing carbon dioxide over 
strongly lieated wood-charcoal. The resulting gas was passed through a 
long tube containing reduced copper at 300® C., to remove any possible 
contamination. The purified gas was stored in aspirators containing water, 
from which dissolved air had been removed by a current of carbon dioxide. 

Experiments were conducted in a way almost exactly similar to those in 
which hydrogen was used as reducing agent. The apparatus was filled with 
pure dry nitrogen instead of with carbon dioxide as formerly. 

The necessary increase of sensitiveness in the millivoltmeter was obtained 
by using a bath of boiling ethyl benzoate (boiling point 213® C.) for the 
constant temperature junction, and an external resistance was dispensed 
with. An auxiliary couple in a boiling water bath was used to determine 
reduction teinjieraturea below 213® C. The period of heating from about 
230® C. to 300® C. was usually about one and a quarter hour. The reduction 
of the copper oxide was always ^signalised by a kick ” on the millivoltmeter 
lieedle over about 4® C. The mean between the highest temperature reached 
and the initial temperature was taken as the temi)erature of reduction. 

Table I.—Catalyst prepared by reduction with Carbon Monoxide: Anhydrous 
Ethyl Alcohol as Beacting Substance. 


(1) Temperature of Reduction 215® C. (Curve III, fig. 1.) 


Temperature. 

Volume of hydrogen in 

30 Beoouds. 

Ohramme-molepuleB of alcohol d«oom- 
pofled per eecond per gramme-atom 
of copper K 10*. 

; ® ttbs. 

0.0. 

Observed. 

Calculated. 

j 

l-l 

4 77 

8*82 

I 507 

1 -5 

6*60 

6*80 

t 6U 

2*4 

10 '4 

10 *8 

fil9 

4 0 

17 *3 

16*9 

j 1 


24 *3 

24*1 

629 ' 

7-2 

81 *2 

31 *2 

! 0.33 ! 

8-8 

38 *2 

42*0 

1 637 ! 

10 '8 

44-6 

44*6 

638 1 

10-9 

47*8 


m) 

11 *0 

47-7 


641 1 

U'l 



646 i 

11*8 



550 

11-0 



669 ; 

1 12*6 
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(2) Temperature of Reduction 248° C. (Curve I, fig. 1.) 



Volume of hydrogen in 

30 seconde. 

1 Gramme-molecule® of alcohol deoom- 
, posed per second per gramme-atom 

I of copper X 10*. 

ab(i. 

c.o. 

Observed. 

Calculated. 

513 

0*9 

4*33 

8*7 

517 

1 *1 

4*77 

4*8 

524 

1 *5 

6*60 

0*5 

530 

2*0 

8-66 

8*7 

, 536 

2*6 

11 *20 

12*0 

640 

3*4 

14-70 

14*4 

545 ( 

4*25 

18*4 

18-4 

648 

4*7 

20*4 

20-6 

549 1 

4*7 



560 

4*76 



563 ! 

4*76 



550 

4-4 
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(3) Temperature of Reduction 229° C. (Curve IV, lig. 1.) 


Temperature. 

Volume of hydrogen in 

80 seconds. 

Q'rammo'inoleoules of alcohol deeom* 
posed per second {>er gramme-atom 



of copper X 10 

** aba. 

c.c. 

- Obaerrod. 

Calculated. 

514 

2 1 

9*10 

9*0 

518 

2» 

13-fi 

12*0 

520 

8-4 

14*7 

14*8 

523 

4*2 

18*2 

18*1 

628 

5-7 

24 *7 

24-7 

OHO 

r> *3 

27-s 

29 *6 

634 

7*2 

81 2 


637 

9*2 

30*9 


639 

10*4 

46*1 

^2•6 

645 j 

12*3 



640 1 

18 *8 



554 1 

18*8 1 

1 




(4) Temperature of Reduction 194° C. (Curve II, fig. 1.) 


Temperature. 

Volume of hydrogen in 

30 seconds. 

Gramme-molecules of alcohol decom¬ 
posed per second per gnunme-atom 
of copper X 10^, 

" abs. 

c.c. 

Observed. 

Calculated. 

498 

0 6 

2*16 

2*16 

600 

0*6 

2-60 

2*67 

607 

0*9 

3-90 

4*81 

612 

1*4 

6-07 

6-07 

617 

2*1 

9*10 

9*00 

522 

2*9 

12*6 

12'6 

625 

4*0 

17*3 

16 *l 

680 

6*2 

22 *5 

22*4 

538 

0*4 

27 *7 

27-7 • 

586 

7*7 

88 *4 

88*9 

589 

9*2 

80 *0 

41*0 

642 

10 *8 

44*6 


546 1 

9*8 



548 ; 

9*6 



660 

9*2 



664 

9*1 




(6) Temperature of Reduction 166° C. (Not shown in figure.) 


Temperature. 

Volume of hydrogen in 
80 eeconds. 

Temperature. 

Volume of hydrogen in 

80 eeoondf. 

‘^abs. 

0 . 0 . 

®ab». 

c.c. 

602 

1*0 

682 

7*5 

509 

i 1*1 

684 

8*2 

615 

1*6 

642 

9*4 

620 

2*8 

646 

9*0 

526 

4*3 

650 

9*8 

529 

6*9 

661 

10*0 
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B. Kedmtion of the Copper Oxide vrUh Methyl Alcohol Vapour, 

A small distilling flask was sealed on to the top of the reaction tul>e in the 
position of the delivery tul)e for carbon monoxide or hydrogen. T*ure 
anhydrous methyl alcohol was drawn into the flask when the reduction 
temperature in the reaction tuho was reached. A slow current of nitrogen 
was passed through the flask and the methyl alcohol gently boiled by an 
external heating coil. On opening the lowermost tap of the apparatus the 
stream of vapour was carried through the reaction tulx? over the oxide. The 
minimum temperature of n*duction for methyl alcohol vapour was found to 
be 206® C. 

The catalytic effects of the cattilyst prepared in this way are summarised 
in Table 11:— 


Tabic TI.—Catalyst prepared by Eeduction with Methyl Alcohol Vapour: 
Anhydrous Ethyl Alcohol as reacting substance. 

(1) Tonipf3rature of Reduction 217° 0. (Curve X, fig, 2.) 


Temperature. 

Volume of li/cirogen in 

30 secouds. 

Temperature. 

Volume of hydrogen in 

80 ftoeonds. 

ah#. 

c.c. 

• ab». 

c.c. 

50X 1 

0*9 

! 627 

6*8 

604*5 

1 *2 

632 

7*2 

611 ! 

2 *35 

684 

7-4 

618 1 

4*1 

639 

* 7*9 

532 

5-8 

642 

8*9 


(2) Tem{K3ratul^> of Reduction 220® 0. (Curve IX, tig. 2.) 


Temperature. 

Volume of hydrogen in 
80 seconde. 

Temperature. 

Volume of hydrogen in 

80 eeeonds. 

“ abs. 

o.c. 

1 ” ab». 

c.c. 

522 

8-0 

1 640 

7-0 

624 

8*6 

i 644 

8-2 

627 ! 

8*8 

i 548 

8*6 

684 

5*6 

1 649 

8*6 

687 ; 

1 

6-4 

! 
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(3) Temperature of Eeduotion 240° C. (Curve VIII, fig. 2.) 


Temp^ratufO. 

Volume of hydrogen in i 
80 aecondii. , j 

Temperature. 

Volume of hydrogen in 

30 aecondi. 

’’abs. 

c.c, j 

®ab». 

c.c. 

518 

0 70 1 

640 

6-70 

522 

1 Tk) (i 

544 

7*6 

627 

2-50 1 

647 

7‘9 

680 

3 -05 1 

640 

7*9 

634 

4 76 1: 

662 

7*9 

637 

5 76 ' 

1 

i 



C. ExpiTiments mth Impropyl Alcohol as the Reading Svhdaner, 

The alcohol used was a mixture of an old stock made from acetone by 
Sabatier’s method with a new sample made by reducing acetone with sodium; 
this sample was supplied to me by tVie kindness of Mr. H. A. Scarborough. 

The mixed samples were fractionated to within 0‘1° C. by using a Dufton 
column. The constants of the alcohol then showed very satisfactory agree¬ 
ment with the established values for the constant-boiling mixture of isopropyl 
alcohol and water. Owing to the well-known difficulty of removing the last 
traces of water from this alcohol, its dehydration was not attempted. It was 
considered more satisfactory to ensure that all the vapour passing through 
the reaction tube should be of constant composition than to use a partially 
dehydrated alcohol, giving a vapour of variable composition. 
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Owing to lack of time, tlie hydrogenation of this alcohol was studied only 
with the catalyst prepared with methyl alcohol vapour. The results show a 
general agreement with those for ethyl alcohol when the catalyst had been 
prepared with methyl alcohol or carbon monoxide. 


Table III.—Catalyst prepared by reduction with Methyl Alcohol Vapour: 
Isopropyl Alcohol with 12 per cent, of Water as Keacting Substance. 


(1) Temperature of Reduction 225^ 0. (Curve VII, fig. 2.) 


1 

Temperature. 

Volume of hj^drogen per 

30 seoondft. 

Gramme-molecule* of alcohol decom- 
posed j>er second jier gramme-atom 


of copper X 

10^ 

‘"abs. 

o.c. 

ObserTed. ' 

Calculated. 

618 

0*6 

2*17 

2-0 

620-6 

0-66 

2*82 

3*1 

625 

1 *1 

4*77 

4*6 

631 -6 

1 -35 

5 *85 

6*0 

587 *6 

2*75 

11 *9 

n*i 

640 

8-2 

13 *9 

18 *5 

643 

8-66 

! 16-4 

16 *4 

646 

4-45 

1 19*8 

19*0 

668 

6-6 

i 28 -a 

27 *6 

557^6 

0 -0 

1 

1 

29*9 

80*0 


(2) Temperature of Kednctiou 216® C. (Curve V, fig, 2.) 


Temperature. 

1 

1 Volume of hydrogen 

1 80 second*. 

Tem})eratur©, 

Volume of hydrogen per 
30 seconds. 

1 

^ abs. 1 

c.c. 

ahs. 

1 

1 c.c. 

529 ‘6 1 

0*6 

654 -6 1 

1 4*80 

538 i 

1 *76 

658 i 

I 6-86 

541 ! 

2 *35 

661 i 

6*90 

545 1 

3 *05 

688 ! 

8*10 

660 

! 

8-80 

560 , 

i 

0-00 


(3) Temperature of Reduction 251° C. (Curve VI, fig. 2.) 


Temperature. 

Volume of hydrogen in ' 
80 seconds. j 

.... i 

Temperature, 

Volume of hydrogen in 

80 seconds. 

’’ftbi. 

1 

c.c. 

^abB. 

c.c. 

522 

o-<«) 

551 

6*0 

526 1 

1 10 1 

r>6<J 

8*4 

531*7 

2 -00 

659 

7*0 

53B 

2*8 

668 *5 

7*9 

542*2 

3*8 

506 

8*4 

647 

4*8 1 

1 

673 

9*6 


These results are shown graphically in figs. 1 and 2. 
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Discv^ion of the ItesuUs, 

1, It will be seen tliat the activity of the catalyst does not necessarily 
increase continuously as the temperature of preparation from the oxide is 
lowered. 

The order of activity is as follows:— 


Temperature of reduction ® C. 

(CarlK)u monoxide) 
fig. 1. 

215 

229 Ethyl alcohol as reacting substance. 

194 

243 (The curve for preparation at 156° will be discussed later.) 


(Methyl alcohol 
vapour) fig. 2. 
251 
225 
217 


(Anomalous above 270°) 

Isopropyl alcohol as reacting substance. 


This result conflicts with the view that the real catalytic agent is an oxide 
of copper dissolved in reduced (metallic) copper, but it could be readily 
reconciled with the theory put forward in the previous paper; namely, that 
metallic copper produced by reduction of cuprous oxide is the active agent. 
The proportion of active material formed by reduction would depend on the 
mutual relation of the velocity curves for the two reactions 

CuO + Hj = Cu + HjO; 2CuO+H> =s CujO+HjO. 

In support of this hypothesis, it may be mentioned that copper reduced 
from cuprous oxide is more readily attacked by ordinary reagents than metal 
produced from cupric oxide.* 

It will appear from the later discussion that the inaotiTity of “oupric” 
copper is to be attributed to its lack of adsorbing power for alcohol, and not 
to any other cause. 

2. The curves numbered in the figures 1 and 2, I, II, III, IV, VI, VIII, 
VII (below 270°), strictly conform to the relation v = Ae-^^ up to the point 
where the sudden change of direction occurs. Values of v calculated from 
this law are slmwn in the last column of the above Tables. 

Log. V was plotted against 1/T, and from the resulting straight lines the 
following values were obtained:— 


* Private communication from Mr. K K. Bideal. 



The Colahfiic Activity of Copper. 


421 


Table IV. 


Eeducing agent, carbon monoxide: ethyl alcohol as reacting substance. 


Reduction 

temperature. 

K. 

logM. 

Activity 

coofficieuts. 

*260° 0.-i-»260°C. 

(from log.« Tolue.), 

"C. 

215 

19,280 j 

46 ‘90 

2 -4 X 10~> 

2*00 

226 

19,860 

46*76 

2 1 xlO-* 

2*00 

164 

19,890 

46*5 

1 6 X10-* 

2*00 

2i3 

14,280 

35 *9 

4-OxlO-* 

1 

1*67 


Eeduoing agent, methyl alcohol vapour: isf^propyl alcohol as reacting 

substance. 


251 


10,460 j 


4 a X10““ 


2-01 


The simplest way of interpreting this temperature-velocity law would 
consist in imagining the catalytic process to resemble the thermionic emission 
of electrons from hot metals. 

The active surface of the catalyst is to be regarded as covered with a layer 
of alcohol several molecules deep. Decomposition of alcohol, however, only 
occurs (to any measurable extent) in the layer in immediate contact with the 
catalyst. “Activation/* that is, the absorption of onex'gy necessary before 
reaction occurs, is brought about by absorption of radiation from the atoms of 
the catalyst. It is assumed that only in the layer of alcohol molecules next to 
the catalyst is the intensity of this radiation sufficient to bring about activation. 
This view receives support from the efiect of adsorbed hydrogen oxi the catalyst 
to be discussed at a later point Also, it appears to harmonise the hitherto 
opposed views of catalysis—the “physicar* adsorption theory which made 
no allowance for the specific action of catalysts, and the “ chemical compound ” 
theory against wMch much has been urged. On the theory advanced above 
the specific action of the catalyst lies not only in selective adsorption but 
in providing radiation of the proper quality. Langmuir* has indicated 
that collision between gaseous molecules and a solid differs from ordinary 
kinetic collision in a homogeneous gas phase in being comparatively 
inelastic. The colliding gas molecule therefore sojourns on the surface 
of the catalyst for a period long compared with that occupied in ordinary 
"gaseous ” collision and increased opportunity is given for activation. Herein 
lies the essential difference between catalysed and uncatalysed reactions. 


^ * Phya Eev./ vol. 8, p. 146 (1616). 
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On the basis of these views a very simple explanation can be given of the 
sudden change in direction of the curves at temperatures approximately 
between 265° and 275° C. 

While the alcohol film remains several molecules deep, catalytic action is 
independent of the rate of effective condensation on the catalyst, since the 
ranks of molecules always remain closed. As the temj)erature is increased the 
tliickness of the adsorbed layer diminishes owing to the increased rate of 
evaporation, and at about 270° C. the film is only about two molecular 
diameters or less in thickness. 

The rate of decomposition will now become dependent on an additional 
factor—the time-difference between condensation and evaporation of an 
alcohol molecule. Practically nothing is known concerning this time- 
difference or “ life ” of a molecule on a solid surface, but the effect on the 
catalytic activity of its variation with temperature might lie indicated in a 
hypothetical extreme case by supposing the “life” of a molecule to be 
given by 

where B and a are constants. 

Then the catalytic activity is given by 

V = ABe-K/T . - AB<!-“K, 

tliat is, the catalytic activity is independent of the temperature. The curves 
indicate a very great decrease of the temperature coefficient and in some oases 
(as in curves I, II, XI, XII, figs. 1 and 3) even a decrease of the actual 
CHtalytio activity, due to the introduction of a new factor as indicated. 

In column 4 of Table lY are shown a series of numbers called activity 
coefficients, calculated in the following way. The maximum number of 
alcohol molecules that could be condensed in a layer one molecule deep on 
one gramme-atom of copper would be the Avogadro number N = 6*06 x 1(P, 
assuming all the copper atoms could each adsorb one molecule of alcohol. 
A measure of the maximum number of aloofaol molecules activated by the 
catalyst is given by the value of A in the equation 

V as 

The activity coefficients show the value of the ratio A/N, which measures 
the combined effect of number of " active ’’ copper atoms and the number of 
effective condensations. 

The curves for isopropyl alcohol show no sudden change in direction up to 
300° 0.; presumably, the layer of this alcohol remains more tlian two 
molecular diameters thick above this temperature. 
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3. If the quantum theory of radiation ia adopted, we may write 

mv 
11 

wiiore the symbols have their usual significance, and K is given by 

V = ke-m. 

For the curves II, III, IV, VI (figs. 1 and 2) 

p «= 4-04 X 10'*, \ = 0-742/ii. 

For curve I (fig. 1) 

I. = 3 00 xlO'*, X.= l-0At. 

The heat of activation of alcoiiol in calories is given by 

RK = r98 X 19,380 = 38,740 calories per gramme molecule. 

This value may be used to calculate the heat of activation of the reversed 
reaction, aldehyde 4- hydrogen -> alcohol, by using Halxsr’s relation 

tWLv (reactants)- SNAi/ (resultants) = heat of reaction. 

The heat of reaction may be found in the usual way:— 

[CHaCHO.Hs]-*• 008+H80 + 347 kgrm. calories. 

[CHaCHaOH] ——OOa+HsO + 326 kgrm. calories. 

giving 

CHsCHO + H, = CH 3 CHaOH + 21 kgrra. calories, 
whence the total heat of activation of tlie system [aldehyde + hydrogen] is 
17 kgrm. calories, or approximately half the value for alcohol. Hence the 
hydrogenation of aldehyde requires \ = approximately 1-6 ft,. 

The infra-red spectrum of copper shows absorption bands at X = 0-8 /* and 
at X s= 1'6^, so that the catalyst could provide the proper frequencies for 
both reactions, the lower frequency being more strongly developed at lower 
temperatures. 

These considerations suggest an explanation of the commonly observed 
fact that metallic catalysts can operate in either direction of a reversible 
reaction according to the temperature. 

The Effect of " Foreigii ” Siihsiatices Adsorbed on the Catalyst. 

The curves numbered V, X in fig. 2 depart markedly, and VII and IX 
slightly, from the simple logarithmic form, in the direction of increased 
activity between certain temperatures. 

This abnormality is most marked with catalyst material prepared by a 
reducing agent that gives water as a product of reduction, namely, hydrogen 
and methyl alcohol, and increase in the effect is also shown by reduction at 
oompamtively low temperatures. 
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It was thought that water might be retained by the catalyst in these 
oases and exert a strong specific catalytic action. To test this supposition, a 
number of curves were obtained for constant-boiling mixtures of various 
alcohols with water. These are shown chiehy in fig. 3. The broken line 

°C. 

Z90 

ZBO 

1170 

260 

250 

240 

230 

2i0 

2/0 

curves indicate the course of the simple logarithmic law. It will be noticed 
(in fig. 2) that, when anhydrom ethyl alcohol is used, a catalyst prepared 
with methyl alcohol at a temperature above 220° does not retain water, but, 
in spite of this, curves XI and XII show that water can be adsorbed on the 
catalyst from the reaction mixture (roughly in proportion to the amount 
present) even when the catalyst has been prepared at temperatures of 
232° G. and 289° C. When isopi’opyl alcohol with 12 per cent, of water is 
used as reacting substance, water is apparently not retained on the catalyst if 
this is prejmed above a temperature of about 216° (curve Y), although 
curve YII shows a very slight deviation from the law, which is strictly 
obeyed by curve VI, The following is a list of tire aqueous reagents, with 
the appropriate curves:— 

Ethyl alcohol+4'5 per cent, water (curve Xll, fig. 3). 

Normal propyl alcohol + 28 per cent, water (curve XI, fig, 3), 

Isopropyl alcohol +12 per cent, water (curves V, VI, VII, fig. 2). 
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This “ promoter ” effect of water could be predicted ou tbe radiaiiion 
theoty, ^ce the chemical similarity of water and the aliphatic aloohole 
would lead to similar spectra in the infra>red region. 

The curve for reduotion by carbon monoxide at a temperatoie of 156** 
(not given in figure) shows a slight departure from the Ipgarithmio law, 
presumably due to traces of water in the ethyl alcohoL 

The two curves for hydrogen reductions (loe. eit.) are included in order to 
discuss them in the present connection (ourvee XIII, XIV, fig. 3). 

The low activity of the catalyst prepared by hydrogen mnet be attributed 
to the well-known retention of hydrogCn by the reduced copper, which is 
consequently “ poisoned.” The catalyst is not completely covered with 
hydr<^on, as the “ water-effect ” is very marked on both curves. Hydrogen 
has absorption bands in the infra-red at 0*6 ft and at 1’2/t, so that it would 
not be expected to sot as a catalytic agent in the dehydrogenation, nor 
apparently is the radiation from the underlying copper able to act to any 
considerable extent on alcohol molecules across the hydrogen layer. 

The work is being continued, with a view to finding the effect of admixed 
uietals and oxides on the catalyst. 


A Reciprocating Expansion Apparatus for Detecting Ionising 

Rays. 

By TaKSO Shimizu. 

(Communicated by C. T. K. Wilson, F.R.S. Received June 4, 1921.) 

The present investigation waa undertaken for the purpose of obtaining a 
very sensitive method of detecting ionising rays, such as X-rays and rays 
from radio-active substances. An electroscope or electrometer, in combination 
with an ionisation chamber, even if the required sensitiveness were obtained, 
would not distinguish between the effects of a single ray and of two or more 
'which entered the chamber simultaneously. In order to attack certain 
problems relating to the structure of ethereal waves and other delicate 
questions, it is necessary to have some means of detecting and discriminating 
individual rays. Mr. C. T. R. V^ilson’s beautiful method of making visible 
the tcaoks of ionising rays in gases* affords us the most powerful means for 
that j^wpose, and the writer accordingly tried to obtain a modified form of 
the original apparutos, such as oould be readily used for vmrious experiments. 

♦ ‘ Roy. 8oc. Proo.,’A, vol. 87, pp. an-MS 
YOh. XOI3t.«>—A. 2 h 



436 Mr, T. Bhimizn. A BeeipHHiating 

On6 important quality such apparatus should possess is the ability to 
oorrelate the number of tracks whioh are registered by it wi£h the tioto 
interval during whioh the rays which produce them are emitted. With the 
original method, the expansion takes place ao suddenly-that it is difficult to 
determine this interval with accuracy, although it must be remembered that 
such suddenness has the merit of yielding well defined tracks at the moment 
of expansion. Another point is that the possibility of registering tracks, by 
producing the appropriate supersaturation of the gas in the cloud chamber, 
^ould be available continuously for the few hours whioh is usually required 
for any series of observations. 

As it seemed difficult to provide a means to keep a volume of air 
constantly at a high supersaturation (which would be the most satisfaotoiy' 
way if it were possible), attempts were made to comply with the above 
conditioaB by using the original method of expansion, repeated at a con¬ 
venient frequency, and also at a moderately slow rate of expansion. 

There exist a number of imaginable mechanical and physical difficulties 
even for this simple method. It was doubted whether such a slow expansion 
would be good enough for the formation of a water drop around an ion. It 
was also expected that the air might become too dry after a number of 
expansions, the drops carrying much of the moisture to the bottom, 
and that such repetition of expansion might create a turbulent motion 
of air and distort the individual tracks. But, after some tnals, it was 
found tliat the difficulties of the method were not so serious as had been 
feared. 

The actual apparatus so far constructed is very similar to that of the 
original method, the chief diffisrenoe being only in the mode of working the 
plunger or the piston. Instead of a(^ustii^ the position of the plunger 
before each expansion, according to the expansion ratio desired, and then 
letting the air pressure on the plunger suddenly press it down, a mechanical 
connection is made fhnn a prime mover to the piston, so that tffie lattmr 
makes a reciprocating motion between two definite positions. The nature of 
the motion has much to do with the distinctness of the tracks, but, so fw, an 
approximately harmonic motion has been used, because of its meohaninal 
simplicity. The frequency of reciprocation can be anything from one to 
five or more per second, but the best number for use seems to be about two 
per second. Another feature with the present apparatus is a commutator, 
which establishes and destroys an rieotrostatio field between the upper and 
i&e lower surfaces of the chamber in ^nohronism with the piston. » 

The main parts are sketched in the figure. 

A is s brass cylinder of suitable mze fixed in pontion. B is a glasa 



oj^liader of the same inner diameter as A, anid is fixed in A so that Ute 
inner walls of the two make one continuous surface. C is a circular glass 



plate, which forms the upper boundary of the chamber, and is firmly pressed 
down by a brass ring, D, large enough not to obstruot the view through C. 
£ is a thin copper ring with an electric lead. All the surfiioea of contact of 
the various parts of the chamber are made air-tight by putting thin rubber 
sheets cut into ring shape between, and applying a pressure throi^h D by 
means of set screws, F is a brass piston of sufficient length, with an 
efifoctive leather packing at its lower end. The proportions are such that 
the upper suriaoe of the piston reciprocates within the lower half of the 
glaas cylinder, while the packing always remains well inside the brass 
cylinder. The body of the piston must be as closely fitting as possible to 
the cylinder, but must not touch the inner surface of the glass walls at any 
point. It is important that the sliding surface between tire packing and the 
cylinder be air-tight all through the stroke, and it was found satisfactory to 
use tap grease as lubricant, care being taken that it did not contaminate the 
glass walls. The piston is connected to a rod, G, which is guided by a 
stationary hole, H, in the base of the apparatus. A horizontal rod, I, is 
passed through G near the centre of its length and pinned to it. One end, J, 
of this rod is connected to a horizontal shaft, K, which is driven by a motor, 
by ia«ans of an arm and a link ; J thus executes a rooking motion when the 
shaft rotates. At the other end it is split into two, and is penetrated by a 
horiNKmtal stationary pin, L, which serves as a fulcrum. This pin, although 
fined in position when the apparatus is properly running, is eapable of 
aliustfiisnt in a horizontal line passing through the axis, of the cylinder. 

dimonBioiM of all other parts beii% fixed, the position of this pin will 
dA^tofino tho nifioant of stroke of the piston, that is, the ratio d expansion 
ol convenient to be able to adjust ^is ratio while the 

is running. Although a moderately wide range of the ratio givea 

' fiH2 
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equally good results, and the ratio which is supposed to be the best on one 
occasion will slightly differ from that on another according to the tem* 
peiature of the room, the humidity in the chamber, the frequency of the 
reciprocation, and so on, 1*7 may be taken as not far from the best mean 
ratio. Too small an expansion often leaves the tracks incomplete or diffhse, 
while a too large one spoils them by the formation of a general cloud. 

The mean height of the air space in the chamber has also a great deal to 
do with the result, and it is better to make it small, for the reasons that, with 
a shallow chamber, water drops will settle down to the bottom quicker, 
and the air will be less subject to disturbing motion, other conditions being 
the same. About 1 cm. seems to be'a convenient height. 

The upper surface of the piston is a little recessed from its edge, and is 
filled with blackened moist gelatine (about 15 grm. of dry gelatine and a 
little Indian ink in 100 c.c. of water), and the lower surface of the glass roof 
of the cloud chamber is coated with well conducting moist gelatine (about 
10 grm. of gelatine and 2 grm. of copper sulphate in 100 c.c. of water), care 
being taken to let the copper ring (£) and the gelatine film make good 
contact with each other all round the ciroumfereime. It is better to give 
the gelatine films a moderate thickness (1 mm. or more), to avoid quick 
drying when the cover is temporarily removed for other purposes. When 
the gelatine surfaces either collect some dust particles or become too dry, 
the surfaces may be wiped with moistened soft cotton. To make sure that 
the transparent lining on the cover is of uniform thickness so as not to 
distort the image of the tracks, it is convenient to look, while the gelatine is 
still fluid, at the two images of a distant bright source reflected from the 
surfaces of the gelatine and of the glass, and adjust the level so that the two 
images coincide. The cylindrical surface of the chamber is simply cleaned 
and left unooated. 

The shaft (K) is provided with a disc-shaped commutator (not indicated in 
the figure), composed of two insulated sectors, one permanently earthed, and 
the other kept at a negative potential of 200 volte or more. A stationaiy 
brush, which is connected to the lead of the copper ring (£), makes contact 
with those sectors alternately. In order to be able to adjust the relative 
durations of these contacts, while the commutator is rotating, a curved line is 
used instead of a straight radial line for one of the boundaries between the 
two sectors. The frame of the apparatus, and, in consequence, the pistc^ 
are permanently earthed. The phase of the commutator is adjusted so that 
the air space in the chamber is subjected to an electrostatic field, oom> 
metioing at the beginning of the upward stroke, and ending at a certain 
stage of the following downward stroke, when the air acquires the 
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scituratiaB juBt sufficient to form a cloud on ions. This stage is anived at 
when the expansion is about half completed, although of course it depends 
upon the amount of stroke and other conditions. 

If no electric field is applied at all, rays which entered into the chamber 
prior to this stage will appear as diffuse bunches, instead of sharp lines, owing 
to the spontaneous diffusion of ions, the diffuseness depending upon the age of 
each track at the moment of critical supersaturation. These diffuse clouds 
are not„only unsuitable for observation but hinder also the growth of younger 
tracks, as they absorb the vapour about them and reduce the supersaturation. 
The electric field serves to I’emove all the ions generated between two 
successive supersaturations, as well as those remaining since the previous 
expansion. During a supersaturation the chamber must be free from electric 
field, because the ions on a track of ray will be pulled apart from their original 
positions along the direction of the field, according to the sign of their charge, 
before they lose their mobility by accumulating a sufficient amount of water. 
The distance they travel in this way is not the same for all ions in a given 
field, but seems to be subject to a certain continuous distribution law. Hence 
the appearance of an «(-ray track is not a line but a vertical ill-defined sheet 
of cloud, densest along a middle line where the ray passed originally. Thus it 
is important to destroy the field at the right moment, and this is done by 
adjusting the brush while tbe expansions are going. 

When the apparatus is ready for use, it Is convenient to test it by putting 
a small piece of metal sheet with a trace of polonium upon it on the inner 
surface of tbe glass cylinder. After the cover has been tightly screwed down 
tbe room is darkened and the chamber illuminated with a horizontal parallel 
beam of light. For eye observation a half-watt lamp with a condenser affords 
a oonvenieut source. For phot(^aphing, a carbon arc or some other intense 
source is necessary. When the source produces a noticeable amount of heat, 
care most be taken to cool the beam by inserting a water trough before it 
reaches tbe chamber. Two diaphragms are used with advantage tx> cut off 
diveigent rays so that the beam nowhere touches the two opposite horizontal 
surfaces of the chamber. It is the upper half of the cloud chamber that 
produces the best defined tracks, so that both the ionizing rays and the beam 
of light may be confined to that ^mrt only. 

When the chamber contains fresh atmospheric air the strokes of the piston 
will simply make the water vapour ooUeot upon dust particles floating in it 
and a dense uniform cloud will be seen at each expansion. But this will 
subside after a small number of expansions, the central portion of the 
chamber being the first to become free from cloud. If there be any slight 
of air into the chamber it will at once makaitsappearande asa stream 
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of cloud which indicates the position of the leak; thie can generally be easily 
rectified. When there is leakage of electricity ocrom the inner surfaoe of the 
side walls as a result of condensed nioistHre bridging the two oppoeite 
surfaces, a dense fog will also appear; this can be distingnished from the air 
leakage without difficulty. 

Beciprocatiou of the piston always creates a slowly moving vortex ring in 
the air, co-axial with the cylindrical wall and situated close to it. The sense 
of rotation is such that the air next to the wall travels upward. The main 
body of the air including the centre is praotioally free from motimt of this 
kind, and the tracks keep their form for several expansions, appearing and 
disappearing as the reciprocation goes on, unless they are speedily swept 
away by a sufficiently strong electric field. 

It is likely that some of the drops coalesce with each other when the toack 
is a dense one, like that of an a-ray, and the drops are allowed to grow la^ 
enough. The result is that the free surface is decreased and the evaporation 
much retarded, and the tracks are apt to survive many expansions in spite of 
the intetmittently applied electric field. This is disadvantageous because new 
rays passing near them cannot collect sufficient water, and often appear as 
discontinuous tracks, or look as if they started at a considerable distance from 
tl)e source. A weak source of rays is always advantageous in this relation, fm* 
the chance of two rays passing the same region one immediately after another 
is small. 

It is perhaps worth mentioning here some of the peouliari^ observed 
about the cloud tracks. If the electric field is not out off during the period 
of condensation, the track of an a-ray is spead out into a verUcal sheet as 
stated above. And if the field is of the right magnitude a sharply defined 
clear space can be seen across the sheet aloi^ the original direction of the 
ray. The contrast in sharpness between its boundaries and the upper and the 
lower edges of the sheet is remarkable, which perhaps tends to show that 
there is a definite maximum in the size o4 the drops when first formed. 

Very intense and continuous electric fields were once tried, in order to see 
if it were possible entirely to stop the appearance of tracks by rigidly pulfing 
the ions to the walls before they could grow op into drops. This was done 
to see if it might be possible to limit sharply by means of the oommntator 
alone the periods during which cloud t^ks were formed. l%is stage was 
arrived at with a field of the order of 1,000 volts per oentiiaetre, but at the 
same time the number of neutral water drops, whidi usually exist to a certain 
extent throughout the chamber, increased considerably, so as to Imm a 
general cloud, and the rays left narrow verticai clear epeoee along their tmidts. 
Ihns a kind of reversal of effoct takes place when the field is iaoreesed, a 
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vertical sheet of cloud in clear space being replaced by a vertical clear space 
in a cloud. 

The above method having proved to be an inconvenient one for confining 
the production of cloud tracks to a definite short interval during each cycle, 
a small mechanical shutter, placed in the chamber and worked from outside 
automatically with a small magnet, which exposes the souroe for a predeter¬ 
mined short interval during the supersaturation, was used for the investi^ 
tion of M-rays. More penetrating rays were flashed through a window in the 
wall from outside. 

For the cloud-forming substance other liquids than water, such as alcohol 
and petroleum, were also tried. They give abont the same results as water, 
so far as the general appearance of the tracks is concerned. 

Condution. 

There is no doubt that Mr. C. T. B. Wilson’s original apparatus is superior 
for obtaining the most accnrato shape of each track. It is mainly as a 
detector that the present one is likely to come into use. If the circumstances 
are favourable to its use, an apparatus of tins type can hardly be surpassed 
by any other instrument in sensibility, for the simple reason that it can 
detect the elementary charge. The other relative merit that this type 
possesses over the electrosoope-iomsation chamber system is that with the 
latter the natural ionisation in the chamber always puts a limit to the 
practical sensibility, while with the former one can difibrentiate to a large 
extent the genuine from the stray rays by their shape and sise. For instance, 
an a-ray track observed during an ordinary X-ray measurement can be left 
out of account. 

In conclusion, tlie writer wishes to express lus sincere gratitude to Sir 
£. Rutherford, in whose laboratory the present work has been carried out, for 
hie kind encouragement and advice. His cordial thanks are also due to 
Mr. C. T. R. Wilson, whose keen interest and advice made the work possible, 
for his unfailing kindness. 
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A Preliminary Note on Branched a-Ray Tracks. 

By Takko Shimizu. 

(Communicated by Sir E. Rutherford, F.R.S. Received June 4, 1921.) 

According to Prof. Sir E. Rutherford,** if about one hundred thousand 
a-rays from radium C pass through the air, on the average there will be one 
close niuslear collision, which produces a swiftly moving atom. Thus, if we 
take a great number of photographs of a>ray tracks compatible with the 
above order of magnitude, we might expect to find some evidence to indicate 
the disruption of atoms by the a-particles. The present note is to describe 
some preliminary trials in this direction. 

The reciprocating expansion apparatus of the preceding article is very 
convenient for taking a large number of photographs within a reasonable 
time. Direct eye-observation confirmed the existence of some branched 
tracks which differed greatly in configuration from spurred tracks like the one 
photographed by Mr. C. T. R. WilBon.f Arrangements were then made to 
devise a suitable method of photographing such tracks and to show their 
orientation in space. 

The use of cinematographic film seemed to be imperative and the camera 
was designed accordingly. It is run by the same shaft as the piston of the 
expansion chamber, so that the exposures are made automatically and 
synchronously with the apparatus. An ordinary photographic shatter is used 
and photographs are taken once in each expansion when the piston is at its 
lowest position, and therefore the air in the chamber is practically motionless. 
The time of exposure can be extended as long as one-fiftieth of a second 
without impairing the definition. The source of .light employed is a carbon 
arc in combination with a condenser and a water-cooling device. The parallel 
beam of light, after passing through the chamber, is reflected back again by 
means of a plane mirror fixed on the other side of the chamber. The lens 
used is an Aldis F/3. 

The special feature of this camera lies in the use of a mirror system which 
projects simultaneously two images of the object, viewed from mutually 
perpendicular directions, through the same objective lens. The principle is 
sketched in the figure. It is nothing but a variety of an ordinary iunge-finder. 

Four mirrors with surface-silvering (indicated by a fine line in the figure) 
are used, two of which are fixed immediately in front of the lens, each 

* ' PhU. Msg.,’ vol. 37, June, 1919; “ Bakeiian liecture,” ‘Bey. See. Free.,’ A, voL 97, 
1980). 

t ‘ Boy. Sec. Proc.,' A, vol. 87 (1913). 
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making 46® with the vertical, and the otlier two at equal diatanoea from the 
axis of the lens and at about the Bame level as the first pair, but inclined 


/ 


A 

22'5° with the vertical. Both the position and inclination of the outer two 
should be adjustable, and the distance from the axis is so chosen that the 
virtual image of an object placed in the line of the axis reflected twice by each 
pair of mirrors (A, A', and A" represent the object, the first, and the second 
virtual images respectively) comes directly below the object. As can be 
easily seen from the construction, the pair of mirrors on the right of the axis 
serve to replace the object with a virtual image tilted by 45® to the left and 
placed farther away from the lens than the object The other pair on the left 
do the same, only with the reversed sense of talting. Thus, what is seen on 
the screen is a superposition of two mutually perpendicular views of the 
same object In the case of the tracks produced in the expansion apparatus, 
the object is composed of bright lines on a dark ground , instead of a con¬ 
tinuous bright surface, and the superposition does not impair the definition of 
the image. It is always possible to choose an imaginary horisontal line in the 
middle of the ohamber parallel to the mirrors as an axis aronnd which the 
object spaoe is rotated. When a negative is obtained, a line in the position of 
this axis will appear as a single line and all in o(ther positaons and directions 
as double linos lit general, item the separation and uther geometrical data of 
which the true shape of the object can be deduced. jU seems also to be 
possible to oons^tot a uniformly magnified model of th^ ol^eot in three 
dimensions dii 80 tl 7 &<mi Idie negative, using a similar mirxor system as a 
projeoting appum^Ua In this case the projected image d the intersection of 
in space. But, so far, not much actual experiment has been done in 
this oonnsotion. 
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When many tracks are to be photographed at each expansion, it is better 
to separate the two images of the object space from each other^ so that they 
oocnpy different areas on the negative side by side, for then the complication 
due to overlapping can be avoided. In this case the angle of the outer 
mirrors with the vertical should be slightly different from 22^5°, and the two 
companion photographs bear approximately 4he relation of a plan and a side* 
view to each other. In either case, the final adjustment of the outer mirrors 
can be done by putting a cube with white surfaces in place of the expansion 
chamber. 

If the conditions are favourable, one ought to be able to get a thousand or 
more exposures in an hour. But so far, owing to various difficulties, only 
about 200 feet of film has been exposed, and the writer cannot at present do 
more than produce a typical sample of branched tracks phot<^aph6d with 
the apparatus. 

In the accompanying figure, the two photographs axe two mutually perpen* 
dicular views of the same track of an a-ray emitted by polonium, taken by 
the second of the two methods of mirror arrangement described above. In 
this reproduction the end parts of the track were enlarged 13*2 times from the 
negative, cut out, and brought togetlrer to a convenient distance. The image 
on the negative itself was 0*42 times the size of the object, so that the true 
modification of the reproduction is about 5*5. In this particular exposure 



Photograph of a branched a-ray track viewed from two poMtions at right angle* to each 
other. Actual magnification 5*5. 
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^re was only one track recorded, but usually there are several and it is an 
easy matter to decide which track in the two images oorrespond. Ibe slight 
departure from a straight path noticeable in one of the accompanying 
photc^paphs is in this case more likely due to an optical error caused by a 
slight local heterogeneity in the thickness of the gelatine film than to a 
movement of the air, although it is true that a distortion of this magnitude 
can arise froin the latter cause. The marked smooth curvature in one of the 
branches cannot be attributed to these disturbances, and is typical of 
numerous a-ray tracks which finish their range in that way. 

In the course of these preliminary e.xperiment8, about 3,000 «-ray tracks 
were photographed and eleven tracks were observed branching like the one 
shown in the plate, the number of spurred tracks being about thirty-five. 
Although a far greater number of photc^raphs are required to estimate with 
accuracy the percentage of such branched tracks, it seems probable that it is 
not very far from one in a few hundreds. 

One of the striking features about the branches is that their shapes and 
sizes are very similar. The frequent occurrence of such marked branching is 
very surprising. 

With the spurred tracks, the abrupt bending takes place at different 
distances from the source and the deflection after collision seems to have a 
wide range, while with the branched tracks the branching takes place near 
the end of the path and the angle subtended by the branches does not seem 
to differ much, at any rate, in the small number of oases which have been 
observed. 

No suoh high percentage of production of swiftly-moving atoms has been 
observed by the scintillation method, either for recoil or disruption of atoms 
by collision. This is not contradictory because the expansion method detects 
moving atoms within the range of the a-rays, which the other method fails 
to do. At any rate the percentage alone cannot be any clue to the nature 
of the branching. Oh the other hand, although a calculation from the 
geometrical data based upon ordinary laws of dynamics and of the range of 
particles indicates that the atoms after branohing possess nearly equal masses, 
none of t^ese laws can be relied upon with certainly if disintegratioa of an 
atom oocuta It is difficult to speoulate with confidence at present about the 
oatiue of these rays, and the conclusion must be sospeadeiil until sufficient 
data accumulate. 

In conclusion the writer wishes to express hie siac«to gratitude to Prof. 
Sir X. Rutherford, who Buggested the problem, for his kind enoohragement 
and guidance. ^_ 
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On the Spectra of the Alkaline Earth Fl%torides and their 
Relation to each other. 

By Snehamoy DArrA, M.Sc. (Calcutta), Kesearch Student, Imperial College. 

(Communicated by Prof. A. Fowler, F.R.S. Received April 21, 1921.) 

[PI.ATK 6.] 

1. Iidrod'uctory. 

It is well Icnowii that the limits of the series and the separation of doublets 
and triplets, which occur in the line spectra of chemioally related eluents, 
are intimately connected with the atomic we^hts of the elements involved. 
It seemed reasonable to suppose that numerical relations might also exist in 
the case of band spectra, and the present paper gives an account of an investi¬ 
gation undertaken to determine possible relations among the band spectra of 
similar compounds of different elements. Previous worl^y other observers 
suggested the fluorides of the alkaline earth metals as^ suitable group of 
compounds for the purpose in view. In the first instance a more oomplete 
survey of the spectra of these compounds was made, and several bands in 
addition to those previously described have been observed. These new bands 
have proved of considerable service in the identification of oorreeponding 
bands in the different spectra, and details relating to them are accordingly 
included in the paper. 

The beautiful bands of CaFa, SrFa, and BaFj were first observed in the 
flame spectra by Mitscherlich* as far back as 1862, but no syatematic 
measurements were made until 1905, when observations of the bands of these 
compounds in the visible region were made by Fabryf with a speotrosoope of 
not very large dispersion. Measurements of the same spectra from photo¬ 
graphic plates were first made by Boeob^ and further measures weie subse¬ 
quently made by Leopold§ in the case of SrFa, end by Georgell in the ease 
of BaFa. 

The ultra-violet bands of these compounds were studied by OlmstedH in 
1906, but the bands of the fluorides were not completely separated from those 
of the oxides, which in this region are closely grouped with those of the 
fluorides, particularly in calcium and strontium. 

* A. Mitacherliab, ‘Fogg. Ann.,' vol. ISl, pp. 409-488 (1864). 

t Cb. Fabry, ‘ Aatrophyi. Journal,’ vol. 21, p. 850 (1905). 

I J. Eoaoli, ‘ Z. Wiaa. Photgr.,'vol. 4, p. 884 (1906). 

§ P. Leopold, ‘ Z. WiM. Photgr.,' vol. 11, pp. 105,187 (1918). 

II H. George,' Z. Wias. Photgr.,’ voL 12, p. 287 (1913). 

IT C. M. Olmsted, ‘ Z. Wias. photgr.,’ voL 4, p. 854 (1906). 
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The first attempt to discover a relation between the speotra of nearly related 
compounds was also made by Mitscberlich, who stated in a most general way 
that the greater the atomic weight the more towards the red the spectrum 
lies. Later, in 1874, Lecoq* suggested an equation of the type a: = n.(l+j)* 
connecting the bands of BaClj, BaBrg, and Bala, where x =s increase of \ 
between the spectra of the second and third compounds, n = increase of \ 
between the homologous spectra of the first and second compounds, and 
q as B—A/A, where A = increase of molecular weight from first to second 
compound, and B that from second to third. In 1894 Hartley,! eatperi- 
menting on the banded flame spectra of metals, remarked that with an 
increase in atomic weight the heads of the bands come closer together. In 
the case of CaClg, CaBrj, Calj, and SrCl*, SrBrj, Sri*, Olmsted suggested the 
formula Y/(AX)/molecular weight = constant, where A\ is the mean of the 
differences in the wave-lengths of the first two or three consecutive heads of 
homologous series in the respective spectra. 

Neither the formula of Lecoq nor that of Olmsted is applicable to the 
spectra of the fluorides under consideration. The new observations, however, 
have suggested a formula which appears to represent the facts very closely. 

2. JExqoerimentcU Procedure. 

Observations were chiefly made with the concave grating in the Spectro¬ 
scopic Laboratory of the Imperial College. The grating has 15,000 lines to 
an inch over 4 in. ruled surface and is of radius 10 ft. The dispersion 
obtained on the photographic plate is about 5'5 A. per millimetre in the first 
order. The negatives for measurements were mostly prepared in the second 
order, while those for reproduction were taken in the first order and subse¬ 
quently enlarged. 

The band speotra were conveniently produced in the electric arc between 
carbon poles fed with the various compounds and maintained by an electric 
ufiftin of 110 volts. The arc was extended to a flame by suitable admixture of 
sodium carbonate with the compounds used, so that the carbon poles could be 
drawn apart, giving a “ flame ” having a low order of temperature such as is 
required for the development of the bands. By carefully moving the arc 
to and flro, so as to keep only the coloured edge of its image upon the slit, 
the were seen practically free from the line spectrum of the metals, 
though numerous lines appeared at the centre of the arc. The admixture of 
aiyttny n carbonate does not inconveniently complicate the spectrum and is a 
far more convenient method of maintaining a steady flame arc than that of 

* XiectHi do Boisbaudran, ‘ Spectres Lumiueuz,’ Paris, 1674. 

+ W. N. Hartley, ‘Trans. Boy. Dublin Soc.,* vol. 7, p. 888 (1901). 
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broadening the arc into a wing shape with tile help of a magnet, as was 
adopted by Eagle* in hia experiments on hydrides. 

Where the bauds of the fluorides were free from admixture with those of 
oxides, they were photographed with the usual iron oomparison,. and their 
wave*lengths measured with reference to the iron lines, using Burns’s waver 
lengths as standards. 

Wliere fluoride and oxide bands were superposed, the fluoride bands were 
sorted out in the following manner. Three comparison photographs were 
taken: 1. The fluoride and the oxide. 2. The fluoride and the nitrate. 
3. The oxide and the nitrate. From the third plate the common bands and 
dififlise lines were marked out. These were evidently the bands of the 
oxides, or the faint diffuse lines of the metal itself. The third plate was 
taken to make sure of the elimination of the oxide bands, for often it was 
found that, when carbon poles were used, the oxides gave the more senaitive 
heads of the fluoride spectra in addition to their own spectira. From each of 
the first and second plates the comuton heads were left out, and the others 
were measured with reference to sharp metallic lines in the comparison 
oxide spectrum. The oommon heads omitted are believed to be those due to 
the oxides, for they were all identified with the common bands of plate S. 
The wave-length of the sharp metallic lines—which were taken as reference 
lines in the measurement of fluoride bands from plates 1 and 2—were then 
accurately determined from another phot(^»ph of the oxides with the iron 
comparison. Several such plates were taken, and the results of the inde¬ 
pendent measurements of the wave-lengths.of the fluoride bauds were in 
close agreement. The results published here show the mean. 

Before proceeding to describe the speotriim of any particular compound, it 
is best to define the terminology accepted in this paper; and this is more 
necessary, in view of the fact that, in certain instances, the terminology of 
band spectra not being completely fixed, misunderstandings arise between 
different observers. 

A hand iS' composed in general of a large number of lines, regularly 
distributed in the spectrum, starting from a line which is the most brilliant 
of the set, aud which is called the head of the band. Ordinarily, a band does 
not occur alone; there are several, of similar character, which usually 
encroach upon one another, the whole forming a series of bands, which can 
be numerically expressed by certain well-known equations. The manner in 
which the successive heads occur in a series defines its Arudwe. OeneraUy, 
the different series of similar strncture overlap with one another, fonninig a 
povf, but souietimea they are well separated from one another; the different 
* Eekgle,' Astrophya JoumaV ''oh 30, p. 931 (1009). 
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series then form different groups. The series is said to fall off toward tlie 
red or toward the violet, according to the direction in which the heads 
composing the series extend outward from the first head. 

Proceeding toward the red, the various series have been designated by the 
letters A, B, C, with numerical suffixes and dashes. Suffixes have been used 
to designate similar series standing isolated and dashes when they overlap. 
Thus Ai, Ai' define two overlapping series of similar structure, forming the 
group Ai. Ag, Aj' would then stand for a separate group, Aj, of two over¬ 
lapping series, similar in structure with the series in group Ai, and so on. 
All these series having similar structure when spoken of generally are 
designated as those of cl(m A. Series of the B class would then refer to 
another set of similar series, having their structure different from those of 
class A, and similarly for the series of the G class. When three or four 
similar series form an overlapping group, they have been designated by 
successively inci’easing the number of dashes. Thus Bi, B», Bj', B*", B»"' 
refer to five similar series in CaFj, one of which, Bi, is isolated from the rest, 
which form the group Ba (see Plate 6, fig. III). 

In the following Tables, besides the new series of bauds, the first two 
heads of the already known series have been included, as it will be necessary 
to refer to them in the selection of the homologous series, on the basis of 
which certain relations have been found. 

All the bands—old and new—have been put into the. series form—using 
an equation of the type 

V ZB a—hn—cm*, (1) 

which is really a modification of Deslandres’ formula 

V SB a—{bm+cy, (2) 

used by the previous observers. The constants of equation (1) are related to 
those of (2) as follows;— 

a of (1) s= q—c* of (2), 
b of (1) = 2bc of (2), 
c of (1) =//» of (2). 

The equation (1) lias the advantage that all .the constants have a definite 
meaning; thus a is the end constant, and = vo (the wave number of the 
first head), c half the second difference of the wave numbers, and this 
being a s mall quantity, b gives approximately the average differences of the 
wave numbers between the consecutive heads. 
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3. The Bands of MagneKvvm Fluoride. 

Magnesium liuoride presents three groups of bands, which are all in the 
ultra-violet between X 3468 and X 3686, and all fading toward the more 
refrangible side. The middle group, Bi, is by far the strongest, and consistB 
of four overlapping series of bands. Owing to similarity in struoture, these 
have been called, Bi, Bi', Bi”, Bi'", after the series of the same designation 
in the bands of CaFj and SrFj. The other two groups are of about equal 
intensity, and, os there are no corresponding bands in the spectra of the 
fluorides of the other elements, the more refrangible group has been called 
Di, and the less refrangible one Ei (see fig. I, Plate 6). 

In the Di group the band heads occur in pairs, and the two series have 
l>een named Di and Di'. This group is somewhat similar in appearance to 
the As or As group of CaFs, but the presence of a second component to some 
of the stronger lieads marks out a dissimilarity in structure. The £i group 
is more complex, consisting of alternating double and single heads. Pro¬ 
ceeding toward the ultra-violet the interval from a doublet to a singlet is 
rather smaller than that from the .singlet to the next ddnblet. The heads, 
therefore, appear to occur in groups of three, which have been designated as 
Ej and Ei' for the double head and Ei" for the single one. 

Some of the bands of the Bi and Di groups have been previously observed 
by Olmsted but he did not attempt any grouping into series. It is, however, 
surprising that the equally intense group £i on the less refrangible side was 
not observed before. 


Table I.—Constants for the Calculation of Series in MgFj. 
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Di. 

88548-88 


+ 0 11 

D.' . 

26585^88 

-80-61 

+ 0*11 

B, . 

87861 ^88 

-88-06 

+ 0*016 

B,' . 

87886-47 

*-88*86 

+ 0*016 . 

B," . 

87814-65 

-88*2601 

+ 0*016 

Br . 

87776-61 

-87*67 


Bi . 

87146 -43 

-86*476 

+ 0*176 

W v. 

. 87146 -44 

-86*486 

+ 0*1786 

B," .... 

87188 -67 

-86*7101 

+ 0*1866 
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Table II.—MgF* Bands. 


' 


1 

! 

V ( vac .). 
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a . I . A . 

( air ). 

V ( tac .). 
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8502*44 
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- 0-01 1 

0 

3508^36 

28586 *88 

0*00 


8503*30 


1 
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564-24 
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1 

00-81 
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584-00 

0-00 
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8 
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96*80 
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4 
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6 

87*64 
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8 

88*48 
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88*88 


7 
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7 
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+ 0*18 
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8 
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9 
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10 
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784 -16 
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1 757 *86 
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0 
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1 
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2 
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8 
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4 
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4 
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6 
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28001 '15 
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5 
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0 
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0 
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2 
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927 *60 

+ 0-09 ‘ 







6 

76 09 

965 *68 

+ 0*06 




1 

1 


6 

72*66 

988 *07 ! 

- 0*60 





I 


7 

68*0 

28011*20 

- 0*42 





! 


0 

8682*28 ' 

27149 *43 

1 0*00 

0 

3682-82 

27146 -44 

0*00 




1 

77 ‘86 

185 *78 

' 0 *00 i 

1 

77*92 

181 -69 

- 0*09 




2 

72 *60 

221 *70 

+ 0 *02 

2 

78*06 

217-60 

- 0*06 




8 

67*69 

267 *81 

+ 0*06 ’ 

8 

68 *26 

268 -18 

+ 0*02 



TP 

4 

62*96 

292 *68 

+ 0*08 ! 

4 

68 *62 

288-83 

+ 0*07 



Jfi , 

6 

68 *28 

827 *48 

+ 0*10 ! 

6 

68 -87 

828 -16 

+ 0*00 

' BL ' 



1 6 

68 '67 

862*70 

+ 0*79 ! 

6 

64 ‘26 

367 -61 

- 0*01 




7 

49*04 

396 *66 

+ 0*69 1 

7 

49-69 

391 -72 

+ 0*06 




8 

TeP7 faint 



8 

46*19 

426-60 

+ 0*08 




9 




8 

40-76 

. 468-90 

+ 0 ‘12 








1,0 

86 *42 

491 -71 

0*00 






! 


11 

82*20 

624-62 

- 0*82 




0 

8686 ‘79 

27128 -57 j 

0*00 ! 

6 

3686 - 7 » 

27838 -99 

i 

+ 0*06 

j 


1 

80*80 

180 -U 

+ 0-02 j 

7 

82-07 

878-86 

+ 0*07 



Uft 

2 

76 *91 

196-44 

+ 0*01 

8 

47-46 

406-62 

0*00 



JC, 

8 

71 *04 

282 -47 

-0 02 

9 

42-98 

442-91 

- 0*24 




4 

66*28 

268-28 1 

0 *00 , 

10 

88-41 

477-08 

- 0*27 




8 

61 *46 

803-71 ' 

+ 0*04 1 

U 

83-»l 

610-87 

- 0*76 




2 1 


Toifc xoix.—a. 
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4. The Bands of Calcvum Fluorids. 

Calcinm fluoride shows seven groups of bands, of which five are in the 
visible spectrum, already well known, and two in the ultra-violet, previously 
unrecorded. Proceeding toward the red they have been designated as Ai, A*, 
Aa, A4; Bi, Ba; and Ci respectively* in accordance with the terminology 
explained before. The new ultra-violet groups are too weak and complex 
(owing to the superposition of oxide bands), for satisfactory i*epr(>duction; only 
a sketch has therefore been given below to explain their structure (tig. 1). 


3400 3450 3SOO 



Fio. 1.—Structure of the gronpa Ai and A, in CaF^. 


The Groups Ai, Aj, A* and A* are similar in structure as is indicated by 
their nomenclature. All of them fade toward the red and have double heads 
(Plate 6, fig. II). Groups Bt and B* fade off toward the violet, the successive 
intervals between the heads decreasing very rapidly. Group Bi consists of 
only one series of weak bands and is remarkable as having the “ tail ” (marked 
with black dots) stronger than the head. Group B* consists of four over- 
lapping series, the " tails " of two of which (Bj, B/') are clearly recognisable 
(Plate 6, fig. III). Group Ci consists of two overlapping series Ci, Ci', fading 
towards the violet. But as the successive intervals between the heads 
decrease very slowly, their appearance is quite different from those of B. 

Tlie Bs and Ci groups of bands, though previously known, have been 
remeasured, as a greater number of heads has been observed in each series. 
Their series formuls have also been recalculated. 


Table III.—Constants for the Calculation of Series in CaF*. 


Serioi . 

a ^ ro ^ 

6 . 

c . 

Series . 

a •• »>, 

6 . 



29666 -03 

+ 100-61 ' 

- l-O 

B , 

17094-8 

- 6*006 

+ 0*1764 

A ,' 

29686-74 

+ 101 ‘001 

- 1-0 

n , 

16519 *16 

- 6*6301 

+ 0*166 

Aj 

2S988 -70 

+ 90*5002 

- 0*7 

B ,' 

16631*73 

- 6*4002 

+ 0*166 

A ,' 

8887S-70 

+ 90*2001 ,| 

- 0*8 i 

B ," 

16484*87 

- 6*6008 

+ 0*166 

A , 

194S8 -6 

+ 24*242 1 

+ 0*1426 ; 

B ,"' 

16424*37 

- 6*2401 

+ 0*166 

A ,' 

194S4'8 

+ 34*191 1 

+ t)*1419 ! 

c , 

16978*94 

-11 *8001 

+ 0*160 

!:■ 

16804-O 
18868 -1 

+ 30*6018 ! 
+ 30 *4766 

+ 0 *1029 i 
+ 0*1017 1 

C ,' 

1 

16906 *89 

- 11*0008 

+ 0*130 
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Table IV.—CaF, Bands. 




Dafcta 




Datta 





M. 

aXA. 

V (vac,). 

ro—i'f. 


Aj.Aa 

y (vao.)a 

ro-r,. 

Series. 



(air). 



(air). 




0 

8871 *15 

29665 *02 

0*00 

0 

8878 *22 

20686-74 

0*00 



1 

82 ‘82 

! 655 *41 

0*00 

1 

84*64 

636*77 

+ 0*08 


1 

2 

j 98 -71 

457 -86 

+ 0*05 

i ® 

95 *93 

438*61 

-0*18 

A ' 

A| 


8404-76 

1 868*28 

+ 0*00 

1 8 

8407*02 

842-72 

-0*02 

A| 

1 

! 4 

16*66 

268 -62 

-0*06 

i ^ 

18*00 

248-67 

-0*17 



5 

20 *42 

176 -64 

-0*38 

I 6 

! 

28-78 

156*98 

4-0-24 


i 

0 

8449*24 

1 

28983 *66 

-0*04 

1 ^ 

8462*02 

28870 *70 

0*00 



1 

59*96 

898*88 

-0*02 

11 

72-78 

787-26 

-0-05 



2 

70 -59 

806*88 

-0*17 

2 

88*41 

699*35 

-0*16 


A, 

8 

81*19 

718 -47 

-0*08 

3 

93*96 

612 -71 

-0*69 

A,' 


4 

91 -60 

631 *96 

*-0 *94 

4 

8504 ‘28 

628-79 

+ 0*09 



6 

8601 *80 

548 *69 

-0*12 

1 5 

14*40 

445-78 

+ 0*08 



6 

11-84 

467 *00 

+ 1*1 

« 

24 *54 

8Q4 ‘46 

+ 0*16 


1 

0 

6145 -668 

19428-5 


! ^ 

5146-648 

19424 *8 


A;/ 

(Fabry 

As 

(Fabry 


62-246 

408 *7 

■ 

I 1 

63*229 

400*0 


! Ai) 

18 

6276 -668 

18946-2 


1 18 

1 

6277-688 

18942*9 


As) 


0 

6290 -993 

18894-9 


I 

! 0 

6292 *899 

18888-1 


A * 

(Fabry 

1 

96*882 

873 -9 


1 1 

98 -628 

867-7 


(Fabry 

! B.) 

1 

f ■■ 

20 

1 6420-994 

1 

441 -8 


i| 20 

64^-112 

1 488*0 


Bj) 

' B, 
(Fg.j 

0 ' 

6848-142 

17094*8 

-i 

1 1 


\ . i 

! 

1 


1 

46-268 

100*6 



i ! 


1 

1 


1_ 

88 *685 

187 -8 


! 





i 

0 

6087 -29 

16669-16 

0*00 

0 

6060-97 

16521 *72 

0*00 i 


1 

1 

1 

36-80 

664 -60 

-0*01 

: 1 

49-08 

527 *01 

+ 0*04 i 


Datta 

B, i 
i (Fabry 
1)) 

2 

88-40 

569 -82 

+ 0*06 1 

2 

47-22 1 

581*90 


Patta 

B,' 

(Fabry 

DO 

3 

81 -62 

‘ 674-71 

+ 0!09 i 

8 

46-68 ' 

580*44 

-0*08 : 

4 ! 

29-98 

679-21 

+ 0*06 f 

4 

48*98 j 

640 *82 

-0*02 1 

6 

28-48 

688-47 

+ 0*10 ! 

5 

42-66 1 

644*71 

-0*18 1 

6 

27-07 

687 -21 

-0*08 

0 

41-28 I 

548*85 

-0 *23 i 


7 

25-78 ] 

890-76 

-0*18 

7 

39-96 j 

651*99 

+ 0*07 1 


. 

8 

24-66 I 

1 

694-16 

-0*08 


1 


1 



0 

6064*5 

16484*87 

0*00 

0 

6086*87 ! 

16424*27 

0-00 



1 

62*47 

490-88 i 

+0*07 

1 

84*09 1 

429 *84 

-0-01 



2 

60*67 

496 -62 I 

4 0*07 

a 

88*22 : 

484*12 

-0-01 


DaUa 

8 

58 '81 

600*84 

+ 0*06 

8 

81-66 i 

488 *58 

-0-02 

Datta 

B,« 

4 

57 *14 

604*89 

+ 0*10 

4 

80-04 ; 

442*72 

-0-08 

B,'" 

(Fafcjy 

6 

55*02 

509*04 

+ 0*04 j 

6 

78-66 1 

446*45 

-016 

(Fabry 

D") 

6 

54*28 

612*82 

-0*07 

0 

77-68 ! 

449*50 

-0-68 

D"0 

7 

53 *98 

616*87 

-0*11 

7 

76-28 i 

458*06 

-0 -81 


8 

61 *93 

619*10 1 

-0 *05 

8 

74-81 

450*87 

+ 0-60 





1 

! 

9 

78-84 1 

469 t)2 

1 

+ 0-66 



2 I 2 
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Table IV.—OaFg Bands— (emtd.). 

j Patfca T>%tu 

Series. | f». X.I.A. »'(r»c,), *»• X.l.A, ► (rao.). 

(air). 


0 

6256 *52 

15978 -94 

0*00 

1 

52 14 

690*12 

40-08 

2 

47 

16000*86 

- 0*08 

a 

i 46-72 

! on *68 

+ 019 

4 

36 -77 

i 021 -82 

+ 0-08 

6 

86 08 

081 *42 

i - 0*27 


041 07 
050-64 
068-61 


066-16 


-0 -27 1 

-0-06 I 
-1 -18 ;i 


-2-83 


048-20 
058 -10 


994-80 -0-87 


10 ! 46-58 16004-48 +0-60 


5. The Hands of Strontium Fluoride. 

Strontium fluoride shows eleven groups of bands, of which nine are in the 
-visible spectrum and two in the ultra-violet. Excepting one in the visible 
region (designated as Ba, Plate 6 , fig. IV) and the two in the ultra-violet 
(designated as Ai and Aa), all were previously known. Proceeding toward 
the red, these known groups are designated as A*, A., Bi, Ba, Ba, Ci, Ca, C'a, 
and C 4 repectively (Plate 6 , figs. IV and V), The new ultra-violet groups are 
too weak for satisfactory reproduction, and also complex owing to the super¬ 
position of oxide bands; only a sketch has therefore been given below to 
explain their structure (fig. 2 ). 


I t I I I I I I I 
sroo 3750 

Fie. 8.—Structure of the group* Ai and Aa in SrFa- 


The groups Ai, Aa, As and A. aie similar in structure, all of them fading 
toward the red. These have double heads and are similar to the corresponding 
groups in CaFa. Groups of the B and C class fade toward the violet, but the 
structure of the B class is quite different from that of the C class. As in the 
corresponding groups in Oafa, the successive intervals between the heads 
decrease very rapidly in the B class, these having well pronounced “ tails.” 
The tails of B] and Ba have been marked with dots (Plate 6 , fig. IV). The 
group Ba is very weak and has been photographed with 30 minutes' exposure. 
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Table V.—Constants for the Calculation of Series in SrFj. 


Series. 

. 

b. 

0, 

Series. 

a «= ro. 

b. 

c. 

A, 

27417 '16 

•*•44 '36 

-0-22 

B, 

16678 -921 

- 8-8208 

+ 0-0443 

A/ 

27809 -72 

+ 44 70 

“0-X2 

0, 

16866 *800 

- 7 -8989 

+ 0-0693 

Aa 

26929 -36 

+ 41-001 

-0‘20 


16810 -617 

- 8-0935 

+ 0-0692 

A,' 

26740 -04 

+ 40*801 

-0 -41 

0 , 

16076 -978 

- 7 -8788 

+ 0 *0549 

A, 

17764 16 

+ 11*732 

1 

o 

+ 

0,' 

16026-049 

- 7-6006 

+ 0-0642 

A.,' 

17764 -IS 

+12 '0304 1 

+ 0-0891 

0, i 

14860-720 

-12-4036 

+ 0*07472 

A, 

17326 '104 

+ 9-4831 ’ 

+ 0-0347 

C,' 

1 14886-26 

-12-086 

+ 0 *06166 

A/ 

17302 eit 

+ 8 *9796 1 

+ 0-04406 

0. i 

1 14567-90 

-11-769 

+ 0-08768 

B, 

B, 

I 16867-83 
16787-98 

- 3-4iKJ8 ! 

- 8-7001 ! 

+ 0-0681 
+ 0-0901 

0/ 1 

14667-99 

1 -11-9028 

+ 0-06419 


Table VI.—SrFa Bands. 


1 Series, 

i 

* i_ , _. 

a* 

" 

V (vac.). 

i 

m. 

x.r.A. 

(*ir.) 

j 

1 V (vac.). 

1 

j 

1 

Datta 

Ai 

3646 *29 
62-17 
68*01 

68 -82 
69*69 

76 *27 
80*97 
86*66 
92-18 

97 *70 
8703*12 

27417 -10 
878 -03 
329 -27 
286-96 
248-06 
200-96 
168-86 
117 -62 
076 -79 
036 -05 
26996-88 

0*00 

0*00 

-0*07 

-0-14 

-0-22 

0-00 

j-0-18 

+ 0*13 
+ 0-20 
+ 0-12 
+ 0-72 

0 

1 

2 

8 

4 

6 

6 

7 

3660-66 
66-64 
72-68 
78-69 
84-64 
90-42 
06 20 
8702 -16 

27309*72 
266*20 
220 *78 
176 66 
182 *70 
i 089 *48 

1 046*69 

008 *67 

i 0*00 1 

1 + 0*06 1 
1-0 07 
-0 06 
-0-14 

1 + 0 26 
; + 0-85 

I + 0-97 ; 

j 1 

1 1 

i 1 

1 1 


0 

8712 *86 

26929 *85 

0-00 

0 

8788 -66 

26740 -04 

0*00 


1 

18-02 

888 -46 

-0-10 

] 

44*31 

699 *63 

-0*02. 


2 

28-60 

848 *09 

-0-00 

2 

49-88 

659 *99 

-0-09 

[ 

8 

29 16 

808-14 

-0-01 ; 

8 

66-68 

619*46 

-1-87 


4 

84-66 

768-60 

+ 0-06 

4 

60 *81 

682 *62 

^0*91 


6 

40-02 

780 -82 

+ 0*97 

1 6 

66 *99 

546 *90 

+ 0-29 


6 

46-66 

690-06 

+ 0-11 

6 

71*09 

610 ‘06 

+ 0*08 

Datta 

7 

60 *98 

652 -17 

+ 0*02 

7 

76*14 

474-67 

+ 0*04 

Aj 

8 




8 

81 *07 

440 *06 

+ 0*18 

! ® 

9 

61 -66 

676-45 

-0-10 

9 

85 -79 

406*84 

+ 1 *08 

j ■ 

10 

66-98 

680 -28 

-0*07 

10 

90*710 

872 *84 

-0*22 


11 

72 *0 

608-62 

+ 1*07 

11 

96 -66 

839 *22 

-1-68 


12 

, 77-29 

466-61 

+ 0-86 




I 


18 

82*44 

480-48 

+ 0*88 






14 

87 *76 

893 -87 

-1*16 






16 

92 *98 

867 .■41 

-1-04 





1 k 


1 

(air) 




(•») 


' A| 

' i It j 

0 

6629-816 

17764*148 


,0 

6620 -816 

17704-148 


CL«opold 

A,y 

1 

i 88-066 

762 *259 


1 

88-080 

762 -266 



. 1 . 

29 

i 

6780 -67 

889-68 



6752 -67 

888*58 



Series. 


Datta 

A/ 


Datta 


A/ 

(Leopold 

As) 


I 


I 
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Table VI.—SrF» Banda— (amtd.). 


Series. 


x.I.A. 

(air). 

V (rae.), 


1 

m. 

X.I.A. 

(*ir). 

9 (vao.). 

Vq - IV. 


A 

0 

6771 -971 

178-26 -104 


I 0 

6779 -473 

17802 -616 


A.' 

(Leo]^ld 

A 4 

(Leopold 

1 

74 '822 

816 ‘551 


1 1 

82-169 

294*548 


Bi) 

9 

98-611 

245 *806 


! 2^5 

5869-642 

066-180 









(»«.) 



B, 

0 

6806-082 

16887 -882 

1 

: 0 

6382-20 

16787 -98 

0*00 


(I.«opold 

D) 

1 

04-721 

661 *180 

1 

1 

80*74 

791*67 

+ 0*08 


23 

62 ^ -62 

910 *85 

1 , 2 

£9 *89 

794-94 

-0*08 






t: 8 

28*11 

798 ‘14 

-0 06 

Datta 





.. I: 4 

26*88 

801 *21 

-0*06 

Tl 

Ba 

0 

6418 -927 

16678 -921 

ii 6 

25 *72 

804 *10 

-0*08 


(Leopold 

1 

17-687 

681 -987 


0 

24*60 

806*90 

+ 001 





7 

28 ‘56 

809*60 

+ 0*08 


24 

6897-406 

681 ‘886 

j 

8 

22‘54 

812-08 

+ 0*81 




» 

21 *66 

814*58 

+ 0*69 


1 







(*w) 




0 

6611*986 { 

16366-800 


0 

6527 *578 i 

1 18819-617 


0,' 

(Leopold 

BO 

C/j 

(Leonid 

1 

08*676 1 

364-107 



24*158 

827-048 


ifi 

6467 ‘70 

461*46 


7 

04-71 ' 

378 -48 



0 

6682-631 

15076 *978 


0 

6666-662 

16026 -049 


C' 

(Leojpold 

X 

29-824 

084*494 


1 

62-091 

082-807 


1 

. 1 

16 

6688*190 

178*656 


6 

85 *662 

070-818 


C, 

(Leopold 

0 

6729 *16 

14860*72 


0 

6740*70 

14886-26 


0,' 

X 

23 80 

872*54 



86 16 

647-40 


F) 

‘s 

6687*18 

964*10 


ii 

6688*18 

962*94 

1 

r\ 

0 

6869*08 

14667*99 


0 

6809-08 

14667-99 



(Leopold 

1 

... 

68 *89 

670-06 


1 

08-89 

670-00 


(I^jpold 

if ) 

! 

19 j 

6778-88 

768-79 


19 

6772*98 

764*66 



6. The Bande of Barium Fluoride. 

Barium fluoride shows four groups of bands, which are all in the visible 
region between X4937 and X 6160 and were already well Imown. Proceeding 
toward the red, they were designated as A, B, C, and £ by George, but tb«r 
nomenclatures have been altered to Bj, £«, Ci, and £3 respectively, in aeoord- 
anee with the groups of CaFi and SrFf, with wldch they ate believed to be 
bomolt^us. 

Although the bands of BaFj fade in the opposite direction, t.e., towards the 




































Earth Fluorides and their Relation to each oih€r, 447 

red, fehe structure of the Bi, Ba, Ci, and Es groups are similar to the corre*- 
spending groups in CaFa. Their “ tails ” are likewise clearly recognisable and 
have been marked with dots (Plate 6, fig, VI). 

The group designated as D by Greorge was never observed. In this connec¬ 
tion it may be mentioned that luxless the arc is very well supplied with the 
salt (BaFj) fine flutings always appear as a sort of background to the stronger 
bands of BaFa. These become very weak when the arc is well supplied with 
BaFa and they strengthen with BaO, It is therefore quite likely that these 
bands are due to the oxides. 

In the ultra-violet there appears a sharp head at \ 3810, followed by a series 
of fine iTutings, which have no homologues elsewliere. It lias been previously 
observed by Olmsted. 


Table VII.—Constants for the Calculation of Series in BaFa. 


Seritff. 

a - Vq. 




20288 887 

+ 6*1092 

-0-1888 

»« 

20198 -76 

+ 6-5376 

-0 '1096 

0, i 

200S1 -41 

+ n-6639 

-0 *14908 

Oi' i 

19997 ’86 

+ II -9*78 

-0 *1278 

B, 

19534*47 

+ 8-8086 

-0*16404 

1 


Table VIII.—BaFa Bauds, 


Series. 

m. 

A (ftir). 

;] 

y (air). 1 w». 

■ J 

A(«lr). 

p (air). 

Seriea. 

B, 

(Seorg* A) 

0 

I 

9 

1 ® 

1 

6 

4087-886 
88 -812 

47 -810 

4902-146 

6012 *S50 

20263-837 jj 0 

47 -780 ;| 1 

12*98 is 

i: 

‘i 

4950 *802 
52 *612 

71-70 

20898-76 

91-37 

18 *84 

B, 

(00orgc B) 

0, 

<€l««rg« C) 

20081*41 

19948-70 

1 0 

1 ... ' 
j 29 

6000 *662 

62-807 

10997*86 

768*84 

C,' 

(Gleorg* O') 

Bg 

(Gt^rge B) 

0 

1 

17 

8110-157 

21-206 

43*949 

19584 -47 
626 -SI 

440-82 

1 ' 1 

1 ; 

: 





7 . £einar&$ on the CaF% Bomde. Orange Group B% B% \ B%*% 

The aeries of bands designated Ku Hs, Hs, Hi, and assigned to StF, by 
Leopold, and those called Fi, F», Fs by George, and attributed by him to 
BaFi^htve not been included in the tables of Sr and Ba, for the simple reason 
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that they are really due to CaFj. A comparison of the measurementB of 
Leopold and George with each other and with the wave-lengths of the orange 
series of CaFj given by Rosch, as in the following Table, clearly show their 


identity:— 


w. 

Kosoh — CaF). 

Leopold—SrFj. 

G-eorge—BaF*. 

A LA. (air). 

X I. A. (air), 

XI, A. (air). 


D(B,). 

H,. 

p.- 

0 

0087 168 

6036 *908 

6086*869 

1 

88^30 

34 681 

84*820 

2 

88-261 

82-984 

82*876 

8 

81 -827 

81*099 

81-068. 

4 

28'664 

29-451 

29*400 

0 

D'(B.'). 

0061 -084 

H,. 

6060-SIC 

p.- 

6060-706 

1 

48*947 

48*78 

48-706 

2 

47 -160 

46*97 

46*860 

8 

46-474 

46 *10 

46*066 

4 

48*989 

48*85 

48*489 



' H,. 

F,. 

0 

6064 -612 ! 

1 0064 *896 

6064*880 

1 

62 -627 

1 62 *844 

62 *810 

2 

60-643 

60*431 

60*878 

3 

68 -880 

68 ‘668 

68 *581 

4 

67 -192 

67 026 

66*984 

5 

66-668 I 

! 66 *467 

66 *412 

6 

64-296 1 

64*14 

54*010 



i H.. 


0 

6084-985 

6084-24 


1 

81 -666 1 

81-51 


2 

80-040 1 

79-68 


8 

76 -226 1 

76-98 


4 

74-810 1 

1 

76-24 

' 


All the different observers agree that with the increase of molecular weight 
tlie homologous bands are shifted towards the red. Consequently it seems 
improbable that exactly similar groups of bands of CaFa, SrFa, and BaFa 
would occupy the same position. If SrFa end BaFa have really similar 
groups, we should expect them in the red and infra.-red respectively. 

With these doubts, the following observations were made, which clearly 
show that the group in question really belongs to CaFa. 

Several comparison photographs were taken in which CaFa formed the 
outer spectrum and either SrFa or BaFa formed the inner one. This group 
was then found to be identical in position with the orange group Ba of CaFa, 
but of much lower intensity. 

This orange group is the most sensitive in the speotru!m of CaFa. The ar® 
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between hard carbon rods, which contain very little CaFa, shows this group 
faintly, and it becomes more intense when the arc is fed by a compound of 
calcium other than the fluoride. Thus a few plates of CaO spectrum were 
obtained where this group was superposed on the spectrum of the oxide. It 
is very likely that the appearance of this group in the spectrum of SrFa and 
BaFj is due to CaFa present in the carbon rod itself. BaF^ in a copper arc 
or in the oxy-coal gas flame did not show it at all. Hence it is believed that 
this group really belongs to CaFa. 

8 . l^he Relation beivmn the Spectrum of tl^e Alkalim Earth Flwridee. 

Possible relations among the band spectra of nearly related compounds are 
to be expected from the occurrence of similar series in the different spectra. 
In the spectra of MgF^, OaFa, and SrFa, such series can be picked out quit© 
readily. The structure of the series and its position relative to the molecular 
weight of the compound, assisted by the direction in which it shades off, give 
us the best guidance for such selection. The following three classes have 
thus been identified 

Class A— 

(а) The ultra-violet groups Ai, Aa of CaFa. 

( б ) The blue-green and the green groups A 3 , A 4 of CaFa. 

(c) The ultra-violet groups Ai, Aa of SrFa. 

{d) The green and the yellow groups A 3 , A 4 of SrFa. 

These have the following similarity:—All of them fade toward the red; 
the bands of SrFa are more toward the red than the corresponding bands of 
CaFa; they present the appearance of pair series, a head of Ai with one of 
Ai', a head of Aa with one of Aa', and so on (figs. II and IV). 

Q _ 

(a) The red group Ci of CaFa- 

(1) The red groups Ci, Ca, Cb, and C 4 of SrFa. 

All these shade off towards the violet. The bands of SrF* are further in the 
3 Ped than those of CaFa; they present the same fluted appearaitce, and the 
arrangement is also similar, for in each group we find the second series to be 
in advance of the first by a few heads, Oi' in advance of Cj, Ca' of Cs, etc. 

Class B— 

(a) The strong ultra-violet group Bi of MgFa. 

(b) The yellow-green group Bi of CaFa. 

(c) The orange group Ba of CaFa. 

(d) The red groups Bi, Ba, and of SrFa. 
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These have the following similarity:—^They all fade towards the red aad 
form the most intense group in the respective spectra (the group Bi of Oafs 
and the group Ba of SrPa are, however, weak); their positions are consistent 
with their increasing molecular weight and they all have a typical fluted 
structure totally different from those of class A and C. 

In this classification, BaFj bands present an anomaly as to their positions 
in the blue region, but on the similarity of structure the groups Bi, Ba and 
Cl respectively appear to be homologous with the Bi, Bj, Ba and Gy groups of 
SrFa. 

The classification of practically all the series in the spectra of the alkaline 
earth fluorides in the above way provides a basis for the further investigation 
of possible relationship between the characteristics of the various series of 
l:)and8 and the molecular weights of the respective compounds. Of the 
numerous formulae tried, the one of the two which represents the facts of 
observation most closely, is 

= const.. 

a 

where a and h are the numerical values of the constants used in calculating 
the series and »i' is the molecular weight of the compound. 

The 4th column of the Table on opposite page shows how closely the 
formula applies to the different groups in each class. 

We thus find that in each class the values of - ) agree well with 

each other, although varying from one class to anotlier. It is a remarkable 
fact that the value for class C is very close to that for class A. This ie 
what we should expect when we notice that the series of the C class resemble 
those of the A class, both fading off very slowly, though in opposite directions. 

In seeking relations between the nearly related compounds, some function 
of the molecular number—a conception of Dr. H. S. Allen* which means the 
sum total of the nucleus positive charge in the molecule and which plays a 
part like the atomic number in the elements—was thought worth trying, and 
hence a separate column introducing molecular number M instead of mole¬ 
cular weight m', has been calculated. This gives a better agreement between 
the values as given in the 5th column of the preceding Table when instead of 
v/(M), log M is used. The logarithmic function of the atomic number has best 
answered the relations between the allied elements; hence the introduction 
of log M seems to be on the right path, and the formula adopted becomes 

a 

* Br. H. S. Allen,«FhiL Mag.,' v«L » (mB). 
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HoiK10lo|»Ui 

•erie*. 

a • 

1 ^ 

lo(f b X 

a 

log h K log M 
a 

OftFs Ai 

296S6'02 

100 *61 

' 6*964 kXO-** 

10 -67 X 10-‘ 

II 

mm ^74 

101 *001 

6 973 

10 *68 

n Aj 

28983 -70 

90*6002 

6 -902 

10*66 

M 

28876 -70 

90*2001 

i 5*979 

10 *69 

*1 

19428 -6 

1 24 ‘242 

1 6 *298 

11-26 

II A/ 

19424-8 

! 24*191 

e-200 

11 -25 

II A4 

18K94-9 

20 *6018 

1 6 *141 

10 *98 

»» A4' 

imm*x 

! 20 *4766 

6-130 

10*99 

SrFj A, 

27417 -16 

' 44 ‘36 

; 6 '731 

10 *61 

>, Aj 

27809-72 

44*70 

6-772 

10-66 

11 Aj 

j 26929 '36 

} 41 *001 

6-711 

10-47 

It 

26740 -04 

40*801 

6 -760 

10-58 

ij A| 

17764-16 

n-783 

6-746 

10 *68 

1 .. A,' 

17764 -16 

12*0204 

6*812 

10*63 

fl A4 

17826 -1 

9*4831 

6*206 

9*86 

II A4 

17302 *31 

8-0796 

0 *012 

9*68 

CfiF] Cj 

15978 *94 

11*3001 

5 -782 X 10-< ; 

10 ‘34 K 10-*^ 


16906 ‘89 

11*0008 

; 6-820 

10*41 

8rF, C, 

16356*80 

7*8989 

1 6 -660 i 

10 ‘21 

0,' 

16819*617 ; 

8*0935 

6 -672 

10*36 

.. 0, 1 

15076 -973 ; 

7-8738 

j 6-660 

10 *89 

„ - 1 
BaF, 0, 

16U26 *049 

1 7*6009 

6 -669 1 

10 *86 

' 00081 ‘41 

1 11 ‘9478 

7-126 1 

10*05 

.. C,' 

19997 ‘35 j 

i 

1 11 '5539 

1 7-048 I 

9*98 

MgF, B, 

2780) -28 ; 

28*06 

. , ^ 

4*103x10"^ 1 

7 *67 X 10 

Bi' 

S782S -47 

28*85 

4*148 

7*75 

« Bi" 

27814 -66 

28*2601 

1 4*120 ! 

7*70 

c’ir, i; 

27775 -01 

27-67 

4*012 j 

7*12 

17094-8 

6 006 

4 *022 

7 *19 

tf B( 

16559-16 

6*6201 

8*998 1 

7*15 

„ B,' 

10621 -72 

6*4002 

8 *916 i 

7*00 

.. B," 

16484-87 

6*8003 

4*007 1 

7*17 

u /// ! 

Sri', bI 

16424-27 

5*2401 

8*867 i 

6*92 

16657 -88 

3*4908 

3*836 j 

5*99 

.. B, 

16787-98 

8'7001 

4 *033 j 

6*29 


16578-921 

8 3208 

8‘721 I 

5*85 

BftF« B, 

20268-887 

6 ‘6875 

6 *335 j 

7 *62 1 

M Ba 

20198 -76 

6*1092 

6*109 1 

i 

7*20 j 


The molecular numbers of the compounds used are:— 

MgF,= 12 + 2x9 = 30, SrF, « 38 + 2x 9 = 66, 

CaF, » 20+2 X 9 « 88, BaFj « 66 + 2 x 9 = 74. 

These fomulee thus give relations between the wave number of the first 
head in the series, the average ciifference in wave number between the 
«oaseontive heads, and the molecular weight or molecular number. The fact 
^>at the oalottlated values of the above relations come out as constmits may 
be interpreted in the following way:—The mechanism of emission of bands 
of the eimilar compounds of the same periodic group is essentially the same, 
theyamit the seme types of bends, so that if the system owing to their 
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possessing greater energy or lesser mass appear on the high frequency side^ 
the successive band heads will be more widely separated, will have a. 
greater frequency difference, and if owing to either lesser energy or greater 
mass they appear on the low frequency side, the successive heads will be* 
closer together. 

Beryllium fluoride batwls, previously unknown, have also been observed,, 
and, from their positions and separations, it is expected that they will agree* 
with the above formula. It is hoped to discuss them in a separate paper. 

9. A New Bdation, 

A striking feature of the series of the B class is that they show a strong 
line on the side in which they fade off, and this may be mistaken for the 
head of the series.* It is, however, possible to arrive at an explanation of the 
appearance of this line in the following way. In all tliese series the* 
successive intervals of the heads gradually decrease, till finally the heads 
come too close to be resolved (see figs IV, etc.). The strong line on the 
shading side, which has been named as the " tail of the series, may thus 
be regarded as due to the crowding of several unresolved heads in a finite 
space. The intensity of the tail would therefore depend on the number o# 
heads crowding, and their respective intensity. The falling off of intensity 
in the Bi series of CaF^ is less gradual than that in its B^ series, and, at the* 
same time, the rate of decrease of intervals between the successive heads is 
faster in the former than in the latter. Both these factors thus contribute 
to the crowding of stronger lines to form the tail of the Bi series. Hence,, 
although the general intensity of the B® series is greater, the tail of Bi appears 
much more striking than that of Ba, and gives the false appearance of the bead. 

The B class series, with diminishing intervals, are all expressed by the 
equation v = a—im—cm®, in which h and c have values of opposite 
sign. Thus, for the nearest positive integral value of m, satisfying the 
condition dvjdyn = — 2m =: 0, v is a maximum or minimum depending 
on the sign of 6*. Near this value of w, since dvjhm = 0, there will be a 
crowding of lines. Theoretically, therefore, from a knowledge of h and c, the 
position of the tail, i.e,, the turning point, can be predicted, and the following 
Tables will show the closeness of the predicted values to the observed ones 

* With regard to the B class of bands in SrF 2 , it may be remarked that two different 
interpretations have been given (Konen, ‘Dos Leuchten der Gase und Blimpfe/ 
pp, 238-241). Fabry, whose interpretations have been accepted in the present paper^ 
has described the first line towards the red as the head of the series. Deslandres, on the 
other hand, took the strong line towards the violet—the one regarded as tail here—aa 
the head. Konen suggested that as the strong line (tail) may possibly be due to 
crowding of several heads, Fabry*s interpretation is, perhaps, the more correct one. 
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Series. 

m for w hioh 

(osL). 

I'd ^I' tail (oh*.). 

Bemarkfl. 






The difference befcireen 

0»F, B, 

” b'" 

♦I 

StW, Bi 
„ B, 
HaF) 

1 

17 

IS 

18 

3a 

86 

27 

51 *12 
50*04 
! 60 *58 

67 *87 

1 60 -8 

i 111*7 

40*6 

48*7 
49*4 
68*5 ‘ 

67 *4 
111*0 

i 

the observed and the 
calculated value is 
within the limiti of 1 
variations of the values ' 
of d and e so as to 
approximately satisfy 
the equation 

1 





—6w—1 

1 

1 


For values of m equally greater or less than this critical value, the values 
of V are almost equal, so that, with a low dispersion, the two heads practically 
coincide. With a high diB[^rsion, however, a fainter head, corresponding to 
the greater value of m, is to be expected by the side of the stronger head, 
corresponding to the lower value of w.* For m = ( — 6 /c), Vm = ro> and, for 
values exceeding (—J/c)* will be less than vo; if, therefore, the successive 
heads fall in intensity so slowly that the bands 7/1 sr — 5 /c-f 1 , — 6 /c-f 2 , 
etc., are not very weak, we should expect one or more fainter heads, whose 
frequencies are less than that of the head vo* la the Bi series of CaFa, 
since the intensities fall off rather slowly, the thirty-fifth or the thirty-sixth 
band, corresponding to m s= —i/c + 1 , •~-&/c 4-2 respectively, probably survive 
in intensity, and appear on the low frequency side of the head (vo). This, 
perhaps, explains the appearance of the two faint bands in front of the strong 
head in fig. III. 

Another interesting fact observed is that the difference in frequency {£^v) 
between the head and tail in the homologous compounds is nearly constant 
for different series of the same compound, but varies from one to another, 
auch that log Av k= K log M, where M is the molecular number. Thus ;— 


Series. 

Ay. 

M. 

Log Av, 

LogM. 

K. 

CftF, B, 

49*6 

38 

i-eos 

1*68 

1 *06 

•) B. 

48-7 

88 

1-687 

1 *68 

1 *06 

.. B," 

49*4 

38 

1-693 

1*68 

1*06 

8rF, B, 

68*6 

60 

1‘767 

1 *748 

1*01 


67 *4 

60 

1-769 

1*748 

1 *01 

BaF, Ba 

111*08 

74 

31048 

1*869 

1*09 


111 *8 

74 

8-0484 

1*869 

1*09 


♦ Depending on the values of B and C, they may exactly coincide, in which case their 
reparation ia impossible. 
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0 dass of series aIbo shotild hsBv tails, bnt, fi^ the tiuomtuyt 
oalcnlatioB, it is found that, in the Ci' series of OaFi, the tbirty-eif^tii iNUAd 
would correspond to the tail; as the senes is very weak, the heads about the 
thirty-eighth band are too weak to give the impression of a taiL Though 
the corresponding series of SrFj is very strong, the tail would oocur at the 
sixty-seventh band, and so the heads forming the tail ore weak, and do not, 
therefore, show any clear tail.* But, even in this class, Av and If exhibit 
some indication of the previous relation, thus:— 


Serifl*. 

m for max- 

(calculated). 

M. 

Log Ay, 

Log M. 

K. 

OaFj 0/ ’ 

88 ' 

218 *8 * 

8S 

2*827 i 

1-68 

1*47 

C/ 

6T 

263*3 

66 I 

2 *419 j 

1*748 

1*89 

BaFa 0/ 

47 

290*2 


2*462 

1*889 

1*86 


The series Ci' of BaFg shows a tail, as is to be expected, oonaidering the 
general intensity of the group. The observed As s 296*8 closely agrees with 
the calculated one, 

10. Summary. 

1 . Nine series of bands have been found in tlie spectrum of MgFj. 

2. Four new series have been found for CaF$ in the ultra-violet, and 
additional heads recorded in some of the series in the visible region. 

3. Foul* new series have been found lor SrFt in the ultra-violet and a 
very weak one in the red. 

4. Series designated as Hi, Ht, Hs; H 4 , and ascribed to SrFa by Leopold, 
also the same series called Fi, Fj, Fa and aUotted to BaF> by Qeoige, have 
been proved to be really due to CaFs, and corresponding with its series now 
designated as B,. B,'. B,", B,'". 

5. The homologous series of the different alkaline earth fluorides have 
been oouneoted by empirical equations, using the constants of the series 
equations and the molecular weight or the molecular ntunbeni of the 
respective compounds. 

6 . An explanation has been given of the appearance of a “ tail ’’ in some of 
the bands, starting with their series equations. It has also been sltown that 
the difference in wave numbers of the heads and tails <A the similar series is* 
flonstant for the same compound, but varies flrom one to another in a< 
definite way. 

r** In the eeriea and C,' of SrFg, there i^e of XAbt near a&tmf ^ 

calculated positioue; in and the calculated poiitione of the taihi tail ptiJthi 
preoeding eeriee Ci and C/ respectively, hence they cannot possibly be detected; 
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the enlaigements. 


DESCRIPTION OIT PLATE 6, 

Pig. L—Spectrum of MgFj, region about X3460-X3700. On the left is the group 
next oontea and finally on the right there i» the group 

Pig. II.*Spectrum of GaF^ region about X 5146--X6430, having the group Ag on the left 
and the group A^ on the right. 

Pig, III, —Spectrum of CaFj, region about X 5a35-X 62^5. The group B, is on the left, the' 
dot at about X 5633 marks its ** taiL'^ The group Bg conies next. The dot 
at about X6022 marks the ** tail*'of the series Bg, and that at about X6050* 
shows the tail ” of Bg*'. On the right there is the group 0^. The dots are not 
very clear in the reproduction. 

Fig. IV,—Spectrum of SrFg X 5620--X 6420. Proceeding towards the red, there are the 
groups Ag, A 4 , B), Bg, and Bg, in succession. The dot at about X 6Sd4 niarka 
the ** tailof the series Bj, and that at about X 6304 shows the ** tail" of the 
series Bg« 

Fig, V.—Spectrum of SrFg X 6380-X 0870, showing the groups Bg, C„ Cj, Cg, and C 4 , from 
kft to right. 

Fig. VI.—Spectrum of BaPg X4d37-X5ie0, showing the group Bj, Cj, and Bg, in 
succession from left to right. The dots mark the positions of the tails of the 

' respective series. 
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TJie Absorption of Light by Elements in a State of Vapour: 

The Halogens. 

By Sir J. J. Dobbie, F.R.S., and J, J. Fox, O.B.E., D.Sc. 

(Received June 4, 1921.) 

[Pl*tii 7.] 

In previous papers* we have given an account of the effect produced on 
the light of the Kernst filament by passing it through the vapour of the 
elements of the sulphur, phosphorus and mercury groups and have shown the 
bearing of the phenomena observed upon the constitution of the vapour in 
each case. In the present paper we propose to deal with chlorine, bromine, 
and iodine, the only other elements which lend themselves readily to this 
method of investigation. 

Ten years ago the absorption spectra of bromine and iodine were investi¬ 
gated by Evansf by a method similar to that which we employ. He showed 
that the absorption varies with the temperature and pressure and drew from 
his results the conclusion that at sufficiently high temperatures tihe vapour of 
these elements is diactinic. This he explained by assuming that the mona¬ 
tomic molecules into which the more complex molecules are gradually 
resolved as the temperature is raked are colourless and without absorbent 
action on light at any rate within the limits \ 8500 to X 6800. In most of his 
experiments the pressure was kept constant by connecting the observation 
tube in which the vapour was heated with a reservoir of the element main¬ 
tained at a constant and lower temperature. The mass of the vapour at 
different temperatures was, therefore, variable. Our experiments were 
designed to show the effect produced by a constant mass of vapour on the 
absorption when the temperature was varied over as wide a range as possible. 
For this purpose a known quantity of the element under examination was 
enclosed in a sealed vacuous tube and the temperature gradually raised, 
observations upon the absorption being made at intervals. Under these 
conditions while the mass of the vapour remains the same throughout, the 
pressure increases both with the rise of temperature and as a conse¬ 
quence of the dissociation of the molecules. As, however, the tubes were 
evacuated with the Sprengel pump and the initial pressures were, therefore, 
low, it is improbable that the changes of pressure had any great influence 
upon the phenomena. This view is confirmed by the fact that observations 

* ‘ Roy. Soc, Proc.,’ A, vol. 96, p. 484 (1819) j voL 98, p. 147 (19»0). 
t ‘ Astrophysical Journal,' voi 32, 860 .1 , p. 291 U910). 



Absorption of Light by Elements in a State of Vapour, 457 

made upon different quantities of the element showed only sucli differences of 
spectra as might be expected from the variation in the mass of the substance 
employed. In no case, so far as we observed, was the temperature of 
luoxifhum absorption altered. 

In our experiments on bromine, quantities varying from 1’4 mgrm. to 
17 mgrm. were employed. The bromine was introduced into the observation 
tube by weighing a quantity of the dried double bromide of gold and 
potassium in a small oapillary tube and placing this in the side tube* of the 
observation apparatus, evacuating, and sealing. The double bromide was then 
decomposed by heating, and the side tube sealed off at a point between the 
capillary tube and the body of the apparatus thus leaving bromine alone in 
the apparatus. By this means we were able without difficulty to get any 
required qxiantity of pure bromine into the tube. The quantity of bromine 
was checked by titration after each experiment. The observation tubes were 
of the same dimensions as those employed in the previous investigations 
{loc. cif.). 

When the light from a Nernst filament is allowed to fall upon a white 
screen after passing through the vapour of bromine, a remarkable series of 
changes is observed as the temperature is raised. At 100^ 0. the colour, 
which is deep orange at lower temperatures, changes to brick red; above 
600® C. the intensity of the transmitted light diminishes, the effect being 
most pronounced at 900® C. when the vapour is almost opaque. Above this 
point the brick-red colour changes to orange red; at 1200® C. it is pale yellow 
and at still higher temperatures nearly white.f lu this connection it is 
interesting to recall that Andrews pointed out long agoj that when bromine 
is heated in a sealed tube it gradually becomes quite opaque. 

Fig. 1 shows the absorption spectra of 9-7 mgrm. of bromine between the 
temperatures of 22® C. and 1850® C. It will be noticed that the absorption 
increases regularly up to about 900® C. after which it falls oft continuously. 
The results are similar when larger quantities of bromine are employed (fig. 2), 
the absorption l>eing of course greater, but the curve remaining of the same 
general form with the point of maximum absorption at the same temperature. 

With 3 mgrm. of bromine a wide absorption band makes its appearance, the 
middle of which is situated about X4170. This band dies out about 600® C. 
but the spectrum remains weak in the same region until a much higher 

* See fig. 1, < Koy. Soc. Free.,' A, vol, 95, p. 484 (1919). 

+ These ol)eervatiotis were made on quantities of 8 or 9 mgrm. of bi'oniine in 
observation tubes, 100 mm. long, 12*5 mm. diameter. When a larger quantity of 
bromine was employed, the light transmitted at 900"' C. wa« so feeble that it could 
hardly be observed on the screen. 

t * Heport Brit. Assoc., Edinb.,' 1871. 
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temperature is reached Evans found in his experiments that there was no 
absorption at 1320° C., the highest temperature he employed. It seems 
possible, having regard to his method of observation, that what really 
happened was that the quantity of vapour remaining in his tube at the higher 
temperatures was too small to show any absorptive effect. In any case, his 
explanation that the disappearance of the absorption was due to the resolution 
of the diatomic into colourless monatomic molecules can hardly be correct 
seeing that at the highest temperature he reached it is probable that half the 
molecules remain undissociated. 

Iodine vapour, like that of bromine, changes colour as the temj>erature is 
raised. It was observed that with 4 mgrm., the colour which was reddish 
violet up to about 300° C. gradually deepened in shade to about 600° C. At 
this temperature the intensity of the transmitted light was gj^eatly diminished 
and remained feeble up to about 800° C. when it again increased, the violet 
shade becoming lighter. At still higher temperatures the violet passed 
gradually into a bright salmon colour and finally the colour diaappeai’ed 
almost entirely. 

The general character of the spectrum* is the same as in the case of 
bromine, but the point of maximum absorption, about 600° C., is much lower 
and the wide absorption band is much more distinctly defined. It will be 
remembered that the temperature of maximum absorption of tellurium is 
much higher than that of sulphur or selenium, the elements of lower atomic 
weight in the same group,. With the lialogens the reverse is the cose. 
Figs. 3 and 4 show the absorption obtained with 2’8 and 4 mgrm. of iodine 
respectively. Fig. 4 shows a series of faint bands extending from X 3990 to 
X4420 which first show distinctly at a temperature of 900° 0. As the 
iodine was specially purified these bands must be due to the element and 
not to some foreign substance. 

To obtain the spectrum shown in fig. 4 the temperature was raised to 
1350° C., the highest point possible with silica tubes. It is interesting to 
observe that even at this temperature the wide band has not entirely died out, 
and the faint bands between X 3990 and X 4420 are still observable.t We axe 
therefore unable to confirm Evans' statement as to the disappearance of the 
absorption spectrum at high temperatures. This is not surprising seeing that 
he examined the sj^ectra by the eye. Without the aid of photography the 
faint lines would easily escape notice. 

* Wood (‘Phil. Mfcg,/ 1912, p. 660, and 1916, p. 256) has shown that the iodine 
absorption epectriun has about 50,000 bands in the visible. 

+ Spectrum in fig. 4 was taken with a plate more sensitive to the red than that 
employed in photographing the other spectra. 
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The investigation of chlorine presents peculiar difficulties. A large 
quantity of the element, involving the use of a long tube, must be employed 
to give a mass of the gas sufficient to exhibit the absorption phenomena. 
The spectrum shown* in fig. 6 was obtained with a tube 43 cm. long 
•containing chlorine at a pressure of 072 atmosphere at 0® C. It will be 
seen that there is a gradual increase in the amount of absorption with the 
rise of temperature, but at 1190° C\, the highest temperature we reached in 
this case, no reversal such as is exhibited by bromine and iodine is apparent. 
Whether or not reversal would take place at a still higher temperature it is 
impossible to say with certainty. It may, however, be pointed out that the 
narrow bands at the red end of tlie spectrum have become much sharper 
at the highest temperature reached. Similar l>ehaviour is observed in all 
those elements where the absorption is reversed, when the temperature of 
maximum absorption is being approached. The spectrum, which had been 
examined by Mrs. Laird to osoertaiii the effect of pressure at room tempera¬ 
ture* * § is of the same fluted character as the spectra of bromine and iodine. 
At the higher temperatures faint diffuse bauds are found in the region 
X 5460 to X 6180. 

The vapour densities of the halogen elements show remarkable abnor¬ 
malities. At low temj>erature8 they are all somewhat higher than is required 
by the diatomic molecule. Thus, according to Treadwell and Christie,f the 
molecular weight of chlorine at 20° C. is 72. Pier^ states that chlorine does 
not obey the ordinary gas laws below 184° C., but that between 300° C. and 
1450° 0. it is normal. According to Langer and V. Meyer,§ the density of 
chlorine begins to fall off above 1200° C., the diminution being due to the 
breaking up of the diatomic molecules. 

Jahnil states that the density of bromine does not become normal till over 
200° C.IT Permau and Atkinson** show that about 900° C. the vapour is 
dissociated to a small extent. According to Victor Meyer,ff the density 
of iodine vapour at 253° C. is a little higher than corresponds with the 
formula la. The dissociation of diatomic iodine molecules takes place, 
according to all tlie observers, at a lower temperature than in the case of 
bromine, but marked dissociation appbars to begin between 600° 0. and 

* * Aetrophysical Journal,’ vol. 14, p. 85 (1001). 

+ ‘ Zeit. fUr Angew. Chemie,’ vol. 18, p. 1934 (1905). 

t * Zeit. Fhysikal Cheui.,’ vol 62, p. 385 (1908). 

§ * Ber.,’ vol. 16, p. 2769 (1882). 

(I * Gmelin Kraut,,’ vol. 1, eec. 2, p. 226. 

IT See al*o Perman, ‘ Boy. Soc. Proc.,’ vol 48, p. 46 (1890). 

** < Boy. Soc. Proc,/ vol. 06, p. 10 (1899), 
ff * Ber.,’vol 13, p. 394 (1880). 



460 Sir J. J. Dobbie and Dr. J* J, Fox. 

700® C.; 50 per cont. of the molecules are probably dissociated about 
1270® C 

It will thus be seen that in tlie case of the halogens there is evidence from 
the density that some of the molecules at low temperatures contain more 
than two atoms, and that at high teiuper^tures the diatomic are mixed with 
monatomic molecules. It is remarkable that the temperatures at which tlie 
vapour density of bromine and iodine is stated to show a distinct falling off 
from the normal are precisely the temperatui'es at which we find the absorp* 
tion to be at its maximum. Thus, according to Meier and Crafts,t the 
density of iodine begins to fall off tetween 600® C. and 700® C., and this is 
the temperature of maximum absorption. Again, according to Perman,J at 
900® C, marked dissociation of bromine vapour is first observed ; this is also 
the temperature of maximum absorption. 

The fact that the absorption inci'eases with the temperature up to a certain 
point is probably connected, as in the case of sulphur, with the gradual 
breaking down of more complex into simpler molecules. The vapour densities 
of the halogen elements at low temperatures point to the existence of aggre¬ 
gates of greater complexity than diatomic. As the temperature is raised 
these gradually dissociate, until the vapour consists mainly, if not entirely, 
of diatomic molecules, some of which in turn break up into monatomic 
molecules. It may be supposed that during this last phase the nascent atoms 
of the halogen tend to combine with one another and with the xindissociated 
diatomic molecules to form more complex and more highly absorptive mole¬ 
cules ; in other words, that the element polymerises. Applying this view to 
iodine vapour, the number of such polymers of iodine is at a maximum 
somewhat above 600® C. 

In considering the relation of absorption to the molecular condition of 
the vapour, it is to be remembered that the vapour density is an average 
value for all the molecular aggregates present in the vapour at the tem¬ 
perature at which the density is taken. A constant value may occur for 
the density over a wide range of temperature while the absorption 
varies considerably, if we assume, for example, in the case of the halogens, 
that a sufficient number of molecules greater than X» are present to 
balance the diminution of density caused by the dissociation of Xs to 
2X. Thus, witli iodine there is a range of several hundred degrees over 
which the density appears to remain constant while the absorption shows 
a marked increase. The spectroscopic method, therefore, indicates a change 

* Naumann, ‘Ber./ vol. 13, p. 1050 (1880). 

t 13, p. 861 (1880). 

I ‘ Hoy. See. Free.,* vol. 66, pp. 17, 4^ (1900). 
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in the constitution of the vapour upon which the density throws no 
light 

As in the oeuae of sulphur, it is equally impossible to explain the changes 
in absorptive power of the halogens on the hypothesis that the diatomic 
molecules are gradually broken down into monatomic molecules, and that 
no other change takes place. This would leave the change which occurs 
at the temperature of maximum absorption unexplained. Wood and 
Kimura had already come to the conclusion on other grounds that the 
change is not so simple as is generally assumed. They point out* that, 

on the assumption tliat diatomic absorbing iodine breaks down into a 
colourless monatomic gas we should expect the spectrum to fade away 
precisely as it does when the amount of vapour is decreased by lowering the 
density/* By comparing the absorption exercised by a bulb containing 
iodine at high temperature (about 1000® C.) and at a temperature of 35® C. 
they found that some of the lines were much stronger in the spectrum of 
the cold vapour than in the spectrum of the hot vapour, while with others 
the reverse phenomenon was observed. They concluded that, inasmuch as 
the lines are affeoteti in different degrees by an elevation of temi)erature, 
something more complicated takes place than the dissociation of diatomic 
into monatomic molecules. 

The association of the temperature of maximum absorption with a 
tendency to polymerize is not only in accord with what is known as to the 
varying valencies of the halogens, but also brings the phenomena into line 
with those exhibited by sulphur which are almost certainly connected with 
the similar tendency of this element to undergo polymerisation. 

* ‘ Aatropbyuical Journal/ vol. 46, p. 181 (1917), 

Plate 7 , 

The fine bonds, though distinct on the negatives, are not deal' in Plate 7, owing to the 
limitations of half-tone reproduction. 



462 


A Simple Exteymoii of Fotiriers Integral Theorem and some 
Physical AppUcatioyis, in particular to tfw Theory of Quantxjb. 

By li H. Fowler. 

(Communicated by Prof. Sir E. Rutherford, F.R.S. Received June 8 , 1921.) 

(1) Introducim'y .—In PoincartVe* proof of the necessity of Planck’s hypo¬ 
thesis of quanta, an essential stage of the argumentf depends on the use of 
Fourier’s integral theorem to invert a particular infinite integral In the 
form used by Poincar^ this theorem may be enunciated thus :— 

Under suitaUe cond^Uions, if 




(1) 

then 


(2) 


where 0 i$ a contour in the complex uplam on whichX R («) > 7 > 0 and I (a) 
goes from — t oo to -f- i 00 . 

Poincar(5 develops an argument which shows that, if w{7jDdri is the a priori 
probability that the enei’gy of a resonating electron lies between t) and 17 -f 
then <{>(«) is such that —d {log4>(«)}/rfa is the mean energy of the 
resonator at an absolute temperature C/«, where C is a known constant. 
When the mean energy of the resonator (of frequency v) is known by experi¬ 
ment as a function of the absolute temperature, then 4 >(«) is known, except 
for an arbitrary constant multiplier. A direct appeal to formula ( 2 ) then 
shows that in these conditions, and with the same exception, w{7j) is also 
known and is, in fact, unique. It follows at once, and this is the object of 
Poincare’s work, that the known facts can be accounted for by one, and only 
one, function, w (rj) —that is, in short, by the hypothesis of quanta.§ 

Unfortunately, the functions w{ri) and <!>(«) that actually occur in the 
argument are such that Fourier’s integi^al theorem does not apply at all. The 

♦ ‘ Joxtrnal de Physique/ Ser. V, vol. 2 , p. 5 (1912). 

t Loc, ciLj Sec. 7, 

I B (a) k the real part of a, I (a) k the real part of - w. 

g Planck'i* (first) hypothesia of quanta is, of courae, that the energy of the resonator 
can only be of the form pt^ where p k a positive integer or zero, and t « Ar, where A U 
Fiaack’s constant. Thus Planck^s hypothesU attributes the value zero to w ( 17 ) except 

» 1 . PoincarA’s 

thesis is that this is the only possible form of u{ff) which will lead to the correct <^a) 
fitting experimental facte. 
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.actual value of 4>(a) that turns up is 1/(1 ^r“«) and the integral (2) is 
meaningless. This loaves a gap in PoiuoanVs argument—a gap which it is 
desirable to fill In order to do so, it is clear that we have to extend 
Fourier's integral theorem in such a way that an essentially discontinuous 
function such as the w {t)) of the last footnote is properly catered for. The 
tyi>e of extension required is to replace the integral (1) by what is really a 
Stieltjes’ integral* of the form 

dm (tj), 

0 

where m{tj} is a monotonic (increasing) function of ij, and to obtain the 
analogue of Fourier's integral theorem in this case. 

I am not aware whether or no any such extension of Fourier's integral 
theorem is possible for the general Stieltjes' integral indicated above, but for 
the purpose of physical applications it is unnecessary to contemplate an 
integral so general. We proceed in the following section to make a limited 
extension of Fourier’s integral theorem in this direction, which is yet 
.sufficient to enable us to complete properly this gap in Poincare’s argument. 
There appears to be a possibility of further applications of this extension 
which is noted in the final sections. 

(2) A Oeneralisation of Fourier's Irdtgral Theorem .—For physical applica¬ 
tions we may and sliall confine ourselves to monotonic functions m (t;) which 
have a finite number of steps only in any finite range (»;o» »wch a case 

we may suppose that the steps occur at the values ?;,• of r) (i = 0 , 1 , 2 ,.,., t ?,...) 
where —»- oo steadily as i —^ oo, and that the size of the step at ??»isy». 
In such a case we need not really introduce the fundamental conception of a 
-Stieltjes' integral at all. We may dejme generally the integral 
over any finite range in which/(i;) is continuous, to be the sum of the series 
and the more ordinary integral where m\rt) is a 

co7itimwtc$ monotonic (increasing) function of i;, which is simply m (rf) witli 
the steps cut out. We shall still further limit the generality of the function 
'^(v) hy supposing tliat caX’/) ^ definite differential coefficient £1(^0) 
which exists and is continuous at all except a finite of points in any finite 
range finally that il is bounded in any ( 170 . ^ 1 ). Thus the integral 

1 /( 17 )is merely the ordinary Riemann integral |/(i 7 )fl<fi 7 . This 
definition is in agreement, in the restricted cases to which it applies, with the 
usual direct definition of a Stielbjes' integral. We can extend the definition, 
'both converge. We can also extend the definition to include discontinuities 

* See Hai'dy, ‘ Mesa Math./ voL 48, p. 00 (1019), where other references will be 
found. 
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to infinite ranges in the usual way provided that 2 /(»/t)ytand j /(i?)CWi 7 

and infinities of/( t;) provided that there are only a finite number of them in 
any finite range {tjQy tji), that none of them coincides with any value of rjiy and^ 
in the case of an infinity, that the corresponding part of the Biemann integral 
converges. 

With these conventions as to the meaning of J/(i?)dfa)(fl;) whenever such 
an integral occurs, we can proceed to our generalisation of Fourier^s integral 
theorem. It will be well to enumerate precisely the conditions imposed by 
our conventions on ©(ly). They are that a>(^) w a monotonic (increasi^ig) 
function of t) for all values of i; comideredt which has only a f/nUe number of 
dm'ph disconJtinwUies {stcpi) in any jmite interml (^o, i;i). Tfu functim o)'(t)) 
which i$ derived from m (i?) hy removal of the steps has a differential coefficient^ 
XI. ^vhich exiatn and is continuous except perhaps at a finite number of points in 
any finite range (i;o, lyi), and is also hounded in (f)o, We shall refer to 
these conditions as conditions W. We can now enunciate and prove our 
extension of Fourier's integral theorem. 

Theorem^ L—The Extended Fourier^s Integral Theorem. 

If eo(ri) satiffks conditions W, if and^e^^^ Udif} emvcrge for 

a ssz *yo, and if 

e^^^dioil)), (3> 

then ^(u) is a holomorphic function of a in the half plane R(«) > 701 

where 7 > 70, 7 > 0 , and the infinite integral in (4) is to be evaltuUed as 

Lt I 

J y-iT 

It is convenient in the enunciation of this theorem to use and not eero* 
as the lower limit of integration in ( 8 ), owing to the possibility of having the 
first step in o> (77) at 17 3 = 0. We can assume that a is so chosen that there is 
no step between —a and 0 . . 

^ [Addsd, June SB.—In. the limited case which we consider here, this extension of 
Fouvier^s integral theorem is practically equivalent to a combination of Foutisf'a 
ordinary integral theorem (§(!)) with Perron’s formula for the sum <tfUhe first n 
coefficients of a Dirichlet’s Swies (Hardy and Biess, ‘ Hidchlet’s ^nes*’ Cambridge 
Tracts No. 18, p. 12). It is simpler and m<H*e satisfactory to give a direct proof of 
this extenaiem, but this essential equivalence should not be overlooked. X am indebted 
to the referees for this footnote.] 
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Under the conditions of the theorem 2 converges for « = 70 . and 

ttB-O 

therefore represents a holomorphic function of a in the half plane R(a) > 70 ,* 

Under the same conditions I also represents a holomorphic function 

of « in the same lialf plane.f Thus d> (at) is a holomorphic function of « in 
the region stated. 

Now let 




1 r*" 




As 7 > 70 , the inner integral is by definition the sum of a uniformly (and 
absolutely) convergent series and a uniformly and absolutely convergent 
Kiemann integral for all values of « on the path of integration. We can, 
thei-efore, invert tlie order of the two integrationaj and get 


( 6 > 


Now we kuow§ that if 7 >0,T > 0 , and y > 1, 

Tlogy’ 


while if y < 1 , 
and if y = 1 , 


y*-— 2 wt I asi 

y-Ii S 


£ 

II 


'V+Ti ^d» 

y* — 

,-Tr 8 


2 

as; 


Tlog(l/y)’ 


I ~—in 

Jy-Ti 8 


h 

T ■ 


( 6 > 

( 6 ') 

( 6 ”> 


In our case y ~ We therefore substitute from equations ( 6 ) in 
equation (5) and obtain 

* Hardy and Biasas, loc, city Theorem 4. 
t Bromwichi * Infinite Seriee/ p. 4X8. 

I Bromwloh,a/., pp. 117, 437. 

§ Landau/Primaahleni'vol. 1, p. 343. 
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Suppose T) has any fixed value and that e is chosen so small that the range 
iv~^> V-^^) contains no discontinuity of e»(i}) other than (perhaps)itself. 
Then 

/ 1 \ 1 r’7+« fv+tT 


It is easily verified that, when 
1 


-e * 1?—f a e (T fixed), 


2.in/'’-‘’T = eW’ 


and the integral is a continuous function of r)^^. Hence, if i; the last 
term in equation ( 7 ) is 0 (e) and we have 

1(7;, T) = (•-«) +0(1/T€)0+ (€). 

Now let € = l/\/T, and let T -♦ qo . We find 

Lt I(iy, T) = a)(7; —0 )—cd(— a) = a>(T;)—a)(—a). 

T-rao 

If however rj =: 'tju then by definition 


^ “ i^<+2C/T)+0(.), 

Thus in this case 


Lt 1 ( 9 ;, T) = a(97--0)--«(—a) + |y< = |{6»(v—0)+a('i> + 0)}—o»(—a). 

The proof of Theorem I is completed. 

(3) The Extended Mellin*$ Integral Theorem .—The connection between 
Mellin’s and Fourier’s integral inversion formulse is well known—they are in 
fact almost the same theorem.**^ It is, therefore, to be expected that a 
generalisation of Alellin's formula is possible similar to the above for Fourier’s, 
and this generalization is easily made. We have 


Theorem II—The Extended Mellin^e Integral Theorem. 

If <a{x) satisfies conditions W, if Xfixr* and ^ x'^*iXdx converge for 
3 = 70 , and if 

4 >( 5 ) = J x^^da>ix)t 

* Bee e.g.^ Hardy, ^Mese. Math.,’ vol. 47, p. 178 (1918). [Added, June 28:— 
Formulse (1) and (2) of thie paper constitute Foorier^s inversion formula (or integral 
theorem); the corresponding inversion formula of Mellin can be stated thus:— 

Under suitable conditions, if 

r« i ry+tflo 

^{#)w le (x) then w (jc) aw I 

jo V/n% 

The connection between the two formahe may be seen by substituting x » s'*.] 
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where a > 0 and scT* has its principal mXw exp log a:), thm («) is a Wo- 
morphic function of s in the half plane B(j») > 

1 ry+t*> Aji 

H«(a;+0) + a,(«J-0)}-«(a) = (4'> 

where 7 > 70 , 7 > 0, ancl the infinite integral in (4') is to ie evaluated as 
ry+es 

Lt 

T-^ SO Jy-*tT 

We omit the proof which is identical with that of Theorem I. It is easy 
to extend the theorem to the case of a:*** (^’) provided that suitable 

convergency conditions at the lower limit are satisfied. 

(4) Application to the Theory of Quanta ,—Poincare's argument adapted to 
our notation shows that if Planck’s law for the mean energy of a resonator of 
frequency v is true, and if 

where q> {r}) is the a priori probability that the resonator possesses an energy 
at any moment between 0 and p (limits included), then 

(e«M. (8> 

Equation (8) may be taken here as being demanded by the experimental 
facts. If we insert this value of <!>(«) in equation (4) and apply Theorem I 
we find that the only value of a> (n) of the form stipulated by conditions W 
which can produce this <I> («) is given by the equation 

1 /•y + ix» pan 

+ (9) 

Suppose that g has any fixed value which is not equal to pe, where p 
is a positive integer or zero. For definiteness we may suppose that 
< »; < (p + l)<, On expanding the integrand we obtain 

y + iflo 

, H® (»! + 0 ) + ® (’?- 0)} -«(-a) = j ««<"-«> ~ 

y~ ioo 

_ 1 pr+*» 

^ 2irijy-w 1—e"** a’ 

ss p+.l+J, 

J is the value of the last term on the right. But since (p+1) e—n > 0, it is 
easily proved that J =s 0 by applying Cauchy’s theorem to the rectangle 
whose comers are 7 ± tT, X ± iT, and making X —► «, and T —.. 00 . When 
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f) sispe the same reasoning applies except that the last term in the series 
eontributes only Thus 

(0(7;) —oj(—a) rr p + l, (pe < 17 < (p+l)e), 

J{«i>(’? + 0) + «»(77—0)} —»(—a) =p+4, in = pt). 

Now w(»7o) is the a priori probability* that the energy 17 of the 

resonator lies between 170 and 771. Hence this probability must be sero unless 
the range (770,771) includes one of the points pe,and unity when (770,771) includes 
any one such point. But this can only mean that the enei^ of the resonator 
may take any of the values pe but no other values, and can therefore only 
change in either direction by jumps of amount «, which is precisely Planck's 
(first) hypothesis. It hardly seems necessary to contemplate functions more 
general than those allowed by conditions W in a physical problem such 
as this. 

In concluding this stage of the argument one should point out that, at one 
stage in Poincare's proof, it is necessary to make use of the multiple integral. 

f... f e~**'d»(77i)...da)(i7,) 

which represents [^(<*)]"i and to show that it can be exprrased in the form 

j d<f>^{x) i 

this int^ral by Theorem I gives rise to the relation 

There is little difficulty in the necessary modification of Poincare’s work, 
but it must be given at length if at all, and I shall not ponsider the details 
here. 

Since these sections were written, I have found that the same point is referred 
to by Planck in the Poincare memorial volume of the ' Acta Mathematioa' 
which has just appeared.f In section ( 3 ) of this article' Planck criticises 
Poincare’s conclusion that his (Planck’s) second hypothesis of quanta— 
discontinuous emission and continuous absorption—is inadmissible. He 
points out (p. 394 ) the gap in Poincare’s argument that 1 have attempted to 
fill up in this paper and the need for such a more complete discussion. But 
he suggests that it may be due to this gap in the mathematics that Poincare’s 
argument distinguishes between the first and second hypotheses, allowing the 
first to be necessary and the second impossible. I do not think that Planck’s 

* A constant multiplier omitted, 
t ‘ Acta Matheniatica,' voL 38, p. 387 (18S1). 
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«oii1ieiit>ion caa be upheld, eo far at least as it applies to the possibility of 
error iii this gap. If the meaii?energy of an oscillator is to be 




e + 


e 

e "—1 


as Planck’s second hypothesis requires, so that 


4 .(«) 




and if the groundwork of Poincare’s ai^ument is admitted to be correct, then 
it appears to follow inevitably that 

w(i7) = n, (n —< i; < (»i+J)e. 

But by the same reasoning that applies successfully to the former case, this 
must mean that the energy of the lesonator tsan only be of the form (»+i)e 
and must therefore change discontinuously both in emission and absorption. 

( 5 ) The Absorption of N<m~homogeneous Beams of J[-Bays .—The foregoing 
ideas may possibly find another application in the discussion of absorption 
curves of non-homogeneous beams of X-rays, a question suggested to me by 
Mr. C. Q. Darwin. Let p. be the absorption ooethcient for rays of a definite 
wave-length, so that for such monochromatic rays 

I {x) =s los"*". ( 10 ) 

In this equation lo is the origirtal intensity of the beam, and the 
intensity after it has penetrated a distance, x, through the given absorbing 
medium. The general radiation from an X-ray bulb consists of radiation 
with a continuous distribution of intensity over a wide range of wave-lengths 
(or values of p), and superimposed on this the characteristic radiation (a line 
spectrum) of the anticathode if it is excited. In this line spectrum the 
intensity is concentrated at given wave-lengths, or given values of p. If, 
therefore, we attempt to define a function <l>(p) such that <f>(p)dp is the 
intensity in the original beam of the radiation whose absorption coefficient 
lies between p and p + dp, we are unable to do so, since <j>(p) becomes infinite 
whin we reach a line of the characteristic spectrum. This is in fact just the 
case we have had to consider in the theory of quanta. To include it, we make 
use of a function '^(p) which may be discontinuous and is such that dy^{p) is 
the intensity betweenand p-\-dp. The intensity I(r) in the non-homo¬ 
geneous beam after penetrating a thickness, x, will be given by the equation 

I(®) = |V*-df(/t), (11) 

which is an integral of just the form we liave been discussing in this paper. 
We may assume that ^\p) satisfies conditions W. The problem before 
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lie is to determine (/i), the intensity distribution from the known values- 
of I(x). 

From the physical conditions of the problem | (/i) must converge,. for 

the intensity in the original beam is finit^. The integral (11) therefore exista 
for all values of 'R(x)^0 and represents a holomorphic function of x in the 
right-hand half-plane. On applying Theorem I we should find at once that 

H Vr (M + 0) + (M-O) }(0) = 

where C is the contour a—loo, u-f-too, a > 0. As it stands however this 
formula is probably of little or no practical value, for I (x) is a function of x 
which is defined (observationally) only for real values of x. It will not in 
general be possible to deduce directly from the observed values of I (x) its 
proper functional form or even an approximation to its proper functional 
form for general complex values of x. In fact it is only by a somewhat 
fortunate chance that this direct use of Theorem I can be made in the 
application to quanta. The function O (a) there is really only determined 
(observationally) for real ot, but it so happens that it has the precise functional 
form 1/(1—c”«*) which defines it for complex « as well. 

We can, however, turn the difficulty by the method applied by Schwartz- 
schild* to a somewhat similar problem in the theory of stellar dietributions. 
The method consists essentially in a use of Mellin’s integral ('{'heorem II) tO' 
construct from I {x) a function J (q) which is known as a complex function of 
(j —to which, therefore, Fourier’s (or in this case Melliii’s) integral formula can. 
be applied. 

Equation (11) defines I (x). Let 

J(2) = [R(?)>0]. (12> 

The integral converges absolutely at the lower limit if 'R(q)>Q. It- 
eonverges at the upper limit under the physical conditions of the problem^ 
for in any beam of radiation there is a minimum' wave-length—a minimum, 
value fits of fi —below which the intensity is necejearily zero. Thus, in effect- 

I(®) =s [ 

Jm, 

and it is evident that as x —► * 

I (») as Q («”.*•*). 

We find therefore that ~ 

J (i) = I j* 

* Eddingtoo, ‘ Stellar Motion, and the Stsoicture of the Univerw,* p. S06. 
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This is an absolutely convergent repeated integral and the order of integra¬ 
tion may, therefore, be inverted* provided that the inverted integral exists, 
as, in fact, it does here. This gives 

J (5) rs [ dx^ 

Jmo Jo 

“ = [»(?)> 0)]- (13) 

Applying Theorem II, we find at once that 

i{>/r(M + 0) + Vr(/X-0)} = [V^(/*«-0)= 0], (14) 

Thus given the numerical values of the function I (.r) for real values of x, 
it is theoretically possible by two sets of integrations to determine the 
function for all real values of /i. This method lias actually been used 
in the problem of stellar distributions,f but it I’equires precise numerical data 
to make it practicable. Whether it could be applied to the analysis of actual 
X-ray absorption curves is oi>en to question, and I do not propose to pursue 
the matter further here. 

(6) Summary .—In this paper I have attempted to fill up a distinct gAp in 
Poincare’s discussion of the necessity for quanta. It is at once clear that a 
mild form of Stieltjes* integral is a necessary instrument for this purpose; 
such integrals appear to occur naturally in other physical problems. The 
machinery ofTourier’s integral theorem generalised in such a direction is 
thus of some importance; it is evident that the theorem must be true under 
much wider conditions than those under which I have proved it, and I 
recommend its more complete discussion to those who are interested in this 
branch of pure mathematics. 

* The inner integral is, of course, the sum of an absolutely and uniformly conyergent 
series and an absolutely convergent Piemann integral 

t Eddington, he. cit.j p, 220. 
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Some Prohlem?^ connected with Evajyoration fimn Large Exjxtnses 

of Water. 

By M. A. Giblett, M.Sc. 

(Communicateti by Dr* G. C. Simpson, F.E.S, Received May 10, 1921.) 

Inirodiictory. 

1. The water which falls as rain is originally evaporated either from land 
surfaces, forests, etc», or from the oceans, in particular from the latter. It is 
therefore of importance to ascertain how the evaporated water distributes 
itself in an atmospheric current during its progress across a water surface, 
and, further, to investigate the relation between the length of the path over 
the water surface and the amount of water thereby rendered available. In 
this paper, these problems are treated for the case of a current of air of 
uniform speed moving over a water surface of uniform temperature. An 
empirical formula is employed to represent the rate of evaporation from each 
element of the water surface, and account is taken of the stirring upwards of 
the evaporated water by the agency of turbulence, assuming the latter to be 
uniformly distributed throughout the current of air. The results obtained 
would find application, for example, in discussing problems connected witli 
evaporation in the trade wind /.ones, or from inland seas and lakes, or, in 
particular, from the North Sea. winds from which frequently bring much 
cloud and quite appreciable rainfall to the eastern coasts, of Great Britain 
and the northern coasts of France. All the constants occurring in the 
formulae obtained are known, either accurately or approximately, and, 
accordingly, the order of magnitude of the evaporation from a given stretch 
of water, under assigned conditions, can be estimated. What is also of 
importance, is the comparison of the amount of water evaporated from a 
given area or of the distribution of water vapour in the air above it, under 
one set of conditions, with those under a different set. Of particular interest 
is the efleot of varying the speed of the air. 

2. The suggestion which led to the present investigation is contained in a 
paper on ** The Meteorological Conditions of an Ice Sheet and their bearing 
on the Desiccation of the Globe."* The author of that paper, in considering 
the evaporation in tropical and sub-tropical regions during the Quaternary 
Ice Age as compared with that at the present time, has occasion to compare 
the rate of evaporation from large expanses of water under different 

* 0. E. P. Brooks, ‘Quarterly J. Boy. Meteorolog. Soc.^* vol. 40 (1914). 
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conditions as to wind and surface temperature, and Lt.-CoL E. Gold, in 
the discussion, emphasises the fact that this is in reality a very complex 
problem for the formula used (quoted below, p. 474) for the rate of evapora¬ 
tion from an element of the surface, involves the vapour pressure at the dew 
point of the air “ near ” the surface. Now this vapour pressure varies from 
point to point along the current of air which is traversing the water, so that 
an integration is necessary in order to obtain the rate of evaporation from a 
lai'ge stretch of water, and, further, the vapour pressure at any point depends 
on the speed with which the air has reached that point, Avhich complicates 
the problem of comparing the evaporation under different wind conditions. 

3. Before proceeding further, it should be mentioned that the quantity 
described as the vapour pressure “ near the surface is not so indefinite as 
might at first sight appear to be the case. It is known that, though the air 
flowing over a water surface is in general in a turbulent condition, yet, next 
to the water, there is a thin layer, consisting of mixed air and water vapour, 
the molecules of which are only very slowly replaced by those from the 
turbulent region above, and which probably remains unbroken by waves, 
unless conditions are such as to produce spray. In this layer the diffusion 
is purely molecular, but, beyond it, turbulence endows the air with a greatly 
increased diffusivity for water vapour. The consequence is that the humidity 
in general decreases very rapidly from saturation actually at the water 
surface to some lower value at the point where the turbulent regime is 
entered, after which the change, with increasing distance from the surface, is 
comparatively slow. Jeffreys* estimates the thickness of this surface layer as 
of the order of 1 mm. or more, while Bigelowf, iu tlie account of his practical 
researches in evaporation, refers to a thin film, next to the water surface, in 
which the humidity passes rapidly from saturation to its value near the surface 
where the tubes of flow of water vapour are “ distorted, broken, carried away 
in the wind, and converted into a heterogeneous mass of shattered tubes.'* He 
states that the gradient of vapour pressure is rapid in the firat few millimetres 
and then slow up to great heights. Marvin,J too, states tliat, close down to 
the free water surface there must be a thin layer of air, heavily charged with 
water vapour, which, from our knowledge of viscosity and the flow of fluids, 
is, in spite of moderate wind action, changed and renewed by the wind only 
with relative slowness. He points out that the dense vapour sheet must be 

♦ H. Jeffrey*, Some Problem* of Evaporation/' * Phil. Mag./ p. 36, March, 1918. 

t F, H. Bigelow, “ Studies of the Phenomena of the Evaporation of Water over I^akes 
and Beservoira/* * Monthly Weather Bev./ 1907, 190B, 1910; also * Bulletin of the 
Argentine Meteorological Office,* No. 2, Part I, March, 1911: Port II, July, 1912, 

X C, F. Marvin, **A Proposed New Formula,” ‘Monthly Weather Rev.,' February, 
1909. 
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very thin, for observations at Reno* showed that the humidity one half-inch 
above the water surface differed little from the value two or three feet higher. 
It is the region just outside the thin superficial layer whidi is referred to as 
near” the surface, 

4. Reference to the annot>ated bibliography of evaporation prepared by 
Mrs. Grace J, Livingstonf shows that a number of empirical formula) have, 
fwm time to time, been given to represent the rate of evaporation from an 
exposed water surface. In evaluating the constants in these formulte, 
observations of the evaporation from water in pans have generally been used, 
and there is abundant evidence to show that the results so obtained cannot 
be transferred to evaporation from the surface of a large expanse of water 
without correction. A few investigators have, however, taken account of this 
aspect of the problem, so that there are empirical formula available which are 
designed to apply to tlie evaporation from an element of a large water surface. 

Of the various empirical formulic the one commonly known as Dalton’s 
has received a great deal of support. Its form is 

E 5= A(Pw-^2?o)(l+cv), 

where E is the rate of evaporation per unit area, the maximum water 
vapour pressure corresponding to the temperature of the water surface, the 
actual water vapour pressure in the air “ near ” the surface, the speed of 
the air ** near ” the surface, and A and c constants. The constants A and c 
have been evaluated by a number of investigators, but there is lack of agree¬ 
ment between the results. This is partly due to the use of evaporating pans of 
different sizes and exposure. Fitzgerald^ and Carpenter^ however, working 
independently with various exposures, including tanks or pans floating in 
water, obtained values of A in very good agreement, but widely different values 
were obtained for the wind coefficient c. This may be partly explained by the 
fact that while Fitzgerald measured the wind near the surface of the water, 
Carpenter used records from an anemometer on the roof of a building away 
from the tanks. The most comprehensive series of experiments in this field 
of research is that of Bigelow (/oc. cit.) who, however, was lead to a different 
formula.| Nevertheless he recognises Dalton’s formula as approximate and 


* P, H. Bigelow, “ Studies of the Phenomena of the Evaporation of Water over Lakes 
and Reservoirs," * Monthly Weather Bev.,* February, 1908. 

t ‘Monthly Weather Bev.,’ June, September, Noveuiber, 1908; February, March, 
April, May, June, 1909. 

X “Annotated Bibliography of Evaporation” Mrs. Griwse J. Livingston, * Monthly 
Weather Bev,,* March, 1909. 


g Bigelow's formula is 



where Pvr, v and c, have the same significance as in Dalton’s formula^ B is a constant 
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gives values for the constants in it, applicable to open water and based on his 
extensive observations in places with climates sufficiently different to ensure 
a wide range of meteorological conditions. The remaining formulae need not 
be discussed in detail, for none, up to the present, seems to have been 
established as giving a better representation than the above, of the rate of 
evaporation from an element of the surface of a large expanse of water. 
Dalton's formula leads to a readily integi'able case and will, therefore, be 
adopted. For numerical examples Bigelow's estimate of the coefficients in 
it must be accepted as the best available. 

5. The problem is that of the upward diffusion of water vapour in a current 
of air of uniform speed, with a boundary condition at the surface given by 
the above empirical formula. Tlio upward ilux of water vapour per unit area 
at any level is represented by the expression — Kp dfijdz, where is the mass 
of water vapour per unit mass of air, z the height above the surface, p the 
density of the air and K the coefficient of eddy-ditiusivity. Evidence is 
gradually being collected as to the values which K may assume, and measure¬ 
ments by Richardson^ indicate an increase with height, at least in the first 
1000 metres above the surface. However, in the present instance, only a 
first approximation will be made and K will be assumed independent of 
height 

ISvtaMon. 

The system is referred to rectangular axes with the origin at a fixed point 

near ’* the water surface, and the 5;*axis vertical, while the air is supposed 
moving horizontally in the direction of the The motion is turbulent, 

but the rneanf conditions at any point (y, z) are supposed constant and the 
following notation is used to represent them:— 

p, the density of the air. 

/i, the mass of water vapour per unit mass of air. 

W, the absolute humidity (= fip\ 

H, the relative humidity. 

T, the absolute temperature, 

p, the actual pressure of water vapour. 

end ^ the rate of change of maximum water vapour pressure with temperature 

at the temperature of the water surface. 

* lu F. Biebardson, ** Some Measurements of Atmospheric Turbulence/* ‘ Fhil. Trans.,* 
A, voL 221 (1920). 

t Time average over an interval centred at any particular instant and sufficiently long 
to smooth out the minor fluctuations due to turbulence. Hie turbulence is assumed 
uniformly distributed, so that the interval would be the same for all ports of the air 
A more rigorotw defloition hardly seems necessary here. 
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P, the maximum water vapour pressure at temperatui’e T. 

v, the velocity of the air, 

K, the coefficient of eddy-diffusivity in a vertical direction. 

t, the time taken by a sample of air to travel a distance y from origin 

A suffix 0 denotes conditions at the level « = 0, while a dash denotes 
conditions at y = 0. IV denotes the temperature of the water surface and 
Pw the corresponding maximum vapour pressure. 

Mathematical Analysis, 

6. Let DfDt denote + then if the vertical flux of water vai:>our 
at any point is -^Kpdfijdz and the horizontal flux — Kyp0/u./0y, where Ky is 
used for the moment to denote the coefficient of eddy-diffusivity in a hori¬ 
zontal direction, the equation of continuity ” gives, 



Now Ky may or may not be equal to K, but in any cose the first member on 
the right is negligible in comparison with the second, except perhaps in the 
immediate vicinity of the origin y = 0, in consequence of the very slow 
horizontal variations of the meteorological elements in this problem as 
compared with the vertical variations. If, further, the state is steady, so that 

(Pf*y= 0. tlien 

’ I <'’'*>=I 

K is to be taken independent of x and thus, neglecting dp/dx 

dp. K d^p 

di/ V 5^* 

The rate of evaporation per unit area, A(Pw — 2 >o)(H-c«’) must equal the 
value of — Kp dp/dx, the vertical flux, at s = 0, so that the boundary condition 
to be satisfied there is 

(- Kp dp/dx), = A (Pw-P.) (1 + cv). 

Now p = «TW = otTpp, where x = 4-616 x 10* when C.G.S. units are used,* 
and thus the boundary condition becomes 

idp/dz)o^ -h(l-$p,)/0, 
where = «To/>o/Pw 

and h SB A«To(l+cv)/K, 

• Computer's Handbook,’ Meteorologiotd Office, 288, Introduction. London, 1018. 
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We require, therefore, a solution of 


^ V Sza 

with conditions (0 mA)o = -A(l—/9/io)//9 

and ^ m'==/(2 ). 

the latter denoting the arbitrary distribution of water substance above the 
origin. 

Write il = l—j3/ji. 


Then 

with conditions 

and 

where 


Bn KB*n 

(Bn/dz)o = Ml, 
n':= A (Z) 
A(z)=.l-/3/(z). 


Jf V and To are supposed independent of y and if vertical variations of v are 
neglected, the solution* is 


where 4 > ( 2 , t) = _L—j^F( 2 ') 

F {^) == /i { 2 ) A and i = y/v. 

This solution holds for the arbitrary distribution of water vapour at y = 0 
given by /n' = f{z). The' expression may be converted into one containing 
known functions only if f(z) is taken as a constant, which describes tlie case 
of air which has descended or passed off dry land where it has l>een well 
stirred up. Then introducing the notation a = zhj2 and t = (K/), and 

omitting the analysis, the solution becomes 


• 

= xi'^> ’■)> 

where 


and 


Note that 

(®) * x(o.®)- 


^ See Osrtlaw^ * Introduction to Fourier Series/ Macntillan. 
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Eelative humidity may now be introduced if we note that 
o — 1 — /<?ii — 1 — 1 EEst 

PM - i - A p^.j,^ . p 

— 1 ^'ToPn E sr 1 —— 

iVTp ■ P X’ 


where 


X = PwTp/PTopo* 


Also 


fP = 1-/3 m' 


aTopop' 


w 


I’w 1*« 



While it is not essential, we shall take the surface air temperature equal to 
that of the surface water, so that To = Tw and Po = P\v. 

Then fi/fl' = (l-H/>)/(l-H„'), Imt n/n' = x(<r, t) and hence the 
relative humidity at any point is given by 

H = X{l-(l-Ho')x(<r,T)}. 

If 2 = 0, then cr = 0 and X = 1, and the expression for the relative 
humidity “ near ” the surface is 




The rate of evaporation per unit area at any point of the surface, given by 
Dalton’s formula, A(Pw— i>o)(l+cv), may be written APo(l —Ho)(l + ci'), 
which on substituting for Ho becomes E’'^ (t), where E' = APo (1 —Ho') (1 + cv), 
the rate of evaporation per unit area at the origin. • 

The ma. 8 B of water evaporated per unit time from a strip of unit breadth, 
extending from the origin a distance y along the y-axis is accordingly given by 


E' I (t) dy 


where 


T = hy/(Kyiv). 


Performing the integration, the result is 

YJyvir) where v(t) = [2/tv/(‘”‘)— 

The average rate over the strip, or the mean depth evaporated from the strip 
per unit time, is thus E'v (t). Again, the rate of evaporation from the strip 
of length y must equal the difference between the rate at which water is 
carried across a vertical plane normal to the current at distance y from the 
origin and the rate at which it is carried across a similar plane at the origin, 
since a steady state is considered and there is no accumulation of water 
vapour in any region. Hence, if all the water gained by a column of air on a 
base of nnit area in passing a distance y over the water surface could be 
precipitated instantaneously, the depth of rain produced would be 

W yviryjv or 
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7. Collecting the more important formulae, we find that the relative 
humidity at any point, under the conditions laid down in the course of the 
preceding work is given by 

H==X{l-(l-Ho')%(<r,T)}, (1) 

where c^z}ij2\ r^h^(Kyjv), 

h = AaTu (1 ; X = PoTp/PTo/^o. 

Near the surface the relative humidity is, 

Ho = (2) 

The rate of evaporation, per unit area, at any point of the surface is 

E'^lr ( t ), (3) 

while the moan depth of evaporation, ]>er unit time, from a strip of length y, 
extending from the origin, is 

EV(t), (4) 

where E' is the rate of evaporation, per unit area, at the origin, and equals 
APo(l-HoO(l-hcv). 

Finally, the water gained by a column of air on a base of unit area in 
passing a distance y over a water surface, would, if it could all be precipitated 
instantaneously, produce a depth of rain equal to 

E'<i;(t). (5) 

Fig. 1 shows the way in which X(cr,T) depends on <r and t. liiaoh curve 



tepreaeuts it aa a function of t for a given value of o*. The curve for <r « 0 
the function (r). v (t) is given in %, 2. 
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Numeriml Examples. 

8. However, before discussing these results, it will bo well to introduce 
some numerical values for the constants iu them. Taking, as mentioned 
above, Bigelow's estimate (loc. dt,) for the constants in the evaporation formula, 
and converting them into C.G.S, units, we obtain A = 3*14 x and 

c ss: 3-024 X10*'^ when E is measured in cm. Bec."\ or g. sec.'^ v in cm. sec.*^ 
and the vapour pressures in dynes cm.“^. These figures are for fresh water. 
For salt water it is thought that the cvapomtion should be somewhat less, but 
the correction is not known definitely and depends on the salinity. A further 
complication, of which the effect is unknown, is the formation of spray, which 
must, when forming, seriously disturb the restraining superficial vapour film 
referred to in an early paragraph. The value of K is not a constant of the 
atmosphere, and, indeed, may vary over a very large range. Kichardson {loc. 
cit,), by observations on the scattering of smoke from a steamer, has found a 
value over the open sea as low as 10^ C.G.S. units and as high as 10^ C.G.S. 
units. Values much lower than 10^ are likely to occur, but it is probable 
that 10^ is approaching the upper limit for conditions over the open sea. In 
the examples given the value 10^ is adopted. For the case of a wind speed of 
5 m. sec.“\ air initially perfectly dry, a surface tempemture of 297^ a. 
(75-2'^ F.), and a lapse rate of 1^ C. per 100 m., the preceding analysis yields 
the distribution of water vapour shown in fig. 3. The wind is supposed 
blowing from the left to the right of the diagram, which represents a section 
2000 kilom. in length and 1 kilom, in height* The full lines indicate surfaces 
of equal relative humidity, while the dotted line represents the height at 
which cloud would commence to form in a sample of air transferred from the 
surface directly upwards without loss or gain of heat. In fig. 4 the mass of 
water vapour per tnass of air is supposed initially (ie., on the left of the 
diagram) constant at alL heights, and such ae to. give a relative humidity of 
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50 per cent, at the surface, while the I'emaiping conditions are the same as 
in tig. 3. This initial condition implies cloud above the height of about 



Fig.3. 



5Kowing CKc dlaCrlbuIion of water vapour in a cur re at of air, iniCiolly dry, 
flowing with, uniform speed of Sm.see*'over a water surface of Umpem&jrc 
237*0 (*75*2 ®f), tke Lofse rate of Cem^raCure being !®C per lOOm and tWe 
coefficient of eddy diffuslviCg IO^C.G.5. unLU 


1360 in., and the diagmm shows that this cloud gradually descends until 
at 2000, kilom. from the origin its base is in the neighbourhood of 1 kiloin. 
above the surface, the 100 per cent, isopleth coming just below this level on 


Fig.4. 



Showing tK« diiCribuCion. of wat<r vapour under tho some coocLitionft a& in 
fig (5) but with the nxass of water vo^oour per wxoAa of oir iAiCLaU^(ic 
oa Che Wt of tKtf ditiyxim.) the sortve oT oU heights and juch os 

lo produite a rebtivt kumioliCg of 50% at tht surface. 
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the right of the diagram.* This is, of course, only an approximate repre¬ 
sentation, and no account is taken of the tbermo-dynamioal complications 
due to latent heat or of precipitation. 

It should be noted, in connection with figs. 3 and 4, tliat detached cloud 
may occur even in regi()ns where the mean relative humidity is less tluin 
100 per cent Where the mean relative humidity is high this is very 
likely. For example, the dotted line in fig. 4 shows that, at a distance of, 
say, 1600 kilom. from the origin, a sample of air near the surface has not to 
be projected to any great height, in the course of the turbulent flow, for 
condensation to occur. The introduction of r and <r in place of y and ^ 
greatly simplified the construction of these diagrams and the necessary 
computations. The scales for r and <r appropriate to the conditions of 
figs. 3 and 4 are shown in fig, 3. 

9. The surface temperature in these two cases is applicable to trade wind 
regions, and an appropriate initial condition would prol)abIy l>e somewhere 
between the two, tbo air being less damp at the higher levels than in the 
second example. The case represented would l)e one in which the trade 
wind clouds are detached cumuli or entirely absent, for a continuous sheet of 
cloud would imply a mean condition of saturation. The dotted lines in 
figs. 3 and 4, while marking the condensation level for air rising directly 
upwards from the surface, would not necessarily mark the level of the bases 
of such cumuli, for they may be formed by condensation in a rising column 
of air formed by samples gathered from various levels., They set, however, 
in these examples, a lower limit to this level. Observations show that the 
clouds in the trade winds often assume the foriia of a continuous sheet of 
strato-cumulus, but this probably corresponds in general to a condition 
which is supposed not to hold in the present paper, namely, that the region 
affected by turbulence extends a limited distance only above the surface of 
the water. Such cloud sheets, often associated with inversions of tem¬ 
perature, and marking the upper limit of the turbulent region, have 
frequently been observed. Aviators generally find “ smooth ” flying above 
them, though the air may be very bumpy ” below. 

10. The curves of fig. 6 show the rate of evaporation at each poitit of a 
water surface under various conditions as to wind, etc., while those of fig. 6 
show the corresponding mean rates from strips of water extending from the 
origin any distance in the direction of the wind. The ordmate at any point 
in fig. 6 is accordingly equal to the mean ordinate, between that point and 

* The 100 per cent, iaopleth is to be distiuguished firom the dotted line in the diagram. 
The latter merely marks the condensation level for air rising directly upwards from the 
surface. 
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the origin, of the corresponding curve in fig. 6. Thus, under the conditions 
of curve 1, fig. 6 shows that the rate of evaporation at a point distant 
1000 kilom. from the origin is alx>ut 8-6 x 10* mm. year”*, while fig. 6 shows 
that the mean rate from the whole strip, extending from the origin to this 
point, is about 1'4 x 10* mm. year"'. 



0 no wo «oo aoo Km. *>00 tm iwo isoo aoo coao 

Showing rhe r»he o( evoparktion each poinr of e> water surface under vangos 
conditions aa te wind tic (jcompuied Wn exprtsiionO)] . Th» wind is svpposed 
blowing from the itft to the r'lghr of the diagram. 

Curves 1 and 2 correspond respectively to the conditions of figa 3 and 4, 
and reference to expressions 3 and 4 shows that curve 2 represents a 
rate of evaporation one half that represented by curve 1. In order to 
illustrate the influence of surface temperature on the rate of evaporation, 
curves 8 and 4 have been drawn, corresponding to the same conditions as 
the first two curves, but with surface temperature 283® a. (60® F.) instead 
of 297° a. (76-2° F.). Such a sui'face temperature would apply, at some 
period of the year, to the North Sea, and fig. 6 shows that, under the 
conditions of curve 3, the mean depth of water evaporated from a stretch 
1000 kilom. in length would be of the order of 6 x 10* mm. year“‘. Under 
the conditions of curve 4, it would be only half this. Utilising expression 5, 
it is found that, under the conditions of curve 3, the air, after traversing 
1000 kilom. of the North Sea, would have gained enough water vapour to 
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produce, if preci|>itated instantaneously, a depth of rain of the order of 
4 mm. Again, this would be halved under the conditions of curve 4, 
Curve 5 replaces curve 1 if the wind speed is changed from 5 m. sec,*^ 
(11*2 miles hour”^) to 10 m! sec.'"^ while curve 6 replaces curve 1 if the 
value of K is reduced to 10*. The dependence of the rate of evaporation 
from a body of water on the value of K is well illustrated by this example. 



11, Murray* has estimated the mean annual rainfall on the land of the 
globe as equivalent to 8*4 x 10* mm. (upper dotted line in fig. 6), and that 
only a fraction l/4*5 of this, finds its way to the oceans by rivers. This 
fraction spread over the oceans amountsf to 7‘4 x 10 mm. (lower dotted line 
in fig. 6), and must be the excess of evaporation above precipitation over the 
oceans, if we assume that the mean annual evaporation over the whole globe 
oquals the mean annual precipitation. The fact tibat the dotted lines r^re- 

* J. Murray, * Scottish Geographical Magazine/ February, 188T. 
t TaMng the ratio of land surface to water surfacje os 146 to 3-67. See ^Computer's 
Handbook/ Meteorological 0£ace, 228, Introduction. London, 1916* 
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senting these quantities in fig. 6 fall where they do, when plotted on the 
same scale as the curves representing the rates of evaporation from large 
stretches of ocean, under .selected sets of possilde conditions, is of great 
interest, and shows, at least, that the numerical quantities employed in these 
examples are of the right order of magnitude. 

Some General Conclusions, 

12. Let ns now compare the distribution of water vapour in the air over a 
water surface, and also the rate of evaporation from it, under different 
conditions as to wind, surface temperature and turbulence. 

Consider, firstly, the relative humidity *'near” the surface as given by 
expression (2). 

Ho = 1 —(1 —(t) where t = AaTo (l + rr)^^(y/Kv). 

Since >^(t) is a function which decreases as t increases (see fig. 1), it is 
evident that Ho, the relative humidity “near'* the surface must increase as 
T increases. Other quantities remaining constant, r increases as y increases, 
hence the relative humidity “near” the surface increases with increased 
distance from the origin, as is to be expected. This is illustrated in figs. 3 
and 4. Again, considering conditions at an assigned distance y from the 
origin, a greater value of Tq implies a greater value of r, so that a higher 
surface temj>erature implies a higher relative humidity. It is to be noted, 
however, that r is only altered in the ratio of the absolute temperatures, so 
that the increase in relative humidity at a given point “ near ” the surface, 
oorresponding to a higher surface temperature, is not very great for the 
ordinary range of sea surface temperatures which occur in nature. Thus, 
conditions being the same as in fig 3, the relative humidity at a distance of 
171 kilom. from the origin, corresponding to a value of r equal to 2, is 74*6 per 
cent, while if the surface temperature were 283° a., instead of 297® a., the value 
of T would become 1*91 and the relative humidity consequently 73*6 per cent, a 
difference of only 1 per cent The rate of evaporation from the strip of water 
extending from the origin 171 kilom. down the wind would, however, be very 
different in the two cases, os is seen by referring to curves 1 and 3 of fig. 6. 
In fact, it is the greater evaporation, accompanying the higher surface 
temperature, which leaves the relative humidity at an assigned distance from 
the origin, very little changed. 

As regards turbulence, it is seen that a decrease in the value of K implies 
an increase in r and a corresponding increase in the value of the relative 
humidity at a given point near the surface. The effect, too, may be large, for 
as has been indicated, K may vary over a large range. A rather large value, 



486 Mr. M. A. Giblett, Some Problems connected with 


10* O.G.S. units, was adopted for K in the exaraplee of figs. 3 and 4. Suppose 
K. decreased to 10^ G.G.S. units, then t is multiplied by 10, so that the point 
in fig. 3, distant 171 kilom. from the origin, which there corresponds to t*= 2 
now corresponds to t = 20, and the relative humidity inoreases from 74*6 to 
97'2 per cent. The effect on the rate of evaporation from strips of various 
lengths is seen by coinjiaring curves 1 and 6 in fig. 6. 

The speed of the air v enters the expression for t in the form (l + ci;)/i4. 
This function of v is plotted in fig. 7 for Bigelow’s value of c and for the value 
c = 0. When c a: 0 it is seen to decrease as » increases, so that t deoreases 
and consequently the relative humidity at a given point “near” the surface 
decreases. The effect of c, which is positive, is, however, to counteract this 
and, if Bigelow’s value is correct, to reverse it for wind speeds above about 
3 m. sec.-^ an increase in the relative humidity at a given distance from the 
origin, corresponding to an increased wind speed. It is here appropriate to 
emphasise the twofold manner in which the wind speed enters into the 
problem. If c were zero, then, as has been seen, the greater the wind speed the 
less would be the relative humidity Ho at every point “near” the surface and 
hence, by reference to the evaporation formula which may then be written 
E =s APo(l—Ho), the greater the evaporation. In this effect the wind speed 
merely operates by controlling the rate at which drier air is carried along to 
replace that rendered humid by evaporation and account is taken of it in the 
mathematical analysis. However, all experiments, snoh as those of 
and Fitzgerald, designed to study the rate of evaporation from an eJMOiiht of 
a large water surface point to a value of c, far different from zero. Thns at a 
given instant, at any point of a water surface, for a given value of the surface 
temperature and of the vapour pressure at the dew point of the air “ near ” 
the surface, a greater rate of evaporation corresponds to a higher wind speed 
“ near ” the surface. This is an experimental result uid the factor (1+cv) in 
the evaporation formula must be regarded as taking account, empirically, of 
the effect of the wind speed “ near ” the surface ou the process of the diffusion 
of water vapour between the actual surface of the water and the point defined 
earlier as “ near ” the surface. 

So far each of the conditions affecting evaporation has been varied inde-* 
pendently of the others. The effect of an increase in K, correspondii^ to an 
increase in v, should be considered though there are no grounds for supposing 
that K can be expressed directly as a function of v. Suppose, purely for the sake 
of illustration, that K is proportional to then T«e (l + (w)/i>, 
and consequently an increase in v definitely implies a decrease in r and hence 
a decrease in the relative humidity “ near” the surface at a given datoace 
from the origin. 



Evaporation from Large Expanses of Water, 487 

13. Similarly, the effect of changes in the conditions, on the humidity at 
heights above the surface, may be readily found from expression 1, through 
the medium of r and in conjunction with fig. 1, One point worthy of 
notice is that, for a given value of <r, the function %(<r, t) does not depart 
appreciably from unity until t reaches a value given by t=:o"/2, as is at 
once evident from fig, 1. This means tlmt, at the height corresponding to 
the humidity does not begin to be affected by the rising water vapour until 
the air reaches a distance from the origin corresponding to a value of t 
equal to <r/2. In the example of fig. 4, for instance, the humidity at height 
740 m, (<r 4) is first affected when the air has travelled a distance of 

about 171 Idiom, (t =: 2) from land. The relation t = (t/2 is equivalent to 
z sr 4:y/(Kyfv) == 4\/(Kt\ and does not involve the surface temperature T©. 
In his investigation of the formation of fog over the Newfoundland Banks, 
Taylor* found that, when air flows over colder water, the height to which 
cooling extends is given by z =: 2^{liLt) in the present notation. This 
height appears to disagree with the above result by being only half as great. 
Taylor, however, was concerned with the thickness of the ‘'inversion’' of 
temperature, and reference to the diagram on p. 35 of the ‘ Manual of 
Meteorology ’f shows that cooling commences to be appreciable at twice this 
height, or where z ^ 4 s/(Kt) in agreement with the present result. 



^ 14. The effect of changes in the conditions, on the mean depth of 

evaporation from strips of water extending from the origin any distance 
in the direction of the wind, has been considered incidentally in the 
preceding remarks. It may be studied by considering expression 4 in 
relation to fig. 2. As has been seen, Bigelow’s estimate of the coefficient e 
implies that r increases slowly os v increases, for values of v above about 

♦ a 1 Taylor, « On Eddy-Motion in the Atmosphere/' ‘ Phil. IVans./ A, vol. 216, p. 1. 
t 3!r Kapier Shaw, * Manual of Meteorology,' Part IV. Camb. Univ, Press, 1919. 
vou XCIX.—A. 2 M 
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3 m, $eor\ Hence v (r) decreases (see fig. 2). However, it is evident from 
the manner in which v enters the expression for E', that, in spite of this, the 
rate of evaporation, EV(t), increases as v increases. Tiiis is exemplified by 
curves 1 and 6 of fig. 6. Exactly the same argument applies to the cose of 
surface temperature, and the greater evaporation accompanying a greater 
surface temperature is shown by curves 1 and 2 as compared with 3 
and 4 in fig. 6. The coefficient of eddy-diffusivity (K) enters the expression 
for the rate of evaporation solely through r, and, since t decreases os 
K increases, this is accompanied by an increased rate of evaporation. 
Since K may vary over a wide range, its effect on the evaporation may be 
very great. An example is furnished by curves 1 and 6 of fig. 6. 

15. These last remarks furnish examples of Brooks's problem, which 
originated this enquiry. It was, as mentioned earlier, the comparison of 
the evaporation from a large expanse of water of uniform surface tern* 
perature, under different conditions as to wind and temperature. He made a 
rough comparison by applying Dalton's formula to the whole area, assuming 
Ho, the relative humidity of the air near " the surface, to have the same 
value everywhere, and to be the same in the two cases compared. In this 
paper it has been shown how Ho varies in the direction of the wind, and 
that, under the conditions laid down, the mean depth of evaporation per unit 
time, from a long stretch of water in this direction, is given by the 
formula (4), 

APoCl-HoOCl-f-c^OrCT). 

This amounts to applying Dalton’s formula to the water surface at the 
origin, And then multiplying by the factor v (t), which depends on the wind 
speed, water surface temperature, eddy-diffUsivity, and tlie length of the 
stretch of water. However, adopting Bigelow’s value of c, it has been seen 
that V (t) varies only slightly in comparison with the other factors, when the 
wind speed and water surface temperature are altered, so that a rough 
comparison of the rates of evaporation from the strip may be made by 
comparing the rates of evaporation at the origin, os given by Dalton's 
formula. This, of course, supposes that the eddy-diffusivity, which may 
affect V (t) considerably, remains unaltered. 

The actual cases compared by Brooks are (1), v = 20 m.p.h. (8*9 m. sec.*‘), 
To == 80^ F. (299*7^ a.), and (2) ^ = 25 m.p.h. (11'2 m. seo,"^, To « 76® F.) 
(296*9® a.), the relative humidity at all points being assumed to b? 60 per 
cent. If we suppose the relative humidity of 60 per cent, to apply to the 
origin and K and y to be the same in both oases, and distinguish between 4he 
oases by suffixes 1 and 2, then 

tj/ti 5= 1‘05 since r A«To(l'f ct?)Y/(y/Kv), 
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If K denote the rate of evaporation from a stretch of water extending 
from the origin down wind, then from (4) 

= 1*01 X v{Ti)lv{Ti). 

Now if Ta =x yn, whei'e y is a constant greater than unity, then it may be 
shown that, es ti increases from 0 to oo, v{ri)lv{r\) decreases from unity to 
1/y, whatever the value of K may be. In the present instance y = 1*05, so 
that as the length of the stretch of water is increased from 0 to oo, Ks/Ri 
decreases from 101 to 0*96, and this is independent of the value of K, pro¬ 
vided it is the same in both cases. Thus, whatever the length of the strip, 
the evaporation is very little different in the two cases—the conclusion 
reached by Brooks. 

16. It has been shown that the rate of evaporation, EV(t), from a stretch of 

water increases witli the wind 8j)eod. Nevertheless, the water gained by a 
column of air in passing a given distance over the water surface, decreases as 
the wind speed increases. For a column of air, on base of unit area, 
the quantity referred to is, from (5), (t), which may be written 

APo(l—'H/o)(l/'^+r)y/j/(T). Now, for values of v greater than 3 m. 8ec.“^ 

^ V (r) has been shown to decrease as v increases, and the other factor involving 
V clearly does so, with the result stated. 

Summary. 

17. Air passing over a water surface is generally turbulent, but in the 
iinmediate vicinity of the surface is a thin superficial layer, which mixes only 
slowly with the air above. In this layer the humidity passes rapidly from 
saturation actually at the water surface to a lower value at the base of the 
turbulent region, after which the change with height is slow. The region 
where the lapse I'ate of humidity first becomes small is referred to as ** near ” 
the surface. To take account of the molecular processes at the water 
surface and in the superficial layer of air in contact with it, an empirical 
formula is chosen, expressing the rate of evaporation per unit area in terms 
of the temperature of the water surface and the vapour pressure and speed 
of the air ‘*near” the surface. Taking this formula as expressing the 
boundary condition at the surface, the problem of the upward stirring of 
water vapour in a current of air, of uniform speed, moAong over a water 
surface of uniform temperatui^, is dealt with by mathematical analysis, and 
the resulting distribution of water vapour and rate of evaporation from large 
stretches of water, obtained. The turbulence is supposed uniformly distributed 
throughout the current of air above the level defined as “near” the surface, 
the coefficient of eddy-diffusivity in this region being taken as independent of 

2 M 2 
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bdgbt Certain approximations are made, in that the rate of change with 

height of the air speed and density are neglected* 

Some particular cases are worked out, but in view of the approxiimtiom 
made and some uncertainty as to the value of the constants in the empirical 
evaporation formula, and indeed as to its form, the results give an indication 
of the order of magnitude, rather than precise numerical estimates, when 
applied to natural conditions. 

Finally, the effect of the wind speed, the water surface temperature, and 
the eddy^diffusivity, on the evaporation from a large stretch of water and the 
distribution of water vapour above it, is examined by vaiying each indi¬ 
vidually within the natural range of values. The effect of eddy-diffusivity in 
particular, which may vary through a large range, is found to very 
pronounced. 

I wish to take this opportunity of expressing my thanks to Lt.-Col. E. 
Gold, F.R.S*, both for suggesting this problem and for his helpful criticism 
and advice during the course of the work. 


A Study of Catalytic Actions at Solid Surfaces.^ *VL —Surface 
Area a7id Specific Nature of a Catalyst: two Independent 
Factors controlling the ItAfmltant Activity, 

By E. F. Akmstkong, B.Sc,, F.B.S., and T* P. Hilditch, D.So. 

(Received May 12, 192L) 

Catalytic action is determined by two primary factors, the presence of a 
mechanically suitable surface at which the process takes place, and the 
simultaneous presence of the chemical agent (catalyst) by which the change 
is promoted. 

The work of Langmuir,f Bancroft,J Taylor§ and others upon the phenomena 
of adsorption has emphasised anew the importance of surface with reference 
to catalysis. When a suitable surface is present, However, no catalytic 
action will occur unless on that surface (whether it be formed by an inert 

^ Part V, ‘Roy. Soc. Proc.,' A, vol. 98, pp, 27-40 (1920). 

t ‘J. Amer. Chem. Soc.; vol 38, p. 2221 (1918); voL 39, p. 1848 (1917); vdL 40, 
p. 1361 (1918). 

i Presidential Addresg, American Electrochemical Society, 1920. 

§ ^ J. Ind. Eng. Ghem.; vol 13, p. 76 (1921). 
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support or by the catalyst alone) there is a specific chemical able to form 
appropriate intermediate compounds with the interactants; for example, 
if hydrogen and ethylene are in contact with such a surface, no formation 
of ethane will occur unless there is present some specific material, such as 
palladium, platinum, nickel or copper. 

It is probable that confusion sometimes has occurred because the respective 
functions of general surface and specific chemical have not been sufficiently 
understood to be differentiated, and an account of some work with catalytic 
nickel, which illustrates somewhat concisely the incidence of each factor, 
may therefore be of interest. 

The first group of experiments correlate the apparent volume occupied by 
(or bulk gravity of) various catalysts with their activity; next, the rate of 
reduction of nickel oxide is shown to l>e similarly connected with bulk 
gravity, and finally we give an example of the relation l)etween the degree of 
reduction of nickel oxide deposited upon a suitable support and the activity 
of the reduced catalyst in oil*hydrogenation. 


Apparent Volnmeti of various types of Nickel Oodde and the corresponding 

Reduced Metals, 

Kelber* showed that, whilst nickel oxide j>er .w, when reduced at about 
300° C., gave a moderately active catalyst, reduction of the same material at 
460° C. gave a product of but feeble activity; yet nickel oxide deposited 
upon kieselguhr, and reduced at 450^-gave a catalyst much more active than 
the unsupported metal prepared at 300° C. 

In the Table below are given data which compare the apparent volumes of 
various oxides of nickel and their reduction products with their densities, 
pyrophoric character and catalytic activity. 

The apparent volumes were measured by shaking down the substances in 
narrow stoppered graduated tubes, and are given os the volume (number of 
cubic centimetres) occupied by 1 grm, of the material 

The samples studied were:— * 

(i) Powdered fused nickel osmde, prepared by igniting finely-divided nickel 
in a current of oxygen, and grinding the cooled mass of fused oxide. 

(ii) NicM hyOrooMe.pt^^ from the sulphate or nitrate by precipita¬ 
tion, washing and cautious drying. 

(iii) Midhsl hydroodde on kiesdguhr, prepared as in the last cose, but in 
pveeenoe of kieselguhr. 

♦ ‘BerV toL 49, p. 65,1968 (1916). 
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Souroe of reduood nickel. 

Beduoed nickel. 


Density. 

-•A 

II 

Temperature 
of reduction. 

Density. 

Apparent 

Vmuxne. 

Pyrophoric 

character. 

Catalytic' 

activity. 



0.0. 

«C. 1 


O.C. 



Powdered f weed 

6*96 

0 85 

600 

8 14 

0-62 

None 

None 

oxide 

Precipitated hy¬ 
droxide 

6'41 

0-87 

rsooi ' 
1600/ : 

/7'86 

\8-18 

0-88 

0-66 

Pronounced 

Medium 

Fair 

Very little 

Onkieeelguhr... 

1-63 1 

3 22 

( 

600 

I 1-86 ! 

I 1 

8-67 

None 

Very 

active 


Attention is drawn to the apparent volumes of the reduced precipitated 
hydroxide; at 300° C. this is almost the same at that of the unreduced 
substance, but considerable shrinka^ has occurred during reduction at the 
higher temperature of 500° C. 

The fused oxide, on the other hand, occupies less than half the bulk of the 
precipitated hydroxide, although its specific gravity is not much greater; 
and, during reduction, a certain amount of expansion (increase in porosity) is 
noticeable, but the product is quite inactive. 

On the other hand, in the supported nickel, the kieselguhr, which does not 
shrink on heating, almost wholly determines the bulk of the product, and 
the activity is correspondingly great. 

The column showing the pyrophoric character of the reduced metals is 
added only because it illustrates that the parallelism between this property 
and catalytic activity, at one time supposed to be complete, is in reality by 
no means so: the most active catalyst of the series is not pyrophoric, or at 
least only to a very small degree. 

Rate of RedwAion of varioua types of Nickel Oxide. 

It has frequently been observed, with unsupported nickel oxide, that a 
partially reduced oxide is more active than the same when completely 
reduced, and this fact has been made much of by those workers who have 
supposed that the active agent in hydrogenation is not nickel, but a sub-oxide 
of the metal. Sabatier and Sspil* showed, however, that, although a point 
of inflexion occurs in the curve showing the amount of reduction of nickel 
oxide (at 175° C.) against time at a point corresponding to an oxide 
between KigO and there is evidence of the presence of metallic nickel 
before 10 per cent, of the oxide has been reduced, and these authorities are 


* * Compt. read,,' voL 158, p. 674 (1814). 
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of the opinion that the amount of nickel then pteeent, though small, is amply 
suffloient to account for the hydrogenating power of the product. 

We reproduce here a series of curves (hydrogen consumed by redaction of 
nickel oxide/time) obtained in the reduction of the oxides quoted in the above 
Table, from which it appears that the iioint of inflexion is mainly determined 
by the physical state of the oxide. 



We consider that the more rapid initial reduction represents the production 
of metallic nickel from the surface of the oxide particles, the slower subsequent 
rate corresponding to the reduction of a denser central core of oxide. Since, 
as our bulk gravity figures show, there is a tendency to contraction when a 
light precipitated oxide is reduced, it is obvious that a partially reduced 
oxide will consist of a film of nickel dispersed over the central core of etujh 
.particle, and it is practically certain that the superior activity of this product 
over the fully reduced metal is due to its being a "supported’’ catalyst 
(nickel distributed on nickel oxide) and therefore of the same type, although 
not of the same degree of activity, as nickel upon a support such as kieselgubr. 
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The graphs shown in the figure present the reduction of precipitated nickel 
hydroxide at 260°, 300° 360° and 400° C., of the fused nickel oxide at 360° 
and 600° C., and of nickel hydroxide on Ideselguhr at 500° C* 

The curve for precipitated nickel hydroxide reduced at 250° and 300° 0. 
shows faint points of inflexion, corresponding respectively to metallic nickel 
contents of about 5 and 36 per cent,; the curves for reduction at 360° and 
400° C. are quite smooth up to more than 90 per cent, free nickel. 

With the fused oxide, a change of curvature is noticeable at alx»ut 80 to 
85 per cent, reduction at a temperature of 600° C. 

Nickel hydroxide on kieselguhr reduced at 600° C. gives a smooth con* 
tinuous curve, inclining more rapidly to the abscissa axis after 50 per cent, 
reduction has been reached; at about 60 per cent reduction, also, tlie activity 
of the product has attained a maximum value which is thereafter constant 
(vwfc infra). 

The reduction curves are evidently related to the physical conditions (state 
of the oxide and temperature of reduction) rather than to the formation of 
any more or less definite sub*oxides intermediate between nickelous oxide and 
nickel. 

Relation of Activity of a Supported Nickel Catalyst to its 
; Reduced Metal CmitenL 

The extent to which the solid surface most easily accessible to gases or 
liquids determines the extent of the activity displayed is well illustrated by 
overloading a support with a nickel compound and observing the activity 
of the products farmed by gradual reduction of the latter. 

Portions of a preparation of nickel oxide on kieselguhr containing a total 
i amount of 14*62 per cent, nickel (calculated on the dry fully reduced material) 
were reduced in hydrogen at 350° to 600° C. to varying extents and the 
relative activities of the products measured roughly by the melting points of 
the fats produced when cotton seed oil was hydrogenated at 180° 0, for one 
hour with an amount of the catalyst such that the total niokel present was 
0*1 per cent, of the oil The following results were obtained:— 


FercduUffe T«duoed 
niokel. 

Kfttio of rodnced $ totol 
niclcel. 

MJP. of 
hnrdonod fat. 

* 



im 

0*129 

37 

3*86 

0*263 

60 

6*67 

0*881 

64 

7 * i 8 

0*608 

69 

9 16 

0*631 

691 

11*80 

0*807 

m 

18 -01 

0*690 

m 

14*21 

0 ' 97 X 

i 

m 
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lo another series of experiments the catalytic activities were compared iu 
terms of the absorption of hydrogen per minute during the first phase of 
hydrogenation of the glycerides of linseed oil: we have shown* that in this 
stage of the hydrogenation process the graph relating hydrogen absorption to 
time is almost entirely linear. 

Two hundred grm. of highly refined linseed oil were hydrogenated at 
180° C. in presence of 2 grm. of catalyst containing a total amount of 
14'50 per cent, nickel (calculated on the dry reduced catalyst), the total 
concentration of nickel present in the case of the fully reduced catalyst being 
therefore 0'145 per cent, of the weight of glyceride:— 


1 

1 

j Percentnge reduced , 
1 niokeL 

' ! 

Katio of 

Catalytic actinty. 

reduced : 
total nickel. 

1 

H- abiorption Utroa 
}wr minuto. 

Ratio (most active 
catalyst as unity). 

1 2-88 

; j 

0 199 

Menaured over 11 litres. 
0*130 

0*280 

8*86 

0*240 

0*169 

0*842 

I 6 63 

0 *889 : 

0*302 

0*049 

i 6*46 

0*445 

0 *838 ! 

0-716 

1 8*46 

0 *688 

0 *466 

0-981 

J 10 *86 i 

0 *714 

0*465 

1-000 

i 12 *85 i 

0*886 

0*466 

1-000 

14*19 

0 *979 

0*446 

0-067 

\ 


It is considered that figures of this nature indicate that the activity is 
dominated by the condition of the surface layer of reduced nickel, since it is 
obviously this part of the mass which will be first reduced by hydrogen to the 
metallic state. 

It is notable that, as in the case of “ non-supported ” nickel catalysts, 
maximum activity is reached when only a portion of the nickel oxide has 
been reduced to the metallic state, but in the present case the support itself 
is not appreciably affected in bulk by the process of reduction, and, instead of 
declining again, the catalytic activity is maintained constant until and when 
the whole of the nickel oxide present has been reduced. 

Comparison of the activity of the supported and non-supported catalysts, 
in the light of the parallel observations on the bulk gravities of the materials, 
leads inevitably to the conclusion that these variations in catalytic power are 
to be ascribed'simply to the different surface areas of free nickel exposed, and 
do not require for thdir interpretation idie assumption of the presence of any 
catalyst other than metallic nickel. 

* < Eoy. aloe. Proc.,' A, voL 96, pp. 137-W6 (xm). 




496 


Anomalous Liesegang Stratifications prodiic^ by the Action of 

Light. 

By Emil Hatschkk. 

(CJommunicated by Prof. A. W. Porter, F.R.S. Beoeived May 27, 1921.) 

(Plate 8.) 

The investigation to be described in the present paper was originally begun 
with the intention of studying the liesegang phenomenon under conditions 
more strictly defined than Ijave been observed hitherto, and more particularly 
with definite volume ratios of the reacting solutions. In all the experiments 
recorded in the literature the amount of solution placed on a given, or 
unknown, quantity of gel has been arbitrary and is generally not even stated. 
A quantitative treatment of the phenomenon is impossible a priori as long 
as this ratio is unknown, and would probably become simplest if one, or both, 
volumes were made— practically—infinite. In the course of the preliminary 
studies for such experiments an extremely striking anomaly, not observed so 
far, was discovered, which appears to deserve being put on record before the 
main investigation is completed. 

The reaction chosen for this work was the formation of lead chromate in 
agar gel by the interaction of lead acetate (dissolved in the gel) with potas¬ 
sium or sodium dichromate, or with potassium chromate. This reaction, in 
very low concentrations, produces extremely fine and numerous stratifications, 
which were first obtained by L. J. de Whalley ;• the low concentrations and 
the cheapness of the ingredients also made it eminently suitable for work 
involving the use of large volumes. Soon after its discovery the reaction 
was employed by the author and the results discussed in their bearing on 
some controversial points, in the paper quoted above. A normal specimen is 
illustrated in fig. 1 (Plate 8); in this, as in all other specimens photographed, 
the excess of soluble dichromate present in the gel has been removed by 
prolonged diffusion, so as to show the lead chromate strata as distinctly as 
possible. 

No anomalies whatever were observed in any of tlie specimens obtained in 
1914. When work on the present investigation was b^un, the diffioulty 
generally encountered in the study of the Liesegang phenomenon, viz., that 
of duplicating results with different brands of raw inatmial, was experienced. 
This difficulty is generally much more acute with gelatin than with agar, but 
in the present case one brand of (shred) agar was found to give no strata at 
* H&tschek, ‘ Koll.-Zeitiohr.,’ vcl. 14, p. U# (1914). 
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all, while another (powdered) gave results much inferior to those obtained in 
1914, A very satisfactory sample of powdered agar was eventually found 
and a standard procedure of preparing the 1 per cent, gel used throughout was 
adopted and rigidly adhered to. The agar sol, cooled to about 90^, received 
an addition of 0*1 grm. of crystallised lead acetate (PbAcet3.3HaO) to every 
100 C.C. of sol, and was poured into clean and carefully dried test-tubes. 
When the gel had cooled to room temperature, a solution containing 6 grm. 
per litre of crystallised potassium or sodium dichromate (0*5 per cent.) was 
carefully poured on the gel. As the sodium salt contains two molecules of 
water of crystallisation, while the potassium salt is anhydrous, the 0*5 per 
cent, solution of the former has a slightly lower equivalent concentration 
than that of the latter ; nevertheless, it diffuses somewhat more rapidly into 
the gel than the potassium salt. Apart from this, the results are indistin¬ 
guishable. • The molar concentrations are thus: 0*1 i)er cent, of crystallised 
lead acetate 0*246 millimoles, 0*5 p<ir cent, of crystallised potassium 
dichromate = 1*70 millimoles. The component which is to diffuse into the 
gel is (iccordingly, as is quite generally the case, in considerable molar excess. 
It was later found that both concentrations could be doubled, and equally 
good results be obtained somewhat more rapidly. In some cases the gel was 
made acid by ^the addition of one to five drops of N/1 acetic acid to 10 c.c. of 
it is not necessary to enter into the effect of this addition beyond saying 
that the strata become somewhat more snbstantial and slightly farther apart. 

In the initial experiments test-tubes containing generally 10 c.o. of gel 
were used, and measured volumes, varying from 1 to 4 c.c., of dichromato 
solution were placed on top of the gel. The test-tubes were placed in the 
ordinary racks on the laboratory table. With this arrangement, normal 
stratifloations were obtained only for a short distance in the top portion of 
the gel column ; »b difihsion progressed, a notable change occurred, wide bands 
of precipitate being formed at intervals between the normal strata (hg. 4). 
A striking feature of these anomalous bands is that the distance between 
acfjoining ones deeream as the reaction proceeds, while the distance between 
the normal strata always increases. Bepetition of the experiment at intervals 
led to sttbstantially the same result, although the number of normal strata in 
later specimens decreased noticeably (fig. 5). A very carious feature was 
observed in the sample of agar, mentioned above, which failed to produce 
normal strata at all; the abnormal bands are nevertheless well marked in 
the uniform precipitate (fig. 6). 

The first explanation of the anomaly which suggested itself was the rapid 
deorease in the oonoentratlon of the incoming reaction component, with the 
particular ratios employed, although it must be mentioned at once that no 
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such abnormal formations have ever been described in the case of other 
reactions carried out with quite arbitrary volumes of solution and gel. On the 
other hand it had to be considered that the concentrations used were excep¬ 
tionally low compared with those employed in most other reactions; thus the 
lead iodide reaction gives the best results in 1 per cent agar gel containing 
2 to 4 per cent of KI, covered with a 30 per cent, solution of Pb(N 03 )a, 
with molar concentrations over 500 times as great as those used in the lead 
chromate reaction. 

To eliminate this possibility it seemed advisable to return to the original 
object of the investigation and to use a volume of dichromate solution so large 
in comparison with that of the gel that the decrease in concentration caused 
by the diffusion into the latter and by the reaction would be negligible. The 
test tubes containing the agar gel were accordingly immersed completely in 
dichromate solution, stirred at intervals and contained in glass jars from 300 
to 1,600 c.c. capacity. All these produced very perfect stratifications of the 
normal type: in those containing the slight addition of acetic acid mentioned 
above the curious faults and anastomoses between adjoining strata, which 
are highly characteristic of agar* allow themselves strikingly (fig. 2). In 
some specimens this joining of adjacent strata is so regular that the whole 
system forms a continuous pseudo-helical surface (fig. 3). 

The strata show, from the top downward, the regular increase in distance 
which is generally, and no doubt correctly, ascribed to the gradually 
decreasing concentration of the component in the gel. It seemed desirable 
to proceed one step further and to use both a laige volume of solution and a 
large volume of gel, in order to study the effect of keeping the concentrations 
of both components practically constant. The simple arrangement shown in 
fig, 7 was used for this purpose, with various unessential modifications. A 
tube A, about 1 cm, bore and filled with the lead acetate—agar gel dips into a 
flask containing from 120 to 200 o,c. of the same gel. The top of the tube 
carries a funnel, B, containing about 120 c.c. of diehromate solution. As the 
volume in a length of 20 cm. of tube is about 15 c.c., this arran^ment keeps 
the concentrations of both lead acetate and dichromate constant within 
roughly 12 per cent. 

Various experiments were carried out with this arrangement, all of which 
again produced the anomalous phenomenon, in an accentuated form; in the 
majority of cases the normal stratifications were confined to the top of the 
gel column (fig. 8). Tlie assumption that the constant concentration of 
diehromate, in the jar experiments, prevented the anomaly, was therefore 
rendered untenable. 

♦ €f, E* KUster, ‘ Koil.-Zeitscbr./ vol. 18, p. 107 (1016). 
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At this stage it was decided to mark the progress of diffusion every 
twenty-four hours; the marks showing in fig. 8 were placed at 11 p.m. From 
this» and from numerous parallel specimens, it became quite evident that the 
abnormal strata were a diurnal phenonmion. 

The only diurnal variation which suggested itself as likely to influence the 
phenomenon was that in temperature. In this connection it should be 
mentioned that the preparations were kept in two rooms with north aspect 
one of which was not heated while the other was warmed day and night 
The temperature in the latter during the period covered by the experiments 
varied, roughly speaking, between 11° and 16° C., while that of the other was 
within 2° or 3° of the outside temperature. As each experiment extended over 
at least a week, and in many cases over two, the use of an efficiently stirred 
thermostat was inconvenient, and various forms of heat insulation were 
tried. The apparatus illustrated in fig. 7 was placed inside a tall cylinder 
filled with sawdust; in other cases only the tube A was surrounded by a 
wider tube, the space between the two being filled with sawdust In other 
experiments test-tubes with only 2 to 4 c.c, of dichromate solution were 
pleujed in boxes filled with sawdust or shredded asbestos. 

All these preparations, whether a small or large volume of dichromate 
solution was used, produced normal strata. Test-tubes immersed in a large 
volume of water, and fitted with funnels containing various volumes of 
dichromate solution, however, persistently produced anomalous results, 
although the heat insulation in tius arrangement should have been equally 
effective as when the tubes were submerged in the dichromate solution itself. 

The only possible conclusion was that tlie anomaly was produced by light. 
Dichromate solution, even at a concentration of 1 per cent, and in very 
moderate thickness, cuts off the rays of shorter wave-length than about 5,200 
very completely, so that the test-tubes submerged in it were exposed only to 
the uon-actinic portion of the spectrum. In all the other forms of heat 
insulation used light was also incidentally excluded. 

This unexpected conclusion was verified by carrying out reactions in pairs 
of preparations, one of which was exposed to diffuse light, while the other was 
protected by a wrapper of thin copper or tin-foil, these materials being 
chosen so jthat variations in temperature should affect both preparations 
equally. The results leave no doubt regarding the effect of light. The 
screened specimens developed normal strata throughout, whereas those 
exposed to l%ht all showed anomalies. The character of the latter varied 
consid^ably, a feature which was to be expected, since the experiments 
extended from March to Hay, and the hours of daylight as well as the 
intensity of the latter varied considerably over the period. In all cases. 
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iiowever, the formation of normal strata was interrupted when illuminatian 
was sufficient, and their place was taken by wider bands which sometimes 
differed markedly in colour from the normal strata and were often peioeptibly 
denser on the side which had been turned towards the window. In the 
specimens obtained later in the year normal stratification generally stopped 
altogether after the first forty-eight hours, and only wide diurnal bands were 
forlned after that. 

It is highly interesting that both the normal and the abnormal bands can 
be produced side by side in the same body of gel: two specimens showing 
this result are illustrated in figs. 9 and 10. The gel in both cases was 
contained in a cell only 4 mm. deep; one half (the left one) of the face 
turned towards the light was covered with black paper, while the back was 
completely covered, so as to prevent reflection. In both cases, the anomalous 
strata in the right half—that exposed to light—show very clearly. The 
normal strata show only slightly in fig. 9, this preparation having been made 
with a very small volume of dichromate solution, whereas they ore clearly 
visible -throughout the left half of fig. 10, made with a large volume of 
solution. The irregular appearance is generally to be observed in prepara¬ 
tions made in very shallow cells, and may be partly due to the menisous and 
partly to inequalities in the agar due to rapid cooling. The progress of 
diffusion in fig. 10 was marked during the first three days at 9 a,m. (full 
lines) and 9 p.m. (dotted lines). It is worth mentioning that this prepara¬ 
tion was made about the middle of May, when the window, which looks 
almost due north, received some direct light before 7 a.m. and after 7 p.m. 
(summer time). 

At the present stage it is impossible to suggest any explanation of this 
very striking effect of light, but a few possibilities, which rather readily 
obtrude themselves, may be ruled out. The occurrence of the phenomenon 
in an organic medium containing a dichromate seems to indicate a clue, but 
the attempt to trace the anomaly to a possible reducing action of the 
organic gel under the influence of light does not lead very far towards a 
satisfactory explanation. Such an action, though it has never been recorded 
with agar, is not primd facie improbable, as it occurs in other carbohydrates, 
e.g., gum arabio. To test this point, 1 per cent, dichromate solution was 
allowed to diffuse into duplicate specimens of pure agar gel, f.e., without any 
lead salts, one specimen being exposed to light and the other covered with 
black paper. No difference In the rate of diffiision could be detected, nor in 
the appearance of the specimens: the colour in both was that of pure 
dichromate. Both specimens, on being slowly heated .together in the 
water bath, “ melted ” at the same temperature and were equally clear. 
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No attempt was made to separate any possible insoluble product of reduction 
by filtration or sedimentation^ as either would have involved keeping the 
agar sol at about 90° C. for some time, a procedure likely to lead to reduction 
by itself. 

It must also be remembered that the salt present in the gel throughout is 
not the dichromate, but the lead acetate, which appears extremely unlikely 
to be acted on by light Gels containing lead acetate have been repeatedly 
kept, fully exposed to light, for several days, have been re-melted, and have 
eventually produced quite normal strata in test-tubes protected from light. 
The dichromate only diffuses in gradually, and it is very difficult to imagine 
that any reaction between it and tlie agar, \mder the influence of light, 
could proceed nearly as rapidly as the ionic reaction between dichromate 
and lead acetate; in other words, the precipitate of lead chromate should be 
formed long before any reduction of dichromate in the reaction zone, 
assuming it to take place at all, would seem probable. Of course, these 
considerations do not exclude the possibility that some product is formed 
which inhibits normal stratification, and that this product diffuses in 
advance of the dichromate. In view of the known extreme sensitiveness 
of the phenomenon to exiguous amounts of admixtures, this possibility must 
not be neglected, although * it is not capable of exact formulation at the 
moment. 

In this connection it is of interest to observe, more especially in fig. 10, that 
some traces of anomalous formation can be seen in the screened (left) half of 
the preparation. If such an inhibiting product were formed, it would of 
course diffuse in all directions, and would, therefore, also reach the portion of 
the gel protected from light. While this cannot be overlooked, an explana¬ 
tion decidedly more probable seems .to be that scattered or reflected light has 
reached the shaded portion; although the back was covered with black paper, 
this was naturally on the outside of the glass wall, so that reflection from the 
internal face was still possible. 

Finally, it must be mentioned that both the normal and the anomalous 
phenomenon can be obtained eqwilly well nrith chromate vfiih di chromate. 
No data on the photo-chemioal behaviour of chromate-carbohydrate mixtures 
seem to be available, but it is known that chromate-gelatin, unlike dichromate- 
gelatin, is not sensitive to light. 

In the absence of other clues it seemed possible that the size of the grains 
of precipitate might throw some light on the mechanism of the anomaly. 
Several specimens, duplicates of those illustrated, were accordingly removed 
from the test^tubes—which can be done convei4iIitly,a8agar does not adhere 
to glass-^nd the precipitate from various regions examined and measured 



502 Lietitgang StratijimtionB pr^uced hy the Action of Light 

with the eye-piece micrometer. The precipitate, whatever its size, oousiahs of 
roughly eplierical granules, pairs of them being, very occasionally, joined to 
form a squat hourglass ” aggregate. As regards the size, the results are not 
easy to interpret. They are simplest in the specimen shown in 6g. 6, which 
did not produce normal strata at all, but only the anomalous bands caused by 
light embedded in a uniform precipitate. The latter consisted of granules of 
remarkably uniform size, average diameter, while the bands contained 
equally uniform granules about 2'5/a average diameter. A duplicate of fig. 5 
was also investigated, samples of precipitate being taken from three portions: 
A, from the first set of normal strata at the top of the gel, B from the first 
wide daylight band, and 0 from the three nonnai strata below this. A 
consisted of granules 1*25 bo VHfi dia., B about 2'5^4 dia„ and 0 3*7 to 5/* dia. 

The latter results are difficult to interpret definitely; as regards the 
specimen, fig. 6, it is evident that the number of centres of crystallisation in 
the daylight bands is considerably greater than in the precipitate formed in 
the dark, or that the limit of supersaturation is altered. The question what 
causes this difference of course remains unanswered: a direct effect of light, 
in the absence of parallel cases, would have to be proved by more substantial 
evidence, while the formation of some reaction product which affects super- 
saturation or the number of nuclei is possible, but equally in need of proof. 
Further research must be directed to those two points, and the first etep 
seems to be the elimination of the organic matter, by studying the formation 
of lead chromate, either in an inorganic gel, e.g,, silicic acid, or possible merely 
in aqueous solutions. It will also be necessary to ascertain whether the 
effect is peculiar to this one reaction, or whether it is of a more general 
nature. 

In the meantime it is penniasible to draw attention to one point, even in 
the absence of any e^cplanation of the effect. The possible bearing of the 
Liesegang phenomenon on the formation of rhythmic structures in nature, 
and in conditions where there is no obvious rhythm or periodicity in the 
supply of reacting material, has beeu repeatedly pointed out, by Liesegang 
himself, by H. Bechhold, D’Arcy W. Thompson, E. Kiister and others. If the 
diurnal change in illumination is capable of modifying profoundly the strati¬ 
fications produced by a given reaction, it is evident that structures of much 
greater complication than those contemplated by the authors quoted may 
conceivably be the result of simple and non-periodic diffusion. 


/1 atschek 
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1. Introdvetion. 

When a parallel pencil of monochromatic light falls at nearly the critical 
angle on the plane boundary between two media of differing refractive index, 
and emerges in the rarer medium in a direction almost parallel to the surface 
of separation, the aj^erture of the emergent pencil becomes greatly restricted, 
A study of the diffraction phenomena observed in this limiting case Cf 
oblique emetgenoe seems of interest, especially in view of the fact that in the 
Lummer-(3ehrcke interference spectroscope we have an actiual case of import* 
ance in which such obliquely emergent pencils determined the observed 
phenomena. Some preliminary work on this subject was carried out by 
Prof. p. y. Baman, and at his suggestion the author of the presenc paper 
Ufideortook a detailed experimental investigation of the case with a view to 
Ai^blisbing its principal features. So far as the writer is aware, though the 
theory of the parallel-plate interferometer in its essentials is well known,* 
the special character of the diffraction phenomena observ^ with pencils very 
bb^uely refracted at a plane surface had not been discussed previously. It 
is {Proposed in the present paper to describe the results obtained by the 
filter, some of the observations (to be mentioned below) having special 
to the theory of the Lummer-Gehrcke plate. 

< , 2 . M^aerinmUal Mdhods ami Sesvits, 

The gtmeral features of the case may be observed on an ordinary spectro¬ 
meter, It is well known that an ordinary prismatic spectroscope may be so 
adjusted iui to give very large dispersions, putting the prism on the table 
of the instmmeiit in snob a, position ritat the light incident on the first face, 
after peering through it, faHs at nearly the critical angle of incidence on the 

» r atmmmf i^wif ^ Ano. d. vri. 10, ^ 4jj«? ; riso 

Briebsautaii^ tPiia Abb.,’ vol. 4, «>• ‘Abb. (|, Physik,’ vol. 99 

15^ 011)} Osbroks, ‘ AawsndwBg dw lBterfBPenw»,’ Biam^weig, 191A 
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second face and emerges nearly grazing the sorfaoe. The lines in' the 
spectrum then appear very widely separated, and also strongly curved, owing 
to the fact that pencils of light from different points on the slit of the 
collimator do not all pass through the principal plane of the prism. In his 
investigation of the optical power of spectroscopes, Lord Bayleigh* has 
remarked that the resolving power of the prism in the position referred to 
above is no greater than at other positions. The width of the beam emerging 
from the prism tends to zero as the grazing position is approached, and the 
spectrum lines are much widened by diffraction, lliis sets off the effect of 
the increased dispersion on the resolving power. Owing to the great 
dispersion and the enfeeblement of the light in oblique transmission, a very 
powerful source of monochromatic light is necessary for satisfactory observa¬ 
tion of the diffraction phenomena. A Westiughonse quartz silica lamp is 
most suitable, though visual observations may also easily be made with a 
glass Cooper-Hewitt mercury-vapour lamp. Observations are made on the 
green line of the spectrum. In order to secure an extended diffraction- 
jmttem, it is advantageous to use something less than the full aperture of the 
prism to start with, cutting it down by one or more slits having their edges 
parallel to the slit of the collimator. The position of the slits is a matter of 
indifference, so long as the aperture of the beam is out down before it emerges 
or just as it emerges from the second surface of the prism, and not aJUr it 
has emerged. The simplest arrangement is to limit the aperture of the beam 
by a sUt or slits immediately before entry into the prism. Another arrange¬ 
ment would be to use a hollow prism, filled with liquid, and to put the slit or 
slits inside the prism, so as to limit the aperture of the beam just before 
incidence on the second face. A third arrangement is to use a glass prism 
the aperture of the second face of which has been reduced by grinding down 
to the desired width with parallel edges. All the arrangements give identical 
results. 

Several photographs of the diffraction-pattern seen in the observing tele¬ 
scope were secured, of which a selection is reproduced as figs. 1, 2, and 8 in 
the plate. Fig. 1 represents the effect observed with a single slit limiting the 
aperture of the beam, the prism being in a position very nearly that of 
grazing emergence. It will be noticed that the difffaotion-pattera is quite 
unlike the symmetrical system of bands usually obtained on the spectrometer 
with a single slit. Apart from the curvature of the bands (which has idxeady 
been explained above), the pattern is markedly asymmetrical in character. 
To the left of the central bright fringe we have a regular succession of bands 
slowly decreasing in width and brightness, while on the right we have only 
* Bayleigh,' Scientific Papera,’ vol. 1, p. 4S6. 
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one band, which is broad and very faint compared with the first band on the 
left. In general, it is found that the fringes to the right are fewer in number, 
broader, and much fainter than the corresponding fringes on the left. With 
the prism very near the critical jwsition, the fringes to the right may even 
entirely vanish. 

Figs. 2 and 3 represent the effects observed when the aperture of the prism 
is restricted by a row of equidistant parallel slits, forming a grating, the 
prism being nearer the critical position for fig. 3 than for fig. 2. It will be 
noticed that the asymmetry is very marked in these cases as well, the 
difference in the intensity of diffracted images of the slit to the right and to 
the left of the central group being specially evident in fig. 3. 

3. Photometric Situiy of the Diffraction Pattern. 

To put the foregoing observations on a quantitative basis, a set of photo¬ 
metric comparisons of the intensities of the corresponding bands of the same 
order on the two sides of the pattern was carried out. For this purpose, a 
rotating sector photometer, of a modified Abney type, was used. It was 
supplied by Messrs. Adam Hilger, the special feature iii it being that the 
free disc (which can be adjusted by a handle while in rotation) is smaller in 
radius than the fixed disc. The sectors, while in rotation, thus present two 
annuli of different intensities, tlie ratio of which can be adjusted at pleasure 
by moving the handle of the instrument The disc of the photometer is 
placed at the focal plane of the objective of the observing telescope, so that 
the diffraction pattern can be seen through it with an eyepiece, the fringes 
on the brighter side being observed tlirough the inner annulus of the disc, 
and those on the fainter side through the outer annulus. To enable the 
intensities at corresponding points on the two sides of the pattern to be 
compared, a screen with two vertical slits is interposed immediately in front 
of the photometric disc, so os to cut off everything except the regions under 
observation, which are then adjusted to equality of brightness by moving the 
handle of the rotating apparatus. Several readings can be taken in succession 
and their average found. The angles of diffraction, 0 and 0' for the two 
bands under comparison, can be found by reading their positions, and the 
position of the second surface of the prism on the divided circle of the 
spectrometer. 

The results obtained with a single slit, limiting the aperture of the beam, 
are shown in column 3 of Table I. Column 1 shows the serial number of 
the experiment) the position of the prism on the table of the spectrometer in 
the Sucoessive experiments being altered so as gradually to decrease the 
obliq^uifcy of the emej^nt pencil of light. 
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Table I. 


1. 

t 

Serial No, 
of experiment. 

1 

i 2. 


4. 

5. 

i 

j Serial order 

i of the maxima 
compared. 

Observed ratio 
of intensities. 


No. of maxima 
visible to the 
right. 

1 

Firet . 

4-74 

4*96 

1 . 

2 

Firtt . 

2*66 

2*52 

2 

2 

Second ... 

4'74 

6*16 

2 

3 

First .. 

1-96 

1*66 

8 

3 

Second ... 

2 m 

2*54 

8 

8 

Third. 

3 46 

8 87 

8 

4 

! First . 

1*84 

1*61 

1 ^ 

4 

' Second . 

2-80 

2*18 

8 

4 

Third. 

8 10 

8*20 

8 

5 

First .. 

1’41 

1*86 

8 

5 

Second . 

1-84 

1*74 

8 

5 

Third. 

2*48 

2*24 

! 

8 


A few determinations were also made with a wire-grating, limiting the 
aperture of the beam entering the prism. The results are shown in Table II. 


Table II. 


1. 

2. 

8. 

4. 

Serial No. of 

Serial order of 

Observed ratio 

Coi^/ooiV. 

experiment. 

maxima compared. 

of intensities. 

1 

First . 

5*29 

6*65 

2 

First ... 

3*21 

8 12 

8 

j 

First . 

2*81 

8*02 


In these cases, the distances between the diffracted images of the higher 
orders on the two sides of the pattern were too great to enable them to be 
seen simultaneously in the eyepiece. Consequently, the photometric observa¬ 
tions were not extended to higher orders than the first. 

4. AppmerU Failure of Snell'» Law near Qrati/iig Fmergenee. 

An interesting consequence of the markedly asymmetrical distribution of 
intensity in the diffraction pattern is that the position of maximum intensity 
in it is not given by the ordinary law of refraction, but is appreciably 
displaced to one side, so that the angle of diffraction for this position is less 
than the angle of refraction as given hy Snell’s law, The magnitude of 
displacement is greatest when the emergent light praotictdly grazes 
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surface of the prism, and also depends on the aperture of the pencil, being 
greatest when the aperture is smallest, and vice vereA, The displacement can 
be measured by first observing the position of maximum intensity when the 
full aperture of the prism is used, and then also when the aperture is 
reduced to any desired extent by the interposition of a slit before the first 
face of the prism. The displacement of the position of maximum intensity 
being negligible for the full aperture, the difference of the readings gives the 
magnitude of the displacement when the smaller aperture is used. On 
account of the great width of the central band of the diffraction pattern in 
such oases, it is not easy to fix very precisely upon the position of maximum 
intensity by direct eye-observation. Nevertheless, the displacement is clearly 
detectable, and can be roughly measured. 

Table III shows for various apertures, the angle of refraction as given by 
Sneirs law, and (in column 3) the position of maximum intensity in the 
pattern as actually observed. 

Table III. 


1. 

2. 

3. 

4. 

Aperture. 

Angle of refraction 
by Sneir* law. 

Angle of diffraction for 
the central maximum. 
(Obierved.) 

Angle of diffraction for 
the central maximum. 
(Calculated.)* 

mto. 

O f 

0 / 

0 / 

1*00 

86 89 

88 87 -2 

88 87 

0'70 

88 30*0 

88 17*8 

88 17 

0-00 

B6 14 

88 10-8 

88 10 

0'A2 

88 86*4 

88 81-1 

88 80-0 

0‘80 

88 25 

88 19*4 

88 16 '8 


• See SeotioB 6. 


5. Diffraction of Light in the Lummer-Gehrcke Plate, 

As is well known, in the special form of interferometer developed by 
Lummer and Gehrcke, light enters a plane-parallel plate, and suffers a series 
of internal reflections at nearly the critical angle of incidence, and, at each 
such incidence, part of the light emerges as a thin pencil in a direction 
nearly grasing the surface of the plate. It is obvious that, if only one of 
such pencils entered the observing telescope, we would see in the field of 
view an uni^mmetrical diffraotion pattern of the type described in the 
preceding sections. Actually, the effects seen would be modiflied by two 
causes: firstly, by the interference (under large difference of path) of the 
several pencils emerging from the plate; and, secondly, when an extended 
source of light is used, by the superposition of the effects of the different 

2 N 2 
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parts of the source. The second complication may be avoided by narrowing 
down the slit of the collimator from which the light eaters the plate, and 
setting it parallel to the plane of the plate. The interfei-once maxima seen 
in the field of view would then be formed entirely by the light diffracted on 
emergence from the plate. The unsyinmetrical character of the distribution 
of intensity, and its similarity with the phenomena previously described, is 
rendered most conspicuous by somewhat reducing the aperture of the pencil 
immediately before its entry into the plate, so that the number of inter¬ 
ference maxima falling between consecutive diffraction minima becomes 
fairly large. 

Figs. 4, 0 and 6 show the effects then observed for different angles of 
incidence, and make evident the great difference in intensity of the corre¬ 
sponding interference maxima on the two sides of the central fringe. The 
difference can be seen even when the full aperture of the instrument is used. 
This is clear from figs, 7 and 8 in the Plate, which also serve to illustrate 
another important feature in the theory of the Lummer-G^ehrcke plate. It 
will be noticed that each of these figures shows the interference maxima for 
two different angles of incidence of the light, and the positions of these 
maxima, formed in diffracted light, remain unaltered—though their intensities 
change—when the angle of incidence is varied. It is this invariability in the 
positions of the interference maxima that enables an extended source of light 
to be used in practical work with the Lummer-G-ehrcke plate without- 
resulting in loss of sharpness of the fringes. It also explains why in figs. 4,5 
and 6 the interference fringes run practically straight, while the diffraction 
maxima and minima are strongly curved.* 

6. of the MesuUs. 

{Rewritten February 20, 1921.) " 

It may be remarked that diffraction-phenomena analogous to those described 
above are also noticed when the pencil of light from the collimator is reflected 
at nearly grazing incidence from the surface of a prism and is viewed through 
the observing telescope. Indeed, similar effects may also be obtained very 

♦ That the poaitione of the interference maxima formed by the light diffracted on 
emergence from the plate remain unaltered when the incidence of the light at entry into 
the plate its varied, may be explained in a very simple manner. From the principle of 
minimum or stationary path (Fermat's Law), it follows that the retardation of a wave 
which starts at a given position and arrives at a specified point in the focal plane of the 
observing telescope, after one or more refiections within the plate, depends only on ^ 
number of such refiections, and is independent of any variations in its actual path, so 
long as such variations are small. It follows that the positions of the Interference 
maxima are unaff^ted by smtdl changes in the actual path 6f the light 
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simply by merely placing two razor-edges facing opposite ways, one nearly 
behind the other, parallel to the spectroscope slit, on the table of the instru¬ 
ment and viewing the light transmitted through the very oblique aperture 
thus formed. In the diffraction pattern obtained by any of these methods, 
the fringes on the left are fewer, broader and much less intense than the 
fringes on the right of the central maximum, in the same way as in the case 
at present under consideration.* 

The referee of the Royal Society in commenting on the explanation of the 
phenomena put forward in this paper, has suggested two experiments which 
have also been tried by tlie author. These experiments are indicated diagram- 
matically in figs, (a) and (6). In the first, three razor-blades P, Q, 0, were 
placed on the table of the spectrometer as shown, and the light transmitted 
through the arrangement was viewed in focus through the observing 
telescope. 



The second experiment, fig. (6), consists in allowing a pencil from an 
aperture limited by a diaphragm to fall obliquely on a reflecting surface OQ* 
In both experiments, however, somewhat complex effects were noticed, which 
varied with the distances between the three edges or with the position of the 
diaphragm and the mirror and which perhaps can be best described as consist¬ 
ing of two or more dif&aotion-patterus super-imposed on each otheY. This is 
not surprisiDg, a$ in figs, (a) or (ft) the third edge or diaphragm introduces 

The nfkctA observed with oblique reflexion and oblique trausmiseion have been 
Studied by C. T. Raman, *Phil. Mag.,* November, 1906, January, 1909, and May, 1911. 
«ee aleo 6. K. Mitre, * Phil. Mag.,* January, 1916. 
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an additional oomplicatiou which modifies the efihcts doe to the obliquely held ' 
aperture or reflecting surface taken by itseli In any case, however, these 
observations did not prove to be of assistance in clearing up the nature of the 
effects under discussion noticed by the author. 

In all the cases with which we are nojv concerned, the common inatnte is 
that the fully illuminated aperture from wltich the light finally emerges, the 
elements of which should be regarded as the centres of diCfeacted dii^urbance, 
lies in a direction nearly parallel to the direction of the diffeaoted rays. 
Dividing this aperture into equal small elements and considering the phases 
of the beams incident on and diffracted from these elements and summing 
their effects, we find that in directions given by the formula 

a (/* sin t—sin d) (1) 

the illumination in the diffraction-pattern should be zero, t being the as^le of 
incidence, d the angle of dififeaotion, a the aperture and /t the refractive index. 
The intensity at any point in the diffeaction-pattem as obtained by summation 
of the effects of the elements of the aperture is given by 

I sa Io8in*<^/^* (2) 

where d* ®®^(/*8int—sind). 

In agreement with these formulae, we find that the dark bands in the 
diffraotion-pattem are sensibly of zero illumination and their positions agree 
with th^ry. In the cases under consideration d is nearly equal to «r/2, and 
it is readily shown that the angular separation of the dark bands should 
increase continually from one side of the pattern to the other, exactly as 
observed. It is also clear why there are fewer bands on one nde, as the 
value d as ?r/2 sets a limit to the extension of the pattern in that direction. 

The feature requiring speoial explanation is the asymmetry in the tntmtjUy 
of the bright ban^ on the two sides o! the pattern. If in formula (2) the 
quantity lo were a constant with respect to d, the distribution of intensity in 
the pattern would be syounetrioal, that is, oorresponding bands on either ude 
of it would be of equal intensity* Actually, however, ^his it not (he case, as 
we have seen, and we are led to regard the observed effects as &di»bting s 
variation of the quantity Jo, with the angle of diffraction ft Such a variation 
might have been expected, aas the direction <ff the diffn^^ 
nearly parfiUel to the aperture, and hence the oroM^asotion a(M» d of 
diffract^ beam varies rapidly vfith d (winch is nesrly equal to r/2), initead 
of being jpiaotioally constant as in the oaM cl ni»iniiiidl;^:;hi^ 

aperture, quantity lo is in laot 
aihpUtude of; the secondary. dfeturbi|nbe'';qcwtidbut*i|'^^^^^^^ 
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fand if we assume this amplitude to be proportional to the oosine of 
the angle of diffiractioa 0, we ob tain finally 

I BB Io8in*^/<^* =s IicoB* dein*^/^*, 

where Ii is sensibly a constant within the di£fhiction>pattem. On this basiSr 
the ratio of the intensity of corresponding bands on either side of the pattern 
should be ooe*d|/oo8^dj where 6i and da are the respective angles of difi^don, 
and this, as we have seen agrees with the results of the photometric deter¬ 
mination (Section 3, above). 

The foregoing also enables us to calculate the displacement of the position 
of maximum intensity in the pattern from that given by Snell’s law. We 
may obtain the position of maximum intensity from the expression for 1 
as given above, by putting dl/rfd equal to zero. It is found that for this 
position, the phase-angle ^ is not zero, but is approximately given by 

A =s A, 

^ nra' co8*d’ 

The angles of diffraction for the position of maximum intensity in the pattern 
have thus been calculated and shown in column 4 of Table III for comparison 
with experiment. 

In conclusion, the author wishes to express his cordial thanks to Prof, C, V. 
Baman, who sr^ested the investigation and throu|^out took much interest 
in its ptogicss, besides providing the necessary facilities for carrying it out at 
the Palit Laboratory of Physics. , 
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SIE W. DE W. ABNEY, K.C.B., 1843—1920. 

By the death, on December 2nd, 1920, of Sir William Abney there passed 
away one of the notable figures of the scientifio world of the past forty years 
and one who will be long remembered as the great pioneer in the science of 
photography. 

Tliat it was worthy to be ranked as a pure science he always insisted, 
and on more than one occasion he deprecated the attitude of scientific men 
who used photography as a mechanical aid in their laboratories without ' 
endeavouring to understand it, and lamented that of 26,000 people who took 
photographs not more than one cared for, or knew anything about, the why 
and wherefore. However this may be—and we must be careful not to puidi 
the contention too far, or we shall find ourselves committed to the proposition 
that a knowledge of the chemistry of ink is a necessary part of the equip¬ 
ment of a writer—there is no doubt that in Abney’s hands photography was- 
an exact science, an offshoot from both chemistry and physics, concerned with 
the action of light upon all manner of bodies. Witli this science and ita 
growth over many most fruitful years Abney’s name must always be- 
inseparably connected. 

He was the eldest son of Canon E. H. Abney and was born on July 24,. 
1843. He was educated at Eossall School and entered the Eoyal Engineers 
through the Eoyal Military Academy in 1861. The first few years of his 
sei'vioe, spent partly in India, were uneventful. In 1870 he returned tO' 
England and was stationed at Chatham, and in the next year was ap^^ointed 
Assistant to the Instructor in Telegraphy at the School of Military 
Engineering. Here he found himself in charge of a small photograpUo 
establishment and chemical laboratory, then constituting part of the Electrical 
School, and at once began the active prosecution of photographic researches. 
He formed classes of officers and men for studying the subject, and the first 
edition of his book, ‘ Instruction in Photography,’ destined afterwards to reaoh 
its eleventh edition and to be the guide of innumerable students of the art,, 
was printed at Chatham in 1871 as a small pamphlet for the use of hie 
pupils. 

In the previous year he had joined the Photographic Society and his first 
paper, on " The Application of Albumen to Photography,” appeared in 1870. 
tinder his energetic direction the photographic establishment soon outgrew 
the tutelage of the Instructor in Telegraphy and in 1874 a separate Chemical 
and Photi^raphic School was formed of which he was given sole charge. 
Frosti this time onward he was so continuously engaged upon the evolution of 
photOg^phy into an exact science that it would be hard to find any side of 
this Jeld of knowledge which he had not made a subject of experiment and 
upon whteh he had not written fully and critically, 

only extensively used photographic process was the collodion 
• *' plate.” The gelatine itf plate, though actually first made in 1871, was 

a 2 
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then very imperfect and the rariouB dried collodion plates and collodion 
■emulsions, in which Abney was one of the foremost experimenters, were only 
used by a few eager inquirers. In 1878-79, due mainly to advances made by 
Bennett and Abney in this country and van Monkhoven on the Continent, a 
rapid gelatine emulsion, in all main details identical with those used to*day, 
was first produced and the modern “ instantaneous’* photography made 
jpossible. 

Abney rapidly established himself in a leading position as a practical 
exponent of the art and already in 1874 he was given complete charge of the 
arrangements for photographic observations of the Transit of Venus, He 
himself went to Egypt to observe it and brought back a great collection of 
views of temples and tombs, forming the basis of his book, ‘ Thebes and its 
Five Great Temples,’ published in 1876, 

Perhaps we may fairly claim that the first important memoir in which 
Abney showed his true quality and proved that he was indeed one of the 
elect to whom the why and wherefore are of tlie most basic importance, 
one who would never rest contented until he fully understood any process 
that went on under his observation, and saw that it is only by full under¬ 
standing that further advance is made possible, was his paper “ On the 
Alkaline Development of the Photographic Image” ('Phil. Mag.,’ 1877). 
It had long been known—by whom the discovery was first made is still 
■obscure—t^t where no free nitrate of silver was present, a considerably 
increased intensity of image was obtained with an alkaline developer, and it 
was generally assumed, though it cannot be claimed that there was much 
-curiosity about it among the users, that the function of the alkali was to 
reduce tlie bromide, chloride, or iodide of silver, which had been acted upon 
by the light, to the metallic state. Abney showed, by a well planned and 
•quite conclusive set of experiments, that the complete explanation was 
found in the fact that bromide of silver oonld not exist in close contiguity 
to the freshly reduced metal, but that sub-bromide was immediately formed, 
■and similarly with chloride or iodide. This in its turn was again reduced to 
the metallic state by the developer, so that the image was eventually built 
up of metallic silver derived partly from those molecules of the salt acted 
upon by light, thereby reduced to the snb-salt, and further reduced to metal 
by the developer, and partly from the closely contiguous molecules, which 
were reduced to the sub-salt, not by light, but by contact with the freshly 
formed metal, and were then in their torn similarly aoted on by the 
-developer. The process was thus shown to be essentially different from 
the development 6f a plate with free nitrate of silver present, sooh as the 
ordinary wet-plate, where the salt reduced by light acts as a nudeas upon 
which metallic silver precipitated from the eilver nitrate solutba by the 
developer aggregates. As in the latter case ^he silver which forms the 
image is deposited out of a solution fiowin^ freely over the pkte there is 
almost no limit to the extent to wbiofa the image can be built- up; the 
.-development and intensification can be pushed to the point whmu the 
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lights are completely opaque. Whereas, with an emulsion or dry-plate, the 
position of each molecule of silver salt is fixed, and it remains in the same 
place after reduction. If, therefore, the development is pushed too far, the 
image will spread out, losing form, and, should the action be allowed to 
continue to an extreme, the whole plate will ultimately become covered with 
an opaque mass of reduced silver. 

In this power of building up the image without allowing it to spread lies 
the outstanding advantage of the wet-plate over the emulsion process and 
makes it, even now, when the manufacture of dry plates has reached such a 
high degree of technical excellence, preferable for some purposes. 

In 1877 Abney left Chatham and joined the Science and Art Department 
at South Kensington, then under the able direction of the late Sir John 
Donnelly, RK In that department he served twenty-six years rising by 
successive steps to the post of Principal Assistant Secretary, Board of 
Education, which he held from 1899 to 1903, when he retired upon the 
reorganisation of the department under the late Sir 11. Morant. He after¬ 
wards, up to the time of his death, held the honorary post of Scientific 
Adviser to the Board. 

On taking up his duty at South Kensington he at once established a 
laboratory, placed in one of those hideous iron buildings known to two 
generations of Londoners as the “ Brompton Boilers,” and for nearly thirty 
years that laboratory was the source and fount of an unending stream of 
original experiment and research. 

It would be impossible to follow Abney’s work in any detail. Hie papers, 
as recorded in the ‘ lioyal Society Catalogue,* number over one hundred, and 
to these must be added a very large aggregate of minor, but still important 
papers, over seventy in the ‘ Photographic Journal ’ alone, and many in the 
‘ Journal of the Camera Club' and in other cognate publications. Much of 
the material of these memoirs and addresses was embodied by him in book formi 
and his three standard volumes, ‘ Instructions in Photography,’ ‘ Photography 
with Emulsions,’ and 'A Treatise on Photography,’ went through many editions. 

One of his most noteworthy achievements was the photography of the 
infra-red region of the spectrum. He began experimenting upon this in 
1876 while still at Chatham, and eventually succeeded in obtaining an 
emulsion of bromide of silver in collodion, in which the salt was in such a 
condition of molecular aggregation, indicated by its giving a blue colour to' 
trensmitted light, that it was sensitive to rays beyond the visible portion of 
the spectrum down to about X 12,000. With this he mapped the solar 
spectrum from A to X 10,650 (“Bakerian Lecture,” ‘PhiL Trans.,’ 1880). 
In a sttheeqhSKtt paper Phil. Trans.,’ 1881), written in collaboration with 
the late M^]*>Qen. Festing, K.E., he extended the use of these hyper- 
senaitiTe pdates to the study of the absorption spectra of organic bodies 
in the injfra.«ad, leading to important indications of their molecular groupings. 
iShr theia reaeatches he am* awarded the Eumford Medal in 1882. 

Ih indeed in all his work, Abney showed a high level of 
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manipulative skill Many subsequent experimenters have tried to prepare 
«n infra-red sensitive emulsion upon his formula and very few have 
suoceeded. That it can be done tliere is however no doubt whatever; 
much depends upon the quality of the collodion. 

His researches upon the action of the spectrum on the silver salts 
naturally led to the study of colour photography and in later years he did 
an enormous amount of exploration in this branch of the subject. In his 
earlier years he was very sceptical as to the possibility of any practical 
three-colour process; thus in 1878 he was of opinion tW it was " utterly 
impossible to secure monochromatic colours which are pure enough to give 
the truths of nature,’’ and that efforts (to obtain true colours by combining 
negatives taken through three different colour screens) “are not to be 
followed with too much zeal by scientific photographers." Later on, when 
it had been shown by Ives that exact colour representation could be 
obtained, provided the screens for taking the negatives and for viewing 
or projecting the positives were properly selected, he set out in a masterly 
Way the principles involved in three-colour work. (“ Theory of Colour Vision 
applied to Modern Colour Photography,” ‘ Proc. Royal Institution,’ 1899). 

In the Bakerian Lecture of 1886 on Colour Photometry be gave an account 
of some experiments, made in collaboration with Oen. Festing, on the measure¬ 
ment of the relative illuminating intensities of the different parts of the 
spectrum. This subject had occupied him for some time previously and both 
then and afterwards, almost up to the time of his death, be devoted himself 
with immense enthusiasm to the problems of colour vision and colour blind¬ 
ness. He repeated, by a different method and in a far more exhaustive and 
complete form, the delineation of the intensity curves done by Clerk-Maxwell 
in 1866-6 and by Konig in 1883-1901. Without entering upon the vexed 
question of the true mechanism of colour vision it will suflSice to state here 
that Abney’s observations appear to confirm in every detail the intensity 
curves for the three fundamental colour sensations derived by Kdnig and thus 
afford the most powerful support to the validity of the Young-Helmholtz 
trichromatic theory of colour vision and the corresponding explanation of the 
different varieties of colour blindness. In addition to some thirty papers and 
memoirs he summarised his investigations and reviewed the whole subject in 
a book, ‘ Researches in Colour Vision and the Trichromatic Theory,' 1918. 

Another notable research carried out partly in England and partly at the 
Biffel and other stations in the High Alps was embodied in his memoirs on 
”The Transmission of Sunlight through the Earth’s Atmosphere” (‘Phil. 
Trans.,’1887 and 1893). 

In 1882 he had planned to go to Egypt to observe the Total Solar Eolipse 
of May 17 but was prevented by temporary ill-health. Thie was a great 
disappointment to him. He was a keen traveller and invariably spent his 
summer in the Swiss or Italian Alps whffi» he pursued his photcgraphio work 
both from the soiehtifio and the artistic side, and woe indefatigable m water¬ 
colour sketching. ' 
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Abney was gifted in an unusual measure with true eoientifio insight, the 
power of seizing essentials, and we may almost say the power of predicting the 
future course of development. The point just mentioned of the three-colour 
process is probably the only one in which he was definitely wrong and where 
he failed to see the essentids of a problem. An extraordinary record for one 
whose output was so enormous! As au instance of bis foresight it may be 
noted that in 1877, in a paper upon electric search-lights for military service, 
he advocated the employment of what is now known as a " flame " arc, using 
carbons charged with a calcium salt in order to give greater penetrative 
power to the beam by virtue of its ruddy colour. 

All his experimental work was distinguished by its completeness and by 
the ingenuity and beauty of the means he devised. His early sneezes at 
Chatham in the improvement of photo-lithography; the invention of the 
" Abney ink ”; the contrivance of the “ Abney Level '*; his methods for the 
photometry of both monochromatic and coloured lights; his precise measure¬ 
ments of the opacity of the deposit on the photographic plate leading to a 
statement of the law connecting density and exposure; his expedients for 
estimating the coronal light during a solar eclipse, for determining the trans¬ 
parency of the atmosphere and for the comparative evaluation of sunlight, 
starlight and skylight, were all marked with these same general features. He 
never used apparatus more elaborate than the actual conditions demanded; 
much of his work was indeed done with appliances which might to the 
ordinary spectator seem perplexingly crude, but when fully understood it was 
always cWr that the conditions for the degree of aoouraoy aimed at were 
amply fulfilled. He had, in truth, no real liking for researches necessitating 
any extreme or meticulous refinement, be was too well aware what an 
expenditure of time these involve and was conscious of many more pressing 
things to be done. When a suggestion was made to amplify any line of bis 
work with added detail, to carry the results to a higher degree of precision, he 
not infrequently advised " leaving it to the Germans.” He was quite content 
with putting the problem upon the right lines and pursuing the conclusions up 
to the productive point; others could follow later into the arid regions of the 
third decimal place if they so desired and had no better use for their energies. 

Se was elected a Fellow in 1876, and served at different times in the offices 
of Ftesident of the Boyal Astronomical, the Boyal Photographic and the 
Physical Societies; also as Chairman of the Boyal Society of Arts. He was 
President of Section A (Physios) at the British Asooiation in 1889 where he 
gave an address summaiisiug all that we» known of the theory of photi^praphio 
action. He was created ILO.B. in 1900. He married twice; first in 1864, 
jit gnaa daughter of S, W. Smith, of Tiokton Hall, Yorks, who died in 

1888; seooa^y, 1890, Mary Louisa, daughter of the Eev. G. N. Meade, of 
Sotoborough OB Ptudsoo, U.S.A., who survives him. 

Be i^^ and two daughters of the first marriage, one being the 

wMe <rf! Bear^Adjaiitl Sir Ewinald Hall; end one daughter of the second. 

E.H.'G-H.. 



KOBEKT BELLAMY CLIFTON, 1836—1921. 

Robert Bellamy Clikton was born at Gedney, in Lincolnshire, on March 13, 
1836. He was the only son of Robert Clifton, a landowner in the i^tstrict. 
At an early age he went to school at Peterborough, and afterwards at 
Brighton; then, after a period at University College, London, he entered at 
St. John’s Collie, Cambridge, and took his degree as Sixth Wrangler in 
1869. Canon J. M. Wilson, afterwards headmaster of Clifton, was Senior. 
Prof. Jack, who succeeded Clifton at Manchester, Prof. Adams, of King’d 
College, London, and Dr. Stone, afterwards Radcliffe Observer, were in the 
same Tripos. Clifton was second Smith’s Priseman, Wilson being first, and 
it is clear from the testimonials he received when a candidate, in 1865, for 
the Professorship of Experimental Philosophy at Oxford, that his place in 
the Tripos was not thought by his contemporaries to represent his real merita. 

He was elected a Fellow of his College shortly after t^ng his degree, and 
in 1860 became the first Professor of Natnral Philosophy in Owen’s College, 
Manchester. Roscoe was then Professor of Chemistry and in his ' Life and 
Experiences’ writes:—“After a time R. B. Clifton, then a distingutehed 
young Cambridge man, was appointed Professor of Physios, and this was the 
first step towards the expansion of the College in a scientific direction. 
Clifton soon became most popular; his lectures were admirable and enabled 
me to dispense with teaching any portion of his subject.’^ 

Clifton threw himself heartily into his work of teaching, giving annually 
two courses of experimental lectures, one course on elementary applied matbe> 
matios, ^tb a short experimental course on the same subject, and occasional 
lectures involving higher mathematics. In his application f<n the Oxford 
chair, he states his conviction of the possibility of rendering intell^ible to 
students possessing only the most elementary knowledge of matbematies, “ by 
experimental lectures only, the results, both severally and in their mutual 
relations, of a thorough study of the science, provided the order in which the 
results are presented accords with that in^oated by a strict mathematioal 
investigation of the subject.” This conviction he retained through life: it 
guided his work at Oxford, and the methods of instruction followed in the 
Clarendon Laboratory. 

In 1866 he was appointed to the Professorship of Experimental Philos^hy 
in the University of Oxford. The testimonials with which his application 
was supported form a striking collection. Stokes, * 0100118011 , Adams, Jonl<^ 
Rosooe, Bunsen, Kirchhoff, and Wheweli write in the highest terms of hie 
work and of the expectations formed of his ability and the hopes that ht 
the freedom of Oxford it would find greater scope for research than hid 
been possible at Manchester. 

His first work in his new position was to deeij^ and build the Olatttidon 
Laboratory, the first built in Europe for the tpemal purpose of experitnadMii 
instruction in Physios. ' 
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The money for its erection came from the proceeds of the sale of Clarendon’s 
‘ History of the Great Rebellion,’ and in a letter Dr. Madan, formerly Bodley’s 
Librarian, writes: 

“Henry, Ixird Cornbiiry, grandson of the historian, the first Earl of 
Clarendon, left many of the first earl’s papers to trustees, with the direction 
that the money from the sale or publication of his papers should be the 
nucleus of a fund for an academy for riding or other ejfercises at Oxford. 
This was in 1761. But he died before his father. However, a sister carried 
out liis intention, but the money was left to accumulate. In 1860 his trustees 
found they had £10,000, but as the University didn’t need a riding school, 
but did badly want a laboratory for physical science, his trustees, by that 
wisdom which belongs only to lawyers and trustees, promptly erected the 
Clarendon Laboratory, which Prof. Clifton was the first to administer in 1872.” 

To design the Laboratory was his first task. The architect was responsible 
for the exterior; the fittings, down to minute details, were carried out from 
his own working drawings, and then, the building being complete, came its 
equipment with apparatus. Much of this was designed and redesigned by 
liim until perfection, or something approaching it, was reached, and so much 
loving care had been spent on an instrument that it needed to be kept 
jealously under lock and key, taken out from time to time to be dusted and 
cleaned, possibly to be used in lecture, but entrusted never to the careless 
handling of a student of Physios. 

At first he took some share in the practical instruction in the Laboratory, 
but for some time past this was left to his demonstrators. Ho was at the 
Laboratory every day, and generally went round and talked to the men, 
occasionally giving a demonstration on some special instrument, such as the 
Miohelson interferometer. 

Mechanics were outside his scoi*; until there was a special department 
for Hlectricity his lectures included a course on Electricity and Magnetism. 
After that they were chiefly concerned with Acoustics or Optics. His 
great idea was that his lectures should give his class instruction in giving 
experimental lectures; in the summer term he showed his men the solar 
spectrum in great detail with a grating spectroscope. He also lectured on 
t-he optical properties of crystals and the phenomena of polarisation, doing 
everything with minute care and great deliberation. 

Of research work there was but little: the Laboratory was intended for 
teaching. This was the more unfortunate as the. future careers of his pupils 
them may be mentioned Sir Arthur Rilekor, Prof. Reinold, Sir 
li^JtaruB Betchenr, and others—have shown how competent they were to carry 
oh irMeateh and advance knowledge, not merely by their teaching, but by 
ihyeatigatiqns. 

Almost tiie only great piece of research appearing from the Clarendon 
lA'^^^ry in his time was Boys’ determination of the constant of gravitation, 
in which the author received the most cordial help and the 
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To return to bie own work. From 1879 to 1886 he was a membw, along 
with Prof. Tyndall, Sir Frederick Abel, and others ol the Boyal Commission 
on Accidents in Mines, and assisted in carrying oat a number of the experi' 
meats on which the conclusions of the Commission were based. He designed 
a safety lamp, which is described in Appendix XXIV of the Beport and 
formed the subject of a number of the investigations. The general idea was 
to use the products of combustion so as to shield the dame from contact with 
an indammable mixture. 

He was elected a Fellow of the Boyal Society in 1868, served three times 
■on the Council, and was Vice-President in 1896-98. In 1869 he was elected 
■a Fellow of Merton College, and at the time of his death he was an Honorary 
Fellow of Wadbam. He published but little, partly because of his absorption 
in his teaching, but mainly, perhaps, as a consequence of his own high ideal 
of the level which published work should reach. 

The ‘ Proceedings of the Literary and Philosophical Society of Manchester ’ 
for 1860-62 contain a paper, written jointly with Sir Henry Boscoe, on the 
Effect of Increased Temperature upon the Nature of the light emitted by 
the Vapours of certain Metals or Metallic Compounds,” in which the sugges¬ 
tion, in the main correct, is made, that the flame spectra are due to the oxides 
of the metals, and not to the elements themselves. Another paper of interest, 
also published at Manchester, is one entitled " An Attempt to refer some 
Phenomena attending the Emission of light to Mechanical Principles.” It 
contains an early attempt to apply to the production of a spectrum some of 
the elementary facts of the kinetic theory of gases. His paper on “The 
Difference of Potential produced by the Contact of different Substances” 
<(' Boy. Soc. Proc.,’ vol. 26,1877), was a useful contribution to the discussion 
then in progress as to the seat of the electromotive force in an eleotric 
circuit. 

From early days he collected mathematical books of historical interest, 
building in later years a library, which ho called the " Folly,” on to his home 
at Oxford, to house these. He had a large collection of old Euclids, arith¬ 
metics, etc., and knew more about their oontente than bibliophiles usually do. 
There is a story tlmt, while still an undergraduate, Wbewell sent for him and 
asked him his price for a copy of Calendri’s ‘ De Arithmetioa Opusculum ’ 
(Florence, 1491), which he had bought for 2s. 6d. Clifton declined to part 
with it, and Whewell, who wanted the book for a Mend, said, “ Well, I have 
done my duty by my friend, but now—^you keep that book 1” 

Throughout bis life he Was a most kind friend to ooUeagues and pupils 
alike—a courteous gentleman, hospitable, and ready to help. A Manchester 
paper, referring to his suooessor in the Chmx of Natural Philosophy, writes : 
" There is in him little of that easy grace which marked Mr. Clifton, makmg 
him most interesting and dignified when leoturing from a seat on the table, 
or when, having thrown away his gown, be worked with a vigour quite 
astounding to the audience at some lahorions experiment”; riie grace and 
dignity be retained to the end. According to ” Who’s Who,” his reereati^ 
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wftB “Work." The work included the supervision of a considerable property 
in Lincolnshire, which he had inherited from his father, and the welfare of 
his tenants, specially during a period of agricultural depression, which 
followed his father's death in 1873, was always uppermost in his thoughts. 
During term time, until he resigned his Professorship, he kept up a curious 
habit of dividing his day and night; he would rest in his chair after dinner 
for a time, and then when the household had gone to bed, he would start his 
work and go right on until 7.30 or 8 a.m. Then he went to bed for a couple 
et hours or so, and by 11 he was usually to be found at the Laboratory. 

Prof. Clifton married, in 1862, Miss Butler, of Brighton, and leaves three 
sons and a daughter. Until 1898 their house at Oxford was always open to 
their friends, and they made a point of entertaining the men working at the 
Clarendon every term. In that year Mrs. Clifton had a serious illness, and 
for a time was cut off from all hospitality; before her death, in 1917, 
however, she recovered to a considerable extent, and the Sunday afternoon 
receptions again became quite an institution. 

Oxford has changed; many of those who owed their training and their 
fortunes to Prof. Clifton have passed away, but the Clarendon Laboratory 
remains as a memorial to one who, though adopted, became her true and 
loyal son. 

K. T. Ct. 


SIR LAZARUS FLETCHER, 1864^1921. 

Lazabus Flstohi^ was bom at Salford, March 8, 1854. He was the 
eldest of a family of six sons and two daughters, one of whom, the Rev. 
Mark Fletcher, F.G.S., is lecturer on Mineralogy at the Armstroiffe College, 
University of Durham, Newcastle-upon-Tyne. 

He did not come from a soientifio family, nor was it well-to-do; hence 
hia attainments were not due to favourable circumstances in early life, but 
.to Mb own love of work and learning, and the disadvantages which be had 
lexpezienoed made him very sympathetic with struggling students and ever 
reOdy to help them to the utmost of his power. 

He was educated at the Manchester Griammar School under Dr, Marshall 
•WathB, and for a time Mr. Francis Jones for Chemistry, Mr. Angell for 
Physios, and the Bev. J. Chambers for Mathematics, from whom he may 
.iiave reoaived his soientifio bent as well as instruction. He changed over 
irom the Soienfie to the Mathematical Vlth in 1871, and was equally good 
both divisions, and while still at school he gained, in 1872, the Gold 
Jffldal for M » oh*n|nii and a Bronze Medal for Mathematics, and several 
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first class certificates in other subjects at the Kational ExaminatioBB hdid 
by the Science and Art Department at South Kencangton, also an opea 
Science Scholarship (the Braokenbury) at Balliol, in 1872. He joined hi< 
College the same year and took a “highly distinguished” first class in 
Mathematical Mods, in 1874, and first classes in the Final Examhnaiions in 
both the Natural Science and Mathematical Schools in 1876. 

He was appointed Demonstrator in the Clarendon Physical Laboratory 
(1875-77) under Prof. K. B. Clifton, F.RS., and was elected to the Millard 
Lectureship in Physics at Trinity College, Oxford, in 1877-78; also in 1877 
to a Fellowship at University College, Oxford, which he had to resign in 
1880 on account of his marriage, but was made an Hon. Fellow in 1910. 

On account of his knowledge of Crystallc^aphy and Mineralogy he was 
appointed Assistant in the Mineralc^y Department at the British Museum 
in 1878, under Prof. Nevil Story Maskelyne, F.E.S., in succession fo 
Prof, W. G. Lewis, who had resigned, and he was promoted to the 
Keepership of the Department on Prof. Maskelyne’s resignation in 1880^ 
and held it till 1909. 

Almost immediately after his appointment he bad to carry out the 
removal of the great collections of Minerals and Meteorites from Bloomsbury 
and re-arrange them in the new buildings at South Kensington: probably 
the Imrgest, finest and most valuable collection in the world. This was a 
most arduous and anxious task, not only on account of the vast number 
of specimens which had to be packed up for the journey and unpacked 
again and re-arranged, but also on account of the fragility of many, the very 
heavy weight of some, the great intrinsic value of the gold, diamonds and 
gems, and the priceless scientific value of the many rare and unique 
sj.)eoimen8, all of which, of course, had to be guarded against loss and theft^. 
especially while out of their cases. He bad to design new show-cases and 
alter others to adapt them to their new positions. Next he prepared Guides 
and Handbooks to these collections, which are models for simplicity and 
accuracy, and are helpful not only to the ordinary visitor but also to the 
student 

He was Examiner in Natural Science at the Oxford Public Examinations, 
1880, and for the Cambridge Natural Science Tripos in 1882-3,1889-01,. 
1896-7. He was elected a Fellow of the Boyal Society in 1889, and served 
on the Council 1895,1897, and 1910-12, and as a Vice-President in 1910-12,. 
also a Vice-President of the Qeologioal Society 1890-92; of the Physical 
Society 1895-7; President of the Mineralogical Society of Great Britain 
and Ireland 1685-8, and General Secretary 1888-1909; and President of 
the Geol(^ical Section, British Association, Oxford, 1894, and was awarded 
the Wollaston Medal of the Geological Somety, 1912. 

In presenting the Wollaston Medal of the Gfoolc^cal Society to Fbtchdr 
in 1912, the President, Prof. W. W. Watts, F.B.S., in the ooune of Ida 
speech, said “that the-Counoil desired to place you in company ''srith BiadMl, 
Naumonn, Dana, von Hauer, Desoloiseaux, Story Maskelyne and von Gen^ 
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< . . . I aak you to accept the Wollaston Medal, not for the sake of yourself 
and your work alone, but as a token of acknowledgement of the Science 
of Geology of part of her debt to the science which you so worthily represent 
in our country." 

In the course of his acknowledgement, and in reference to the President’s 
appreciative remarks upon liis Optical Indicatrix paper, Fletcher said:— 
** After the work of Fresnel, Sir W. Hamilton, MacCttUagh, Sylvester, and 
others, it was some time before he could convince himself that there was 
anything left for the gleaner, and that the relationship, if true, would have 
been discovered long ago.” The relationship referred to is “ that for every 
biaxial crystal to each point on the ellipsoid there corresponds a single ray 
of light, with three physical characters, via., the direction and velocity of 
transmission and the plane of polarization—all definitely and simply related 
to the geometrical characters of the ellipsoid at that point.” 

He was appointed Director of the Natural History Branch of the British 
Museum in 1909, on the retirement of Sir Bay Lankester, K.C.B., was 
knighted in 1916, and retired in 1919. 

It was during his directorship that the first guide-lecturer upon the 
Collections, Mr. T. H. Leonard, B.So., was appointed, and, in consequence, 
many visitors receive instruction which enables them to take an intelligent 
interest in what they see, instead of wandering aimlessly through the 
galleries and coming away with a museum headache. This innovation has 
been a most successful departure. 

He was a Member of the Boards of Electors of Oxford and Cambridge to 
Uie Professorships of Mineralogy of both Universities. In addition to those 
sdready mentioned, be received numerous home and foreign honours, viz., 
he was made Corresponding Member of the Boyal Society of Gottingen, 
the Academy of Sciences, Munich, and the New York Academy of Sciences. 
Hon. Member of the Soc. Gientifioa, Antonio Alzate, Mexico; the Association 
Sol. et d'Enseignement M4dioal Compl^mentaire; the Sdbome Society; 
the Hertfordshire Natural History Society and Field Club; tlie Ealing 
Sdenoe and Miorosoopical Society; and the Museums Association, and 
Hon. LLJD. of St. Andrews, and Hon. A.M. and Ph.D. of Berlin. 

Over and above his administrative duties at the Natural History Museum, 
where he bad larger eolleotioos to look after and a larger staff to supervise 
than when the Collections were at Bloomsbury, he found time for extra 
Work m the way of retearch, and espedally upon meteorites. 

His aervioes also to the Mineralogioal Society were very great; be was 
JPxesident of it in 1885 to 1888, and ita Hon. Secretary from 1888 to 1909; 
nnd. in moognkion of the whole-hearted way he worked fmr it and ensured 
ita auoeesB, ^ members and other friends subscribed for his portrait in oils 
sM. preaented it to him in 1912. 

Ihfl following are among other more important publications.An 
Introduction to the Study of Meteorites,” 1881; "An Introduction to the 
Sthdy of Minerals,” 1884; “ An Introduction to the Study of Bocks,” 1895. 
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These were written as Guides to the Natural History Museum Colleotion%, 
and ran through several editions. “ On the Dilatation of Crystals," ‘ PliU> 
Mag.,’ 1880; and that on “ The Optical Indioatrix and TransmianoU of 
Light,” ‘Min. Mag.,’ 1892, already referred to, in which he pointed out an 
error of Fresnel that had been copied by writers of text-books, etc., but 
is now corrected, thanks to Fletcher’s investigations. 

He delivered a notable Presidential Address to the Geological Section 
of the British Association—“ On the Progress of Mineralc^ and 
Crystallography,” 1894, and also wrote the article on Meteorites in the 
‘ Encyclopffidia Britannica,’ and prepared the ‘ Instructions for Collecting 
Eocks and Minerals in the Antarctic Manual,’ 1901. 

Most of his papers were read before the Miueralogical Society, and 
published in the ‘ Mineralogical Magazine,’ and were upon Meteorites. 
He also gave a course of lectures on Meteorites in 1895, and again in 1904, 
at the Koyal Institution. 

Fletcher ever displayed great simplicity and charm of manner, and was 
of a most kindly and sympathetic disposition; the writer never heard him 
make a disparaging remark, or say an unkind word, about anyone; he 
always took a lenient view and gave credit for the best intentions; he was 
true to his friends, and would take any amount of trouble on their behalf; 
hence, for these and other reasons, he was held by them in affeotionato 
regard. 

He was gifted with humour, and would often sum up a matter by a 
whimsical humorous remark with a gentle smile and a merry twinkle, the 
piquancy of the sally often heightened by the assumption of a slight and 
pleasant Lancashire intonation. He was a model correspondent, even when 
far from well, and when unable to write himself he dictated, shortly before 
hie death, quite a long letter to the present writer, with his good wishes- 
’ for the New Year, He had a serious illness in 1906, and never really ‘ 
recovered his full strength and energy. 

On his retirement from the Directorship he had to his own great regret- 
and that of his friends, to resign his membership of the Atheneeum and 
Savile Clubs, as his lessened income, the crushing income tax, and high cost- 
of living in London, necessitated reduced expenditure; be therefore went to 
live at Eavenstonedale, a little village in Westmoreland. He was thus 
deprived of many social and other advantages, especially of the society of 
his friends, and of participation in tbe work of scientific societies and 
institutions. 

He died at Grange-over-Sands on January 6 lut, just before the date- 
he had fixed for returning home, and was buried at Baveostonedalfl on 
the 12th. On account of the distance but few of his many frimtdt, Xty 
their regret, were able to attend his funeral. LadyJletcher and his dauf^ter 
survive him. Av L. 







SKINIVASA EAMANUJAN, 1887—1920.- 
I. 

Srinivasa. Bamanujan, who died at Kumbakonatn on April 26, 1920, was- 
elected a Fellow of the Society in 1918. He was not R man who talked 
much about himself, and until recently I knew very little of his early life. 
Two notices, by P. V, Seshu Aiyar and B. Bamaohandra Bao, two of the 
most devoted of Eamanujan’s Indian friends, have been published recently in 
the ‘ Journal of the Indian Mathematical Society ’; and Sir Francis Spring 
has very kindly placed at my disposal an article which appeared in the 
‘Madras Times’ of April 5, 1919. From these sources of information I can 
now supply a good many details with which I was previously unacquainted. 
Eamanujan (Srinivasa Iyengar Eamanuja Iyengar, to give him for once his 
proper name) was born on December 22, 1887, at Erode in southern India. 
His father was an accountant {gummta) to a cloth merchant at Kum- 
bakouam, while his maternal grandfather had served as amin in the 
Munsiffs (or local judge’s) Court at Erode. He first went to school at five, 
and was transferred before he was seven to the Town High School at 
Kumbakonam, where he held a “ free scholarehip,” and where his extra¬ 
ordinary powers appear to hfp been recognised immediately. “He used”, 
so writes an old schoolfellow to Mr. Seshu Aiyar, "to Imrrow Carr’s 
‘ Synopsis of Pure Mathematics ’ fi'om the Collegb library, and delight in 
verifying some of the formnlee given there. ... He used to entertain his 
Mends with his theorems and formulas, even in those eau'ly days. . . . He 
had an extraordinary memory, and could easily repeat the complete Ests 
of Sanscrit roots {atman^ada and paramupada) ] he could give the values of 
y/2, w, to any number of decimal places. ... In manners, he was 
simplicity itself. , . .” 

He passed his matriculation examination to the Government College at 
Kumbakonam in 1904, and secured the " Junior Subraniam Scholarship ”. 
Owing to Weakness in English, he fuled in hie next examination and lost his 
scholarship, and left Kumbakonam, first for Vizagapatam and then for 
Madras. Here he presented himself for the “ First Examination in Arts ” in 
December, 1906, hut fiiiled and never (aried again. For the next few years, 
he continued bis independent work in mathematics, “jotting down his results 
in two good-sized note-books ”; I have one of these note-books in my 
possession still. In 1909 he married, and it became necessary for him to 
find some permanent employment. I quote Mr. Seshu Aiyar• 

To this sad, be went to Tirukoilur, a smaU sulvdivuiiom town ia South Aroot District, 
to *00 Mr. V. Bamtpowami Aiyar, the founder of the Indian Matheaatical Society, but 
.Mr. Aiyar, aeoing hi* woitderful gifte, persuaded him to go to Madras, It wae then 
after scm four yeari' intoival that Mr. Bamanujsn met me at Madraa, with hi* two 
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well-sized note-books referred to above. I sent Hamanujan with a note of recom¬ 
mendation to that true lover of mathematics, Dewan Bahadur R. Ramachandra Hao 
who waw then Distrit't Collector at Nellore, a small town some eighty miles north of 
Madias. Mr. Eao sent him back to me saying it was cruel to make an intellectual 
giant like Ramanujan rot at a mofussil station like Nellore, and recommended his stay 
at Madras, generously undertaking to pay Mr. Ramanujanexpenses for a time. This 
was in December, 1910. After a while, other attempts to obtain for him a scholarship 
having failed, and Ramanujan himself being unjviiling to lie a burden on anybody for 
any length of time, he decided to take up a small appointment under the Madras Port 
Trust in 1911. 

But he never slackened his work at mathematics. His earliest contribution to the 
‘Journal of the Indian Mathematical So^uety’ was in the form of questions com¬ 
municated by me in vol. 3 (1911). His first long article on “Some Properties of 
Beimoulli’s Numbers” was published in the December number of the same volume. 
Mr, Ramanujan’s methods were so terse and novel, and his presentation was so lacking 
in elearnesH and precision, that the ordinai'y reader, unaccustomed to such intellectual 
gymnastics, could hardly follow him. This particular article wiia returned more than 
■once by the editor before it took a form suitable for publication. It was during this 
period that he came to me one day with some theorems on Prime Numbers, and when 
I referred him to Hardy’s Tract on ‘ Orders of Infinity,’ he observed that Hardy had 
eoid on p. 36 of his Tract “the exact order of f>{x) [defined by the equation 

where it (x) denotes the number of primes less than :r] has not yet been determined,” 
and that he himself had discovered a result which gave the oi'der of p(x). On this 
I suggested that he might communicate his resultj^ Mr. Hardy, together with some 
more of his results. ■’’W 

This passage brings me to the beginniug of my own acquaintance with 
liamanujan. But before I say anything about the letters which I received 
from him, and which resulted ultimately in his journey to England, I must 
add a little more about his Indian career. Dr. G. T. Walker, F.R.S., Head of 
the Meteorological Department, and formerly Fellow and Mathematical 
Lecturer of Trinity College, Cambridge, visited Madras for some official 
purpose some time in 1912, and Sir Francis Spring, E.C.I.E., the Chairman 
of the Madras Port Authprity, called his attention to Bamanqjan’s work. 
Dr. Walker was far too good a mathematician not to recognise its quality, 
little as it had in common with bis own. He brought Bamonujan’s case to 
the notice of the Government and the University of Madras. A research 
studentship, “ Bs. 76 per meneem for a period of two years ”, was avrarded 
him, and he became, and remained for the rest of his life, a professional 
matheinatioiau. 

II. 

Bamanujan wrote to me first on January 16, 1913, and at fmly regular 
intervals until he sailed for England in 1914 I do not believe that his 
letters were entirely his own. His knowledge of English, at that stage of 
his life, could scarcely have been sufficient, and there is an occasional phrase 
which is hardly characteristic. Indeed, I seem to remember his telling me 
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that hie friends had given him some assistance. However, it was the 
mathematics that mattered, and that was very emphatically his. 

Dear Sir, Madras, January 16,1913. 

** I beg to introduce myself to you as a clerk in the Accounts Department 
of the Port Trust Office at Madras on a salary of only £20 per anntim. 
I am now about twenty-three years of age. I have have had no university 
education, but I have undergone the ordinary school course. After leaving 
school I have been employing the spare time at my disposal to work at 
mathematics. I liave not trodden through the conventional regular course 
which is followed in a university course, but I am striking out a new path 
for myself. I have made a special investigation of divergent series in 
general, and the results I get are termed by the local inathematiciaus as 
^ startling *. 

“Just as in elementary mathematics you give a meaning to a” when 7i is 
negative and fractional to conform to the law which holds when is a positive 
integer, similarly the whole of my investigations proceed on giving a meaning 
to Euleriau Second Integral fur all values of n. My friends who have 
gone through the regular course of iiniversity education tell me that 

I is true only when n is ix)8itive. They say that 

Ju 

this integral relation is not,true when n is negative. Supposing this is 
true only for positive valulH of and also supposing the definition 
nr(n) r(n + l) to be universally true, I have given meanings to these 
integrals, and under the conditions I state the integral is true for all values 
of n negative and fractional. My whole investigations are based ujwn this, 
and I have been developing this to a remarkable extent, so much so that the 
local mathematicians are not able to understand me in my higher flights. 

“ Very recently I came across a tract published by you styled ‘ Orders of 
Infinity *, in p. 36 of which I find a statement that no definite expression 
has been as yet found for the no of prime nos less than any given 
number. I have found an expression which very nearly approximates to 
the real result, the error being negligible. I would request you to go 
through the enclosed papers. Being poor, if you are convinced that there 
is anything of value, I would like to have my theorems published. I have 
not given the actual investigations nor the expressions that I get, but I have 
indicated to the lines on which I proceed. Being inexperienced, I would 
very highly value any advice you give me. Requesting to be excused for 
the trouble I give you. 

“ I remain, Dear sir, Yours truly, 

“S. Ramanujan. 

“P»S.—My address is S. Ramanujan, Clerk Accounts Department, Port 
Trust, Madras, India.” 

I quote now from the “papers enclosed,” and from later letters. 

VOL XCIX*—A. 
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** The following are a few examples from my theorems :— 

( 1 ) The nos of the form 2^3«' less than where p and 

^ ^ ^ log 2 log 3 ^ 

q may have any positive integral value including 0 , 

(2) Let u 8 take all nos containing an odd no of dissimilar prime divisors, 
viz.:— 

2, 3, 5, 7, 11,13, 17, 19, 23, 29, 30, 31, 37, 41, 42, 43, 47, etc. 


(a) The no of such nos less than n 


3a 


TT' 


a* 


+ +_L+_1 + 

W 2* 3» 5* 7“ :n»^‘ 





(3) liOt US take the no of divisors of natural nos, viz,;— 

1, 2, 2, 3, 2 , 4, 2 , 4, 3, 4, 2, etc. (1 having 1 divisor, 2 having 2, 
3 having 2, 4 having 3, 5 having 2, etc.). 

The sum of such nos to » terms 


5 = n( 27 —l + logM)+J of the no of divisors of n, 

where 7 ==: 0'5772ir)6649 the Eulerian Constant. 

(4) 1, 2, 4, 5, 8 , 9, 10, 13, 16, 17, 18, etc., are nos which are either 
themselves sqq. or which can bo expressed as the sum of two sqq. 

“ The no of such nos greater than A and less than B 

r jS z/'T’ 

= A: where 0-764... 

JjV^logx 

and d (x) is very small when compared with the previous integral. K and 
6 {x) have been exactly found though complicated. , . .” 


It may be well that I should interpolate here a few remarks concerning 
Bamanujan’s researches in this particular field. 

Ramanujan’s theory of primes was vitiated by his ignorance of the theory 
of functions of a complex variable. It was (so to say) what the theory 
might be if the Zeta-function had no complex zeros. His methods of proof 
depended upon a wholesale use of diver^nt series. He disregarded entirely 
all the difficulties which are involved in the interchange of double limit 
operations; he did not distinguish, for example, between the sum of & 
series 2a„ and the value of the Abelian limit 

lim Sa»a!", 

or that of any other limit which might be used for similar purposes by a. 
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modern analyst. There are regions of mathematics in which the precepts of 
modern rigour may be disregarded with comparative safety, but the Analytic 
Theory of Numbers is not one of them, and Ramanujan's Indian work on 
primes, anci on all the allied problems of the theory, was definitely wrong. 
That his proofs should have been invalid woe only to l)e expected. But the 
mistakes went deeper than that, and many of the actual results were false. 
He had obtained the dominant terms of the classical formulae, although by 
invalid methods; but none of them are such close approximations as he 
supposed. 

This may be said to have been Ramanujan’s one great failure. And yet 
I am not sure that, in some ways, his failure was not more wonderful than 
any of his triumphs. Consider, for example, problem (4). The dominant 
term is 


KB 


(«> 


(I adhere to liamanujans notation): this result was first obtained by 
Landau in 1908. The error is of order R(log./f)‘“*; and this is so far in 
agreement with Eamanujan’s assertion. Ramanujan, however, implies much 
more,^ and what he implies is definitely false: his integral does not repre¬ 
sent the nimiber of numbers in question more accurately than Landau’s 
formula (a). However, Ramanujan had none of Landau’s weapons at his 
command; he had never seen a French or Gerxnan book; his knowledge 
even of English was irisuflicient to enable him to qualify for a degree. It is 
sufficiently marvellous that he should have even dreamt of problems such as 
these, problems which it has taken the finest mathematicians in Europe a 
hundred years to solve, and of which the solution is incomplete to the 
present day. 


. IV. Theorems on integrals. The following are a few examples :— 



r(a+i) r(&4l) r(6-a-hi) 
2 ' r{a) ’ r(J4-i) ' r(6-a+l)‘ 


(3) If 


then « 


f * C09 nx ^ . 

1 ./7r>\ 

▼ 


* 8«e kii atatemeat oonceruiug the order of 0{a), (quoted below from hie letter of 
February 27,1913. 

b 2 
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(n) is a oomplioated function. The following are certain special valnes: 

'^(f)!■>(!) = ;♦(»)- 0 ; 

dx TT 

(1 + !**) (1 + r\i?) (1 + r*ii ^)... etc. 2(1 +»” + + »■* + + etc.) ’ 

where 1, :J, 6, 10, etc., are sums of natural nos. 


i " tan-»-— 


( 6 ) 

Jo“ 

■X any quantity.” 


dz can be exactly found if 2w is any integer and 


“ V. Theorems on summation of series ;• e.g., 

/n 1 Ij. 1 1 j. 1 1 j. 1 1 

( 1 ) 1 $ • 2 '^ 2 » ■ 2 *’^ 3 »' 2 ''’"^ 4 ® ’ 2 *'^®*®' 


- i(Iog2)'- gl»g2+ (j.+i + p+ •to.). 

.(2, H.a . . (^)‘ + 25 . .to. - 


(3) l-6.a)* + 9.(iJ)'-«to. = |. 

,(4)^+-il+-5;l-+oto. = l. 

cothw , coth2ir , cothSTr , 

*r' nn * rt-r -T ©vC. 


1’ 


21 


37 


19w^ 
56700 ■ 


(U)i( 


2 f'tan"!® 




^ There is always more in one of Bamanujan's formula than meets the eye, as anyone 
"Who sets to work to veiify those which look the easiest will soon discover. In some 
the interest lies very deep, in others comparatively near the surface ; but there is not 
one which is not curious and entertaining. 
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“ VI. TbeoretnH on transformation of series and integrals, e^., 


XIX 


(1) ’'(I- 


V^l + v'3'*'v/a + y5 v/6+v/7 


+ etc. 


) 


1. +. 1 


1>/1 3v/3 5>/6 


etc. 


(4) If I 4^{p, x)oo^nxdx = ^(j», n), then 

TT f* 

9 «a;)da? = 

** Jo Jo 

(5) I! .^ = .r, thm v/: {. * = v'^l, *. 


VIL Theorems on approximate integration and summation of series. 

(1) l^logl-f 2^Iog 2H-3^1og3-l"...4“^loga: 

6 9^^r»\l»+55+-j + r2 360i^. 


(2) l + ii + — + — 4-... + .?!^as — 
^ ^ II I 2 ^13 ^ 2 


where 0 = —+- 


8 2 

where k lies between and 

46 21 


3 136 (x + k) 

where 0 vanishes when xss <n. 




(5.) 


1 3 4® 

j— 4—2—I—2—)—2- 1 - etc. 


1001 1002* 1003* 1004* 1005» 

I 


1000 


• 10"*** X 10126 nearly. 


1 1 ? 1 

2 2£t + •+■ 2c5t -f* tt 4 “ 2<i+etc* 


( 6 )|\-. 

(7) Th. c»fflotat o( »-m i_fc^.a,._v^.2s r _eu: 

. the nearest integer to ^^codi (wy/n)—,• 

* This is quite untrue. But the formula is extremely interesting for a vaiiety of 
reaeona 
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" DC Theorems on continued fractions, a few examples are:— 


(1)‘ 11 31 6> V- 

ic ^ Hh 2^ *4* -f" ©tc. 


<4) If 
and 

then 


II =s 


X 


r(i^8)j 


»16 ^>S0 


1+ 1+ 1 -f 1 + 1 + etc. 


V = 5 

1 etc. 

* 1-f 3w-f 


(5) 

( 6 ) 


^Iht 


14-1+14-1+ etc. “ 
1 

1— 1+1 — 1+ etc. 


/Kv 1 e— _ 

1 + 1 + 1 + 1 

positive rational quantity. . . .’ 


can be exactly found if n be any 


+ etc. 


February 27,1913. 

”. . . I have found a friend in you who views my labours sympathetically. 
This is already some encouragement to me to proceed. ... I find in many a 
place in your letter rigorous proofs are required, and you ask me to com¬ 
municate the methods of proof. ... I told him* that the sum of an 
infinite no of terms of the series 1 + 2 + 3-1-4+... =t —iij-under my theory. 
If I tell you this you will at once point out to me the lunatic asylum as my 
goal. . . What I tell you is this. Verify the results I give, and, if they 

agree with your results . . . you should at least grant that there may be 
some truths in my fundamental basis. ... 

“ To preserve my brains I want food, and this is now my first ooneidera- 
tion. Any sympathetic letter from you will be helpful to me here to get a 
scholarship, either from the University or from Government. . . . 


1. The no of prime nos less than e" 



a*dx 

xSt*i r(a:-f 1) 


where 


5st+i = 



1 

2*+i 



* Beferring to a previous correspondence. 
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2. The no of prime nos less than n = 


2 

TT 



where jBj = ^; Jf* == etc., the Bernoiillian nos. . . . 


xxi 


The order of dXx) which you asked in your letter is 



( 1 ) 

then -Ti/ltl+ + e-wtj. = , 

with the condition «/8 = tt* . . . 


^ aw ,^6 ^—4ir 




1 “f" 1 “H otc. 


— ^Vw/V6 


^5 






2 


The above theorem is a particular case of a theorem on the c.f. 

1 ax aa? «;«* oji* aa:^ 

l+l+l‘bl+1 + 1'4" etc. 

which is a particular case of the c.f. 

1 ax aa^ a a:^ 

1 + 14 te + 1 + &t!* + 1 + te""* + etc. 


which is a particular case of a general theorem on c.f. 

io\ • 1' 1! ^ 

' ' Jj cosh a; ^ I+1+1+1+ 1+1 + 1+ etc. 

1 1^ 1* ^ ^ 3f 

"• cosh'a.' “T+l+J+l+S+l+T+etc. 


(5) 


1‘ 1.2“ 1 ^ 
2600 + 1* e*'-l 2506+2* 


123826979 _25w 
6306456 4 


coth® Stt, 


( 6 ) 

then 


If 


V =s 


ii. 


* «!*+»* a)*+a;‘* iB*+a^® 

i + 1 + 1 + 1 + etc. 

• l+a:+g*+a!*+ir^*+ etc. 

** l+aj*+a!”+a;**+a;*»+etc. 

*8 /i j. — / l+g+a^+ai^+^H etc. \ * 
\ *’"«»/ “ \l+**+a!^+«**+'t**+ etc./ ‘ 
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-o. f* 1+ 1+a5*x* , _ rr 1—«6®1—oi* 

^ Mo l+'«* l + 2(l + J+6»+6«+...)l~ai i^^’” 


(12) If \TTa = log tan (^TT + JwyS), then 

ia + „a/3a_/3a\W+«»\‘/7*-^Y _ ^ 

\3*+«V \7»+«* /- 


(16) If 


i’(«,/9) = tan->f? 

\x + 


yg^-hA-a »^+mf 

% + X + 




\ 


)• 


fcheu 


#’(«./9)+-P(/8.«)r=2/'(f^. 

(17) If J’(A;)=l + (iy*+(L^jF+... and Al-^) = A/(210)i^(A:). 


then h = (v/2~l)«(2-v/3)»( v'7-v^6)«(8-3v/7)*(v/10-3)«(4-v'15)« 

x(v/15-^/14)»(6-v/35)». 

(18) If i^(«)=i + y« + ^ -| - Y|i- - v +... 


and 

then 


/’(!-«)_ .Fa-B) 

F{») FiB) ’ 

^(uB) + ^{(l-»Hl-B)} + ^^{»B{l-»)il^B)] = 1 . 


April 17,1913. 

“. . . I am a little pained to see what you have written. . . .• I am 
not in the least apprehensive of *my method being utilieed by others. On 
the contrary, my method has been in my possession for the last eight years, 
and I have not found anyone to appreciate the method. As I wrote in my 
last letter, I have found a sympat^tic friend in you, and I am willing to 
place unreservedly in your hands what little I have. It was on account of 
the novelty of the method I have used that I am a little diffident even now 
to communicate my own way of arriving at the expressions I have already 
given. ... 

“...lam glad to inform you that th^ local University has been pleased 
to grant me a scholarship of £60 per annum for two years, and this was at 
the instance of Dr. Walker, F.B.S., Head of the Meteorological Department 
in India, to whom my thanks are due. ... I request you to convey my 
thanks also to Mr. Littlewood, Dr. Barnes, Mr. Berry, and others who take 
an interest in me. ...” 

* Hamanujan might very reasonably have been reluetant to give away his eeorets 
to an Englith mathematioian, and I had tried to reassure him on Uds point as well as 
I could. 
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HI. 

It is unnecessary to repeat tiie story of how Bamanojan was brought to 
England. There were serious difficulties; and the credit for overcoming 
them is due primarily to Prof. E. H. Neville, in whose company Hamanujair 
arrived in April, 1914. He had a scholarship from Madras of £250, of 

which £50 was allotted to the support of his family in India, and an 

exhibition of £60 from Trinity. For a man of his almost ludicrously simple 
tastes, this was an ample income; and he was able to save a good deal of 
money, which Was badly wanted later. He had no duties, and could do as 

he pleased; he wished, indeed, to qualify for a Cambridge degree as a 

research student, but this was a formality. He was now, for the first time 
in his life, in a really comfortable position, and could devote himself to his 
researches without anxiety. 

There was one great puzzle. What was to be done in the way of 
teaching him modern mathematics ? The limitations of his knowledge 
were as startling as its profundity. Here was a man who could work out 
modular equations, and theorems of complex multiplication, to orders 
unheard of, whose mastery of contimred fractions was, on the formal side 
at any rate, beyond that of any mathematician in the world, who had found 
for himself the functional equation of the Zetn-function, and the dominant 
terms of many of the most famous problems in the analytic theory of 
numbers; and ho had never heard of a doubly periodic hinction or of 
Cauchy’s theorem, and had, indeed, but the vaguest idea of what a function 
of a complex variable was. His ideas as to what constituted a mathematical 
proof were of the most shadowy description. All his results, new or old, 
right or wrong, had been arrived at by a process of mingled argument, 
intuition, and induction, of which he was entirely unable to give any 
coherent aocmmt. 

It was impossible to ask such a man to submit to systematic instruction, to 
try to learn mathematics from the beginning once more. I was afraid, too, 
that, if I insisted unduly on matters which Eamanujan found irksome, 
I might destroy his confidence or break the spell of his inspiration. On 
the other hand, there were things of which it was impossible that he should 
remain in ignorance. Some of his results were wrong, and in particular 
those which concerned the distribution of primes, to which he attached the 
greatest importance. It was impossible to allow him to go through life 
supposing that all the zeros of the Zeta-function were real So I hod to try 
to teach him, and in a measure I succeeded, though obviously I learnt from 
him much more than he learnt from me. In a few years’ time he had 
a very tolerable knowledge of the theory of functions and the analytic theory 
of numbers. He was never a mathematician of the modern scliool, and it 
was hardly desirable that he should become one; but he knew when he had 
proved a theorem and when he had not. And his flow of original ideas 
showed no symptom of abatement. 
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I should add here a word about Bamanujan's iuterasts outside mathe¬ 
matics. Like his mathematics, they showed the strangest contrasts. He 
had very little interest, I should say, in literature as such, or in art, though 
he could tell good literature from bad. On the other hand, he was a keen 
philosopher, of what apj)eared, to followers of the modern Cambridge school, 
a rather nebulous kind, and an ardent politician, of a pacifist and ultra- 
radical type. He adhered, with a severity most unusual in Indians resident 
in England, to tlie religious observances of his caste; but his religion was a 
matter of obseivance and not of intellectual conviction, and I remember well 
his telling me (much to my surprise) that all religions seemed to him more 
or less equally true. Alike in literature, philosophy, and mathematics, he 
had a passion for what was unexpected, strange, and odd; he had quite 
a small library of books by cirole-squarers and other cranks. 

It was in the spring of 1917 that Bamanujan first appeared to be unwell 
He went into the Nursing Home at Cambridge in the early summer, and 
was never out of bed for any length of time again. He was in sanatoria at 
Wells, at Matlock, and in London, and it was not until the autumn of 1918 
that he showed any decided symptom of improvement He had then 
resumed active work, stimulated perhaps by his election to the Eoyal 
Society, and some of his most beautiful theorems were discovered about this 
time. His election to a Trinity Fellowship was a further encouragement. 
Early in 1919 he had recovered, it seemed, sufficiently for the voyage home 
to India, and the best medical opinion lield out hopes of a permanent 
restoration. I was rather alarmed by not hearing from him for a con¬ 
siderable time; but a letter reached mo in February, 1920, from which it 
appeared that he was still active in research. 


University of Madras, 

January 12,1920. 

** I am extremely sorry for not writing you a single letter up to now. 
• . . I discovered very interesting functions recently which I call'Mock' 
.9-funotions. Unlike the 'False* .^-functions (studied partially by Prof. 
Eogers in his interesting paper), they enter into mathematics as beautifully 
as the ordinary .9-functions. I am sending you with this letter some 
examples. . . . 


Mock 




jL 


Mock $-/imctions ( 0 / 5th order) 

f(g) as 14* — ^ ■4- - ^. 4-— —9 ...,. 4. , 

^ 1 + r (1+2)(1+2^^(1+?)(! +«)(1 
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Mock ^^functiom {of *lth order) 
(i) 14--JL_4- 




He said little about his health, and what he said was not particularly 
discouraging; and I was quite unprepared for the news of hie death. 


IV. 

Eamanujan published the following papers in Europe:— 

(1) “Some Definite Integrals,*^ ^Messenger of Mathematics/ vol. 44, pp. 10-18 (1914). 

(2) “ Some Definite Integrals connected with Gauss's sums/' ihid.^ pp, 75-85, 

(3) “Modular Equations and Approximations to tr/* ‘Quarterly Journal of Mathe^ 

maties/ vol. 45, pp. 350-372 (1914). 

(4) “ New Expressions for Biemann's Functions f (<) and X (<)»" > PP* 253^ 

261 (1915), 

{5) “On Certain Infinite Series/' ‘Messenger of Mathematics/ vol. 46, pp. 11-15 
(1916). 

(6) “ Summation of a Certain Series/* ibid.^ pp. 157-160. 

<7) “Highly Composite Numbers/* ‘ Proc. London Math. Soc./ ser. 2, vol. 14, pp. 347- 
409 (1916). 

{8) “ Some Formulae in the Analytic Theory of Numbers,” ‘ Messenger of Mathematics/ 
vol. 46, pp. 81-84 (1916). 

(9) “On Certain Arithmetical Functions/* ‘Trans. Cambridge Phil. Soc./ vol. 22, 
No. 9, pp. 159-184 (1916). 

^10) “ Some ^ries for Euler's Constant/* ‘ Messenger of Mathematics,* vol. 46, pp. 73-80 
(1916), 

(11) “ On the Expi^ession of Numbers in the Form cs;*‘ Proc, Cambridge 

Phil. Soc./ vol 19, pp. 11-21 (1917). 

“*^(12) “Une formule asymptotique pour le nombre des partitions de n/’ ‘Oomptes 
Bendus,' January 2, 1917. 

*(13) “Asymptotic Formulae concerning the Distribution of Integers of various Types/’ 
‘Proc. London Math. Soc./ ser. 2, vol. 16, pp< 112-132 (1917). 

■*(14) “The Normal Number of Prime Factors of a Number w/' ‘Quarterly Journal 
of Mathematics,' vol. 48, pp. 76-92 (1917). 

"*(15) “Asymptotic Formalee in Combinatory Analysis,” ‘Proc, London Math. Soc./ 
ser. 2, vol. 17. pp. 75-115 (1918). 

*(16) “On the Coefficients in the Expansions of Certain Modular Functions,” ‘Boy. 
Soc. Proc.,' A, vol. 95, pp. 144-156 (1918). 

(17) “On Certain lYigonometrical Sums and their Applications in the Theory of 
Numbers/' ‘Trans. Cambridge Phil. Soc./ vol. 22, pp. 269-276 (1918). 

08) “Some Properties of p(«), the Number of Partitions of n,” ‘Proc. Cambridge 
Phil. Soc./ vol. 19, pp. 207-210 (1919). 

(19) “Proof of Certain Identities in OomHnatory Analysis,” pp. 214-216. 

(20) “A Class of Definite Integrals,*’ ‘Quarterly Journal of Mathematics,* vol, 48, 

pp. 294-309 (1920). 

(21) “Congruence Properties of Partitions,” ‘Math. Zeitsohrift,* vol 9, pp. 147-153 

(1921). 

Of tlxese, those marked with an asteriek were written in collaboration 
with me, and (21) i» a posthumone extract from a much latger unpublished 
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manuscript in my possession.f He also published a number of short notes in 
the ‘ Kecords of Proceedings at Meetings ’ of the londou Mathematical Society, 
and in the ' Journal of the Indian Mathematical Society/ The complete list of 
these is as follows :— 

liecorth of Proceediiige at MeeiingB, 

*(22)’ “Proof that almoat all Numbers n are Composed of about log log n prime factors,”' 
December 14, 1916. 

*(23) “ Asymptotic Formul/e in Combinatory Analysis,” March 1, 1917. 

(24) “ Borne Definite Integrals/’ Jan. 17,1916. 

(26) “Congruence Properties of Partitions,” March 13, 1919. 

(26) “ Algebraic Belations between certain Infinite Products,” March 13, 1919. 

Journal of the Indian Mathefn(Uical Society, 

(A) Articles and Notes. 

(27) “Borne Properties of Bernoulli’s Numbers,” vol. 8, pp. 219-235 (1911). 

(28) “On Q. 330 of Prof, Sanjand,” voL 4, pp. 69-«l (1912). 

(29) “ A Set of Equations,” vol, 4, pp. 94-96 (1912). 

(30) “ Irregular Numbers,” vol. 6, pp. 106-107 (1913). 

(31) “ Squaring the Circle,” vol. 6, pp. 132-133 (1913). 

(32) “On the integral j arc tan vol. 7, pp. 93-96 (1916). 

Jo * 

(38) “On the Divisors of a Number,” vol. 7, pp. 131-134 (1915). 

(34) “The Sum of the Square Boots of the First n Natural Numbers,” vol. 7, pp. 173- 
176 (1915), 

(36) “ On the Product ir 1 + ^^1. 7, pp. 209-212 (1916). 

(36) “Some Definite Integrals,” vol. H, pp. 81-88 (1919). 

(37) “ A Proof of Bertrand’s Postulate,” vol, 11, pp. 181-183 (1919). 

(38) (Coramunicated by S. Namyana Aiyar), vol. 3, p, 60 (1911), 

(B) Questions proposed and solved. 

Nos. 200, 261, 283, 289, 294, 295, 2^8, 308, 353, 368, 386, 427, 441, 464, 489, 607, 641,. 
546, 571, 606, 606, 629, 642, 666, 682, 700, 723, 724, 739, 740, 753, 768, 769, 783, 785. 

(C) Questions proposed but not solved as yet. 

Nos. 284, 327, 369, 387, 441, 463, 469, 624, 625, 526, 684, 661, 662, 081, 699,722> 738,. 
754, 770, 784, 1049, 1070, and 1070. 

Finally, I may mention the following writings by other authors, concerned 
with llamanujan's work:— 

“ Proof of a Formula of Mr, Bamanujan,” by G. Bt, Hardy, * Messenger of Mathe¬ 
matics,’ vol. 44, pp. 18-21 (1916). 

“ Mr. 8. Hantonujan’s Mathematical Work in England,” by G. H* Hardy (Eeport to 
the University of Madras, 1916. Privately printed). 

“ On Mr. Ramanujan’s Empirical Expansions of Modular Fanctions,” by L. J* Mordell,. 

‘ Proc. Oamb. Phil. Soc.,’ vol. 19, pp. 117-124 (1917). 

“ On Mr. Ramanujan’s Congruence Properties of p (n)/’ by H. B, 0. Darling, ^ Proc. 
Cambridge Phil. Soc./ vol. 19, pp. 217-218 (1919). 

t All of Ramanujan’s manuscripts passed through my hands, and I edited them very 
carefully for publication. The earlier ones I rewrote completely. I had no share of 
any kind in the results, except of coarse when 1 waa actually a collaborator, or when 
explicit acknowledgment is made. Ramanujan was almost absurdly fcrupulous in his^ 
desire to acknowledge the slightest help. 
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Sketoh of Bamanujan/* editorial in the ‘Journal of the Indian Math. Soc./ 
vol 11, p. 122(1919). 

Note on the Parity of the Number whioh Enumerates the Partitions of a Number,” 
by P. A. MacMahou, * ProO. Cambridge Phil. Soc.,* vol. 20, pp. 281 “283 (1921). 

“Proof of certain Identities and Congruences Enunciated by S. Bamanujan,” by 
H. B. C. Darling, * Proc. London Math. Hoc./ ser. 2, vol. 19, pp. 3SO-372 (1921). 

“On a Typo of Modular Relation,” by L. J. Rogers, ihid.^ pp. 387-^97. 

It is plainly impossible for me, within the limits of a notice such as this, 
to attempt a reasoned estimate of liamanujan's work. Some of it is very 
intimately connected with my own, and my verdict could not be impartial; 
there is much, too, that I am hardly competent to judge; and there is a mass 
of unpublished material, in part new and in part anticipated, in part proved 
and in part only conjectured, that still awaits analysis. But it may be useful 
if I state, shortly and dogmatically, what seems to me l{amanujan*s finest, 
most independent, and most characteristic work. 

His most remarkable papers appear to me to be (3), (7), (9), (17), (18), 
<19), and (21). The first of these is mainly Indian work, done before he 
came to England ; and much of it had been anticipated. But there is much 
that is new, and, in particular, a very remarkable series of algebraic 
approximations to tt. I may mention only the formulae 


correct to 9 and 8 places of decimals respectively. 

The long memoir (7) represents work, perhaps, in a backwater of mathe¬ 
matics, and is somewhat overloaded with detail; but the elementary analysis 
of “highly composite" numbers—numbers which have more divisors than 
any preceding number—is exceedingly remarkable, and shows very clearly 
Ramanujan's extraordinary mastery over the algebra of inequalities. 
Papers (9) and (17) should be read together, and in connection with 
Mr. Mordell's paper mentioned above; for Mr. Mordell afterwards proved 
a great deal that Ramanujan conjectured. They contain, in particular, very 
beautiful contributions to the theory of the representation of numbers by 
sums of squares. But I am inclined to think that it was in the theory of 
partitions, and the allied, parts of the theories of elliptic functions and 
continued fractions, that Ramanujan shows at his very best. It is in 
papers (18), (19), and (21), and in the papers of Prof. Rogers and 
Mr. Parling, that I have quoted, that this side of his work (so far as it 
has been published) is to be found. It would be difficult to find more 
beautiful formula? than the “Rogers-Bamanujau ” identities, proved in (19); 
but here Bamnujan must take second place to Prof, Rogers; and, if I had 
to select one formula from all Ramanujan's work, I would agree with 
Major MacMahou in selecting a formula from (18), viz., 

(n) is the nutiiber of partitions of». 


25 7 + 15v/5 ’ 


1 

27r72 
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I have often been asked whether Bamanujan bad any special secret 
whether his methods differed in kind from those of other mathematicians; 
whether there was anything really abnormal in his mode of tbonght. I 
cannot answer these questions with any confidence or conviction; but I do 
not believe it. My belief is that all mathematicians think, at bottom, in the 
same kind of way, and that Bamanujan was no exception. He bad, of 
course, an extraordinary memory. He could remember the idiosyncrasies of 
numbers in an almost uncanny way. It was Mr. Littlewood (I believe) 
who remarked that “ every positive integer was one of his personal friends.”' 
I remember once going to see him when he was lying ill at Putney. I had 
ridden in taxicab No. 1729, and remarked that the number (7.13.19) seemedf 
to me rather a dull one, and that I hoped it was not an unfavourable omen. 
“No," he replied, “it is a very interesting number; it is the smallest 
number expressible as a sum of two cubes in two different ways.” I asked 
him, naturally, whether he knew the answer to the corresponding problem 
for fourth powers ; and he replied, after a moment's thought, that he could 
see no obvious example, and thought that the first such number must be 
very large. His memory, and his powers of calculation, were very unusual, 
but they could not reasonably be called “ abnormal.” If he had to multiply 
two large numbers, he multiplied them in the ordinary way; he would do it 
with unusual rapidity and accuracy, but not more rapidly or more accurately 
than any mathematician who is naturally quick and has the habit of com* 
putation. There is a table of partitions at the end of our paper (15). This 
was, for the most part, calculated independently by Bamanujan and Major 
MacMahon; and Ma.jor MacMahon was, in general, slightly the quicker and 
more accurate of the two. 

It was his insight into algebraical formulas, transformations of infinite 
series, and so forth, that was most amazing. On this side most certainly 
T have never met his equal, and I can compare him only with Euler or 
Jacobi. He worked, far more than the majority of modem roatbematieians, 
by induction from numerical examples; all of his congruence properties of 
partitions, for example, were discovered in tliis way. But with his memory, 
his patience, and his power of calculation, he combined also a power of 
generalisation, a feeling for form, and a capacity for rapid modification 
of his hypotheses, that was often really startling, and made him, in his own 
peculiar field, without a rival in bis day. 

It is often said that it is much more difiScnlt now for a mathematician to 
be original than it was in the great days when the foundations at modem 
analysis were laid; and no doubt in a measure it is trae. Opinions may 
differ as to the importance of Bamanqjan's work, the kind of standard by 
which it should judged, and the influence which it is likely to have on 
the mathematics of the future. It has not the sunplidty and the inevitable* 
ness of the very greatest work; it would be greater if. it were less strange. 
OnO gift it has which no one can deny, profound and invincible originality. 
He would probably liave been a greater mathematioian if he had bew 
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caught and tamed a little in his youth; he would have discovered more 
that was new, and that, no doubt, of greater importance. On the other 
hand, he would have been less of a Bamanujan, and more of a European 
professor, and the loss might have been greater than the gain. 

G. H. H. 


WOLDEMAR VOIGT, 1850—1919. 

WoLDKMAR VoiOT Was bom at Leipzig in the year 1850. His school 
education was followed by attendance at ihe University there until his 
studies were interrupted by the outbreak of the Franco-German war of 1870, 
in which he served. His University course was afterwards completed at 
Konigsberg in the years 1871-74. He here came under the influence of 
Franz Neumann, which determined largely the character of his own sub¬ 
sequent work. Alike in the type of subjects to which he devoted himself, in 
the formal elegance of his mathematical expositions, and in the severe 
precision of his style we can trace the inspiration of his illustrious teacher, 
for whom he retained a profound veneration. His abilities quickly gained 
recognition: he was made Extraordinary Professor at Konigsberg in 1876, 
and was called to GWttingen as Ordinary Professor of Theoretical Physics in 
1883. He held this post till his death on December 13, 1919. 

The complexion of his scientific work is, on the whole, indicated by the 
title of his chair. It was, however, always in close relation to phenomena, 
and be carried out a classical series of measurements on the elasticity of 
crystals which demanded the utmost precision. For experimental work, 
except on a minute scale, he appears to have had, till a late period, scanty 
facilities. His favourite province, which he cultivated with a life-long^ 
enthusiasm, was the physical properties of crystals. In particular his 
determinations of elastic constants of various crystals may claim to have set 
at rest a historical controversy. The special form of molecular hypothesis on 
which the theories of Poisson and Cauchy were based involved the conclusion 
that certain relations must exist between the constants of a crystal whatever 
its classifloatiou. This would reduce the number of .constants in a general 
scheme to fifteen. Voigt 8uc(^ded in proving that the relations in question 
were, in many oases, not even approximately fulfilled. This may be regarded 
as a vindication of the attitude of Green and his followers in this country 
who, avoiding special hypothesis, ;^stulated only the principle of energy- 
Yoigt himself did not accept this point of view as final, and indicated linea 
on which the old molecular hypothesis might be amended. A masterly 
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review of the whole subject of crystaUine elastioity was oommunicated by 
him to the Physical Congress held in Paris in 1900. This is distingniriied by 
its orderly arrangement, and by the extreme elegance of the matbematioal 
developments. Like Maxwell, he attached gimt importance to the claasifica* 
tiou and nomenclature of mathematical concepts; it is to him in particular 
that we owe the term " tensor," whose application has recently been so much 
extended. Voigt was also keenly interested in the other physical properties 
of crystals, and published an extensive treatise on ‘Kristallphysik ’ (1910). 
He was the author of various papers on optical and electrical subjects, and of 
a systematic treatise on ‘ Magneto- und Elektro-optik ’ (1908). The breadth 
of his scientific sympathies may be further indicated hy an allusion to his 
papers on Vortex Motion and on the Zeemann efifoct. In a paper on the 
iJoppler effect published in 1887, Voigt was the first to establish the electro¬ 
magnetic e<)nations of transformation applicate to moving systems, which 
have played so important a part in the initial stages of the principle of 
relativity. A text-book in two volumes on Thermodynamics was dedicated 
to Lord Kelvin. 

Voigt was a frequent visitor to this country, often as the delegate of the 
Obttingen Academy. He was present, for instance, at the Stokes jubilee in 
1899, at the Owens College jubilee in 1902, at the Cambridge meeting of the 
British Association in 1904, at the St. Andrews 600th anniversary in 1911, and 
at the Koyal Society celebration in 1912. No more acceptable representative 
could have been oboseu. He had a generous appreciation of this country and 
its institutions, and an especial admiration of its leading physicists, in 
particular Stokes and Kelvin. He received many honorary degrees from 
British Universities, and was elected a Foreign Member of the Boyal Society 
in 1913. 

His many friends in this oountiy felt an especial pang when the war came 
to interrupt intercourse with one whom they had found to be so sympathetic. 
It is to 1^ recorded that even after the outbreak he made a courageous 
protest against the indiscriminate dispart^ement of everything English or 
French which was rife in Germany. He ventured to assert that there were 
elements in French and English culture which his own countrymen would do 
well at least to respect On the general merits of the struggle he adopted 
the national view, which became embittered as the war went on. Those who 
knew him on his visits here will prefer to forget the alienation of the later 
years, and to recall only the grave and dignified courtesy, the. friendly 
reoognition, and the single-minded devotion to soientifio truth which marked 
a noble and loveable personality. 

H.L. 
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